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CHAPTER 1

INTRODUCTION

The objective of this book is to present a unified theory of Dynamic Pro-
gramming and Markov Decision Processes with its application to a major field of
Operations Research and Operations Management, Inventory Control. We will de-
velop models in discrete time as well as in continuous time. In continuous time, the
diversity of situations is huge. We will not cover all of them and concentrate on
the models of interest to Inventory Control. In discrete time we will focus mostly
on infinite horizon models. This is also the situation when the Bellman equation
of Dynamic Programming is really a functional equation, the solution of which is
called the value function. With a finite horizon, Dynamic Programming leads to a
recursive relation, which is an easier situation. Of course, finite horizon problems
can also be considered as approximations to infinite horizon problems, and this will
be used in our presentation. When the horizon is infinite, the discount plays an
essential role. An important problem concerns the behavior of the value function
when the discount factor tends to 1. The value function also tends to infinity, but
an average cost function becomes meaningful. This development is called ergodic
theory, an interesting aspect of which is that the solution, when it exists, can be
simpler than in the case when the discount is smaller than 1. However, the theory is
more complex. The simplicity is linked to the fact that the problem becomes static,
instead of dynamic. The complexity stems from the fact that this static problem is
an averaging. The averaging procedure is not trivial and may be not intuitive.

Another important question concerns the difference between impulse control
and continuous control. The difference is particularly understandable in continuous
time. An impulse control will elicit an instantaneous jump for the state, whereas a
continuous control can only lead to a continuous evolution of the state. In practice,
this occurrence is linked to fixed costs, namely costs which arise just because a
decision is taken, whatever the impact of the decision may be. In discrete time,
the difference disappears in principle, since time is not continuous by construction.
However, fixed costs remain. The consequence is that an appropriate formulation of
impulse control remains meaningful and useful in discrete time. Indeed, in discrete
time, the usual assumption is that the result of a decision materializes at the end
of the period, whereas the decision is taken at the beginning of the period. Impulse
control in discrete time means that the result also materializes at the beginning of
the period, so instantaneously. We will also consider ergodic control in the context
of impulse control and justify some simple rules which are currently used in practice.

In chapter 2, we shall introduce some of the classical static problems, which
are preliminary to the dynamic models of interest in inventory control. By static,
we mean that we have to solve an ordinary optimization problem. The decision
does not depend on time. Such models occur when one considers one period only,
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2 1. INTRODUCTION

or when one assumes that the periods reproduce in a periodic way. We shall revisit
the periodic models later to check their optimality in stationary situations.

Although there is a huge literature on these domains, we believe that this book
bears major differences. It is not a general text on Control Theory and Dynamic
Programming, in the sense that the system’s dynamics is mostly limited to inven-
tory models. On the other hand, for these models it tries to be as comprehensive as
possible. We do not however develop finite horizon models in discrete time, since
they are largely described in the existing literature. On the other hand, the ergodic
control problem is considered in great detail, and probabilistic proofs as well as
analytical proofs are provided. As already mentioned, this model is extremely im-
portant in practice, since it is analogous to a static optimization problem. However,
the literature is limited as far rigorous treatment is concerned. The techniques de-
veloped in this work can be extended to more complex models, covering additional
aspects of inventory control. So many interesting research topics can be formulated
from the contents of this book.

This book has benefited from my teaching at the University of Texas at Dal-
las, and exchanges with colleagues at both the University of Texas at Dallas and
the Hong Kong Polytechnic University, and it has also greatly benefited from the
support of the World Class University Program at Ajou University. Thanks to this
support, it has been possible to focus on research and writing this book. Finally,
I would like to thank Laser Yuan warmly for improving my LYX typesetting and
IOS Press for publishing the book.



CHAPTER 2

STATIC PROBLEMS

2.1. NEWSVENDOR PROBLEM

This is the oldest problem in the domain. It illustrates a one period problem.
A newsvendor cannot carry over newspapers of the day to the next day. He

orders q and faces a random demand D. This is a random variable with c.d.f
(cumulative distribution function) F (x). We note F̄ (x) = 1− F (x), f(x) = dF

dx (x).
He faces a left over cost when the order q is larger than the demand and a shortage
cost when the order is less than the demand. So his objective function is

(2.1.1) J(q) = hE(q −D)+ + pE(D − q)+,

where E represents the mathematical expectation.
The optimal q is clearly solution of

(2.1.2) F (q̂) =
p

h+ p
.

Suppose in addition, that the newsvendor buys the newspaper at a unit cost c then
the function J(q) has to be changed into

(2.1.3) J(q) = cq + hE(q −D)+ + pE(D − q)+.

We need to assume that p > c otherwise there is no incentive to buy (the function
J(q) is then increasing). The optimal order is solution of

(2.1.4) F (q̂) =
p− c

h+ p
.

If the cost is K + cq representing the sum of a fixed cost (independent of the
quantity) and a variable cost (proportional to the quantity) there is no change in
the optimal decision, provided that one decides to order. In this case the amount
K is a charge which is due anyway. However, since we have the possibility not to
order, in which case the cost is hED, the Newsvendor must compare hED with
K + J(q̂). If the second number is higher than the first one, then he chooses not to
order anything.

In formula (2.1.1) we consider implicitly that we compare the demand D to
the order q at the end of the day (more generally the period). We may have a
more accurate treatment assuming that the total demand D materializes with a
uniform rate along the period. If the period length is 1 then the average left over
is
´ 1
0
(q −Dt)+dt and the shortage is

´ 1
0
(q −Dt)−dt, so the objective becomes

(2.1.5) J(q) = hE

1ˆ

0

(q −Dt)+dt+ pE

1ˆ

0

(Dt− q)+dt,

3



4 2. STATIC PROBLEMS

hence

J(q) = h

1ˆ

0

tF
(q
t

)
dt+ p

1ˆ

0

tF̄
(q
t

)
dt,

and the optimal quantity is given by

(2.1.6) F (q̂) + q̂

∞̂

q̂

f(u)

u
du =

p

h+ p
.

It is easy to check that equation (2.1.6) has a unique solution.

2.2. EOQ MODEL

2.2.1. BASIC EOQ MODEL. This is also a famous and very old model.
EOQ stands for Economic Order Quantity. It is due to F.W. Harris, [23] and
R.H. Wilson, [40]. The model is deterministic. In fact the model is not static but
dynamic and time is continuous. We will revisit it when we will treat dynamic
models. However, it is possible to reduce it to a static model, by a simple argument
of periodicity. The demand materializes uniformly (and permanently) at a rate per
unit of time λ. We forbid the possibility of shortage. We order a quantity q when
the inventory vanishes. Suppose we start at time 0 with q then at time T such that

q = λT,

the inventory vanishes. Clearly, T can be taken as a cycle. We want to minimize
the average cost during a cycle.

The level of inventory during the cycle is given by

y(t) = q − tλ.

The cost of buying q is given by K + cq, where K represents the fixed cost and c
the variable cost. There is a storage cost proportional to the quantity held per unit
of time. Therefore, during the cycle, the storage cost is given byˆ T

0

hy(t)dt = h

ˆ T

0

(q − tλ)dt =
hqT

2
.

The total cost, during a cycle can then be written as

K + cq +
hqT

2
= T (cλ+ C(q)),

with

C(q) = K
λ

q
+

hq

2
.

Therefore the optimal order is (EOQ Formula)

q̂ =

√
2Kλ

h
.

Note that

K
λ

q̂
=

hq̂

2
,

and
C(q̂) = hq̂.
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Recalling that the average cost per cycle contains also the constant λc, the optimal
average cost is thus

hq̂ + λc.

Note also that
q

2
is the average inventory and the demand per unit of time is λ;

this implies
λ
q
2

= rotation rate of the stock,

which is an important indicator of management. We see that the optimal rotation
rate is

√
2λh
K . Increasing this rate of rotation is possible if one decreases the cost K.

The next question is: Are we sure we act optimally following the EOQ formula?
Are we sure it is optimal to take periodic decisions given by the EOQ formula.
Although this looks natural and has been used for long, it is worth proving it.
Moreover, the periodic decision does not take into account the possibility of interest
rates. What are the changes if we discount the flow of costs? To answer correctly
to this question requires the apparatus of impulse control, which will be described
later.

2.2.2. TRANSFORMED EOQ FORMULA. Suppose now that there is
no immediate delivery. Instead, the delivery is provided at a continuous rate r.
Since there is no possibility of shortage, we must have r ≥ λ. The evolution of the
stock is given by the following formula

y(t) = (r − λ)t, ∀t ≤ T0 =
q

r
,

y(t) = q − λt, T0 < t ≤ T =
λ

r
.

One can then check that

q̂ =

√
2Kλr

h(r − λ)
.

This formula leads to ∞ when r = λ. One must interpret it in the sense that there
will be a continuous delivery at the level of the demand. The stock remains 0, and
the cost per unit of time equal to cλ. There is no optimization in this case.

2.3. PRICE CONSIDERATIONS

We consider here that the cost of buying the product is composed of a fixed
cost K, a variable cost cq, which are internal costs for the company. Besides there
is a buying price per unit of product, which may depend on the amount purchased,
when for instance, discounts are possible. We will denote this price by α. We also
assume that the storage cost h is linked to α by the relation h = iα.

So on a cycle, when the price is fixed, we get for an order q the following cost

K + q(c+ α) + iα
qT

2
.

Per unit of time we obtain C(q) + λc, with

C(q) =
Kλ

q
+
(
i
q

2
+ λ

)
α.

In this framework, α is simply an additional cost to the variable cost c. We study
now the effect of discounts.
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2.3.1. EOQ FORMULA WITH UNIFORM PRICE DISCOUNT. Sup-
pose we introduce the possibility of discount on the quantity. We assume that the
price of the product is αj , if the quantity ordered lies in the interval [qj−1, qj). So
we have the formula

C(q) =
Kλ

q
+
(
i
q

2
+ λ

)∑
j

αj1I{qj−1≤q<qj}.

We notice that the cost function is not continuous. Nevertheless we have the prop-
erty:

Exercise 2.1. The minimum of C(q) can be obtained. Identify it.

2.3.2. EOQ FORMULA WITH PROGRESSIVE DISCOUNT. Let us
consider an extension which will lead to a continuous function, see V. Giard [20].

Suppose that, if qj−1 ≤ q < qj , only the part q − qj−1 is paid at price αj . Let
Aj be the cost of procuring the quantity qj , then clearly

Aj = Aj−1 + (qj − qj−1)αj , A0 = 0,

and for q as before, the full procurement cost is Aj−1+(q−qj−1)αj , and the average
unit price is Aj−1+(q−qj−1)αj

q = αj +
Bj

q , where

Bj = Aj−1 − qj−1αj ,

hence

Bj+1 =

j∑
h=1

qh(αh − αh+1), B1 = 0,

therefore, we have

C(q) =
Kλ

q
+
(
i
q

2
+ λ

)∑
j

(
αj +

Bj

1

)
1I{qj−1≤q<qj}.

This function is continuous, since

αj +
Bj

qj
= αj+1 +

Bj+1

qj
.

If j runs from 1 to J , then we use the convention qJ+1 = +∞. Moreover αJ+1 is
the price of acquiring a quantity larger than qJ . So

C(q) =
Kλ

q
+
(
i
q

2
+ λ

) J+1∑
j=1

(
αj +

Bj

q

)
1I{qj−1≤q<qj}.

Exercise 2.2. Check that

C(q) =
Kλ

q
+

iα1q

2
+

(
i

2
+

λ

q

) J∑
j=1

(αj+1 − αj)(q − qj)
+,

therefore C(q) is piecewise differentiable and

C ′(q) = −Kλ

q2
+

iα1

2
− λ

q2

J∑
j=1

(αj+1−αj)(q− qj)
++

(
i

2
+

λ

q

) J∑
j=1

(αj+1−αj)1Iqj≤q

Exercise 2.3. Find q̂ for J = 1.
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2.4. SEVERAL PRODUCTS WITH SCARCE RESOURCE

Suppose we manage the inventory of several products with a global constraint
(budget, storage possibilities). We can clearly formulate the problem: Minimize∑

j

Cj(qj)∑
j

ajqj ≤ A
,

with, whenever each individual cost is obtained by an EOQ formula

Cj(qj) =
Kjλj

qj
+ hj

qj
2
.

We can introduce a Lagrange multiplier γ and obtain the system

q̂j(γ) =

√
2Kjλj

hj + 2γaj
,

and γ = γ̂ > 0 is the unique solution of∑
j

aj

√
2Kjλj

hj + 2γaj
= A.

Note that if A ≥ ∑
j aj

√
2Kjλj

hj
, then the solution is simply that of the uncon-

strained problem (the constraint is not stringent). So we may assume

∑
j

aj

√
2Kjλj

hj
> A,

and γ is uniquely defined.
We note a simple case in which γ can be computed explicitly. Suppose we have

hj = iαj , aj = kαj ,

where αj is the procurement price of product j. This situation occurs when hj

can be interpreted as an opportunity cost and i is an interest rate, and when the
constraint is on the total value of the stocks.

Exercise 2.4. Show that

γ̂ =
k

2A2

⎛⎝∑
j

√
2Kjλjαj

⎞⎠2

− i

2k
.

2.5. CONTINUOUS PRODUCTION OF SEVERAL PRODUCTS

We consider the situation of continuous production of several products using
the same manufacturing system. Call rj the production rate per unit of time of
product j. We recall that rj > λj . Since the manufacturing system is the same, we
must have ∑

j

rj
λj

< 1.
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We shall force a common cycle T for all products, so for instance we have the same
number of orders 1

T per year. This may not be optimal for a long period, but it
simplifies the analysis considerably.

The production (order) of product j is qj = Tλj . So we use T as the decision
variable, and no more the level of orders. The EOQ formula for product j (expressed
in T ) leads to

Cj(T ) =
Kj

T
+

hj

2
λjT

(
1− λj

rj

)
,

and we must minimize
∑

j Cj(T ).

Exercise 2.5. Show that the optimal T = T̂ is

T̂ =

√√√√ 2
∑

j Kj∑
j hjλj(1− λj

rj
)
.

2.6. LEAD TIME

We have considered previously situations in which delivery is immediate, or is
done at some rate per unit of time. The situation of Lead time is one when some
delay is required to get the order (this delay is called the Lead Time). We will
study the consequence of lead time on the EOQ model.

2.6.1. NO SHORTAGE ADMITTED. If L is the lead time, an order q
will be delivered L units of time after the order is performed. If no shortage is
admitted and if we do not perform any order during a lead time period then we
must have the constraint

q ≥ λL,

otherwise we lose stock during a lead time period. After some time the stock will
become negative which is not admitted. During a cycle (the period between two
deliveries) of length q

λ the average cost is still

C(q) = K
λ

q
+

hq

2
.

The EOQ problem becomes
min
q≥λL

C(q).

In particular if q̂ defined by the EOQ formula satisfies the constraint, then it is
the optimal value, whatever the value of L is. However, the order is no more made
when the inventory is 0 but when the inventory is λL. If q̂ does not satisfy the
constraint, then the optimal order is simply λL, since by convexity C(q) will be
increasing for q ≥ λL. In this situation, one orders at time of delivery, and the
stock at this time is also λL.

2.6.2. POSSIBILITY OF BACKLOG. We now describe an inventory
model with lead time and the possibility of backlogging, see [41]. Backlog means
that a negative inventory is possible. By negative inventory, one refers to the fact
that the demand which cannot be met is recorded. It can be met later, but nat-
urally there is a penalty in this case. The demand is continuous with a rate per
unit of time λ. The structure of cost is the following: there is a fixed ordering cost
K and a variable ordering cost c (per unit of quantity ordered); a holding cost per
unit of quantity h, and a backlogging penalty per unit of quantity backlogged p.
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There is a lead time L, between the time of order and the delivery. There is no
order, during a lead time period. We have seen that in the case without backlog,
the stock at the time when an order is put is necessarily s = λL. Here, since backlog
is possible, this relation is not necessarily true. Therefore, s is a decision variable
like the amount q ordered. So the present problem is an optimisation problem, with
two variables s, q.

Since there is no order during the lead time period, the inventory, just before
the delivery is ν = s− λL. Just after delivery, it is s− λL+ q. In order to avoid a
pathological situation of accumulation of orders, we will impose the constraint

q − λL > 0.

The lowest value of the inventory is ν. If there is backlog, this number is necessarily
negative. It is convenient to take the pair ν, q as decision variables. The value of
the inventory at the time of order is simply s = ν + q.

A cycle is the period T between two deliveries. We compute the various costs
(holding and backlogging) during a cycle, recalling that there is no new order before
the delivery is accomplished. We can take the origin of time at a point of order.
So the first delivery takes place at L, and the period covering a cycle is (L, T +L).
At time L the stock is q + s − λL = q + ν. It is then depleted at a rate λ till the
next delivery, in which it becomes s− λL = ν.

So we have q = λT . Note that the condition on q imposes T > L. The holding
cost during a cycle is given by the formula

h

ˆ T+L

L

(q + ν − λ(t− L))+dt = h
((q + ν)+)2

2λ
− h

((ν)+)2

2λ
.

Similarly the backlogging cost is given by

p

ˆ T+L

L

(q + ν − λ(t− L))−dt = −p ((q + ν)−)2

2λ
+ p

((ν)−)2

2λ
.

The ordering cost is K + cq. The average cost is obtained by dividing by the
duration of the cycle T .

Collecting results, we obtain the following average cost

C(ν, q) = cλ+
λK

q
+ h

[
((q + ν)+)2

2q
− (ν+)2

2q

]
+p

[
(ν−)2

2q
− ((q + ν)−)2

2q

]
,

with the constraint q > λL. The function C(ν, q) is clearly increasing in ν, on
[0,+∞), so we may assume ν ≤ 0.

Therefore C(ν, q) is given by

C(ν, q) = cλ+
λK

q
+ h

((q + ν)+)2

2q
+ p

[
ν2

2q
− ((q + ν)−)2

2q

]
.

For ν ≤ −q, the function is decreasing in ν. Its smallest value is attained at ν = −q,
for which

c(−q, q) = cλ+
λK

q
+ p

q

2
.
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For ν + q ≥ 0 we have

C(ν, q) = cλ+
λK

q
+ h

(q + ν)2

2q
+ p

ν2

2q
.

This function attains its minimum in ν at

ν(q) = −(1−�)q, � =
p

h+ p
.

One can see that a certain level of backlog is acceptable. If p =∞, we get ν(q) = 0.
This makes sense because the penalty for backlog is infinite, so backlog is forbidden.

Concerning the cost we have

C(ν(q), q) = cλ+
λK

q
+ [h�2 + p(1−�)2]

q

2
.

Noting that

h�2 + p(1−�)2 =
hp

h+ p
= h� < p,

we can assert that

min
ν

C(ν, q) = C(ν(q), q) = cλ+
λK

q
+ h�

q

2
.

It remains to minimize C(ν(q), q) in q, for q > λL. The result is immediate

q̂ = max

{
λL,

√
2Kλ

h�

}
,

and

min
{ν,q>λL}

C(ν, q) = cλ+

⎧⎨⎩
√
2Kλh�, if L ≤

√
2K
hλ�

K
L + hLλ�

2 , if L ≥
√

2K
hλ�

When L = 0 and p =∞, which implies � = 1, we recover the EOQ formulas.

Remark. Consider any pair ν, q satisfying the conditions

ν ≤ 0, q ≥ λL, s = ν + λL > 0.

These conditions are satisfied, in particular, for a pair ν(q), q, where ν(q) is given
as before, and q is arbitrary. The cycle time length is T with q = λT, and T > L.
Let us consider, as above, the origin of time when an order is made, and a cycle
starting at L. The During the cycle L, T + L, the inventory declines from ν + q to
ν. It vanishes at time L+ T + ν

λ and remains negative till L+ T .
The average backlog is thus given by

1

T

ˆ L+T

L+T+ ν
λ

λ
[
t− (L+ T +

ν

λ
)
]
dt =

ν2

2Tλ
.

During this backlog period, the waiting time till delivery is L+ T − t, when t runs
from L+ T + ν

λ to L+ T , hence the average waiting time is

1

T

ˆ L+T

L+T+ ν
λ

(L+ T − t)dt =
ν2

2Tλ2
.

So we have
average backlog = λ average waiting time.
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This is equivalent to the celebrated Little’s Law, if we consider customers waiting
in a queue. The backlog is analogous to the number of customers in the queue, and
the waiting time to delivery is analogous to the waiting time of a customer.

2.7. RANDOM DEMAND RATE: UNSATISFIED DEMAND LOST

We turn now to a situation where the demand rate λ is random. The decision
is defined as follows: when the stock is below s > 0, we order a quantity q. We
assume that there is a lead-time L in the delivery, but because λ is random, we
cannot use ν = s − λL. So we take as decision variables the pair s, q. Unlike the
previous deterministic backlog model, we will assume that a demand which is not
met is lost. This is similar to the Newsvendor model. Naturally, there is a penalty
when this occurs. If fact, this assumption will simplify considerably the treatment.
To understand the reason, we turn to the cycle. Define the cycle as the length of
time between two situations when the inventory is s. Let us still denote by T this
length of time. It is now a random variable. So to verify the constraint T > L
is not clear any more. We shall check that this possible when we assume q > s,
thanks to our assumption that no backlog is permitted.

The stock, just before the time of delivery, is (s−λL)+ and q+(s−λL)+, just
after. If T > L, during an interval of time of length T −L the demand is λ(T −L)
and the drop of the inventory is q + (s− λL)+ − s. It follows that

λT = q + (s− λL)− > λL,

from the condition satisfied by s. The problem is to minimize the expected average
cost denoted by C(s, q).

Exercise 2.6. Check the formula

C(s, q) = E
1

2(q + (s− λL)−)
[h(q2 + 2q(s− Lλ)+) + p((s− Lλ)−)2 + 2λ(K + cq)].
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CHAPTER 3

MARKOV CHAINS

We present in this chapter the main results on Markov Chains, which are used
to model state evolutions. There is no control of the evolution, in this chapter.

3.1. NOTATION

Let X be a metric space. We will limit ourselves to either Rd or a finite or
countable set. X is called the state space. We consider the Borel σ−algebra X if
X = Rd or the σ−algebra of all subsets of X if X is finite or countable. A transition
probability π(x,Γ) is defined on X ×X with the following conditions

(3.1.1)
∀x, π(x, .) is a probability on X ,

∀Γ fixed π(x,Γ) is a Borel function.

We define
Ω = XN ,

where N represents the set of positive integers. So an element of Ω is written as

ω = (ω1, · · · , ωn, · · · ).
The canonical stochastic process (in discrete time) is defined by

yn(ω) = ωn.

We associate with Ω the σ−algebra A = XN generated by the rectangles

A1 × · · ·An, ∀n

A1 · · ·An ∈ X .

Given a probability distribution m on X which will be the probability distribution
of the initial state y1 we will define the probability distribution of the trajectory yn
associated to m,π.

The probability law of the trajectory will originate from a probability P on
Ω,A such that, for any test function φ(x1, · · · , xn) and any n we have

Eφ(y1, · · · , yn)(3.1.2)

=

ˆ
dm(x1)

ˆ
π(x1, dx2)

ˆ
· · ·
ˆ

π(xn−1, dxn)φ(x1, · · · , xn).

One can show that it is possible to define P such that relation (3.1.2) holds (Kol-
mogorov theory, see for instance, M. Loeve [31]).

13
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3.2. CHAPMAN-KOLMOGOROV EQUATIONS

3.2.1. FUNCTIONAL SET UP. Let B be the Banach space of measurable
functions of X to R which are bounded, equipped with the norm

||f || = sup
x
|f(x)|.

We define the operator Φ ∈ L(B;B) by the formula

Φf(x) =

ˆ
X

f(η)π(x, dη).

Clearly one has
||Φ|| ≤ 1

Exercise 3.1. Show that

(3.2.1) E[f(yn+1)|Yn] = Φf(yn),

where
Yn = σ(y1, · · · , yn).

Exercise 3.2. Show that

(3.2.2) E[f(yn+1)|y1] = Φnf(y1).

When m = δx we use the notation

E[f(yn+1)|y1 = x] = f(yn+1) = Φnf(x) =

ˆ
P (x, n, dη)f(η),

and P (x, n, dη) represents the probability distribution of yn given y1 = x.

Let Γ be a Borel subset of X, we write

P (x, n,Γ) =

ˆ
P (x, n, dη)1IΓ(η),

then we have the Chapman-Kolmogorov equation

P (x, n+m,Γ) =

ˆ
P (x, n, dη)P (η,m,Γ),

and also

(3.2.3) E[1IΓ(yk+n)|Yk] = P (yk, n,Γ).

3.2.2. FUNCTIONS WITH LINEAR GROWTH. We consider here that
X = Rd. It is important for the applications to Inventory Control to extend the
operator Φ to functions which are not just bounded, but have linear growth. Let
B1 be the Banach space of measurable functions from Rd to R which have linear
growth, equipped with the norm

||f ||1 = sup
x

∣∣∣∣ f(x)

1 + |x|
∣∣∣∣ .

The operator Φ is not automatically defined on B1. Suppose first that f is positive,
then one can consider the sequence fM = f ∧M and one can consider the sequence
ΦfM . It is an increasing sequence. So it has a limit possibly ∞. We shall assume
that

ΦfM (x)

1 + |x| bounded,
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so the limit is finite and defines Φf(x). When f is not positive, we write f = f+−f−
and by linearity

Φf(x) = Φf+(x)− Φ−f(x).

The operator Φ ∈ L(B1;B1) but we do not have the property |Φ||1 ≤ 1. That
complicates matters, as we shall see.

3.3. STOPPING TIMES

Let ν be a stopping time with respect to Yn. We thus have, by definition

{ν ≤ k} ⊂ Yk, ∀k.
We recall the definition of the σ−algebra Yν

A ⊂ Yν ⇔ A ∩ {ν ≤ k} ⊂ Yk, ∀k.
We then state

Lemma 3.1. We have the relation

(3.3.1) E[1IΓ(yν+n)|Yν ] = P (yν , n,Γ).

Exercise 3.3. Prove relation (3.3.1).
Among the stopping times, we shall consider exit times

τ = inf{n : yn �∈ O},

O: Borel subset of X.

3.4. SOLUTION OF ANALYTIC PROBLEMS

3.4.1. CAUCHY PROBLEM. We are interested in giving the probabilistic
interpretation of some analytic problems. We begin with the Cauchy problem. Let
f, g ∈ B. We consider the sequence of functions ∈ B defined by the relations

(3.4.1) uN = g,
un = f +Φun+1,

then we have the interpretation

(3.4.2) u1(x) = E

[
N−1∑
n=1

f(yn) + g(yN )|y1 = x

]
.

Exercise 3.4. Prove relation (3.4.2).

We next consider the functional equation, for α < 1

(3.4.3) u = f + αΦu,

with the interpretation

(3.4.4) u(x) = E

[ ∞∑
n=1

αn−1f(yn)|y1 = x

]
.

An important question is to solve equation (3.4.3) when f has linear growth. We
can state the following result
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Proposition 3.1. Assume that

(3.4.5)
∑∞

n=1α
n−1Φn−1|f |(x) <∞, ∀x,

then

(3.4.6) u(x) =
∑∞

n=1α
n−1Φn−1f(x),

is the unique solution of (3.4.3) such that

(3.4.7) αnΦnu(x)→ 0, as n→∞.

Proof. It is enough to assume f > 0. Then condition (3.4.5) is necessary and
sufficient to assert that the function u(x) defined by (3.4.6) is well defined. Let us
show first that it is a solution. Consider the truncated series

un(x) =
∑n

j=1α
j−1Φj−1f(x),

which satisfies the recursion

un+1(x) = f(x) + αΦun(x), u1(x) = f(x),

then we have un(x) ≤ u(x) and un(x) is monotone increasing. If u∗(x) denotes
the limit, we note that by Lebesgue Theorem Φun(x) converges also to Φu∗(x).
Therefore u∗ is solution of (3.4.3). But u∗(x) = u(x). Therefore u is a solution.
Now for any solution, we have by iteration

u(x) = un(x) + αnΦnu(x),

therefore if u is the limit of un, necessarily the condition (3.4.7) is satisfied. Con-
versely, any solution which satisfies the condition coincides with the limit of un.
This completes the proof. �

3.4.2. DIRICHLET PROBLEM. Let now O to be a Borel subset of X.
We note τ the exit time of yn from O. By definition

yn ∈ O, ∀1 ≤ n < τ ; yτ ∈ X −O,

and τ = 1 if y1 ∈ X −O.
We consider the problem

(3.4.8) u(x) = f(x) + αΦu(x), ∀x ∈ O,
u(x) = g(x), ∀x ∈ X −O,

where f, g ∈ B.

Theorem 3.1. Problem (3.4.8) has one and only one solution in B, with the
following interpretation

(3.4.9)
u(x) = E

[
τ−1∑
n=1

αn−1f(yn) + ατ−1g(yτ )|y1 = x

]
,

where
0∑

n=1

= 0.

Proof. The existence and uniqueness of the solution u follows from the fact
that we look for a fixed point of the map T : B → B defined by

Tw =

∣∣∣∣ f + αΦw, in O,
g in X −O,
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and T is a contraction since α < 1. Next, we can write

u(yn)1In≤τ−1 = f(yn)1In≤τ−1 +Φu(yn)1In≤τ−1,

or
u(yn)1In≤τ−1 = f(yn)1In≤τ−1 + E[u(yn+1)|Yn]1In≤τ−1.

Moreover 1In≤τ−1 is Yn measurable, since

1In≤τ−1 = 1− 1Iτ≤n.

Therefore we get

αn−1u(yn)1In≤τ−1 = αn−1f(yn)1In≤τ−1 + αnE[u(yn+1)1In≤τ−1|Yn].

Taking the expectation it follows

αn−1E[u(yn)1In≤τ−1|y1 = x]

= αn−1E[f(yn)1In≤τ−1|y1 = x] + αnE[u(yn+1)1In≤τ−1|y1 = x].

We add up these relations over n. It follows

E

[
τ−1∑
n=1

αn−1u(yn)|y1 =x

]
=E

[
τ−1∑
n=1

αn−1f(yn)|y1 =x

]
+E

[
τ−1∑
n=1

αnu(yn+1)|y1 =x

]
.

This means also

E

[
τ−1∑
n=1

αn−1u(yn)|y1 =x

]
=E

[
τ−1∑
n=1

αn−1f(yn)|y1 =x

]
+E

[
τ∑

n=2

αn−1u(yn)|y1 =x

]
.

Canceling terms, formula (3.4.9) is obtained. �

3.4.3. MARTINGALE PROPERTIES. We state

Theorem 3.2. For any function u ∈ B we have the property

(3.4.10)
u(yn) +

n−1∑
j=0

(u− Φu)(yj)

is a P,Yn martingale

Proof. We have to check that, for n ≥ m

E

⎡⎣u(yn)− u(ym) +
n−1∑
j=m

(u− Φu)(yj)|Ym

⎤⎦ = 0.

Recall that
E[u(yj+1)|Yj ] = Φu(yj).

From this the result follows easily.
Similarly one checks that

αnu(yn) +

n−1∑
j=0

αj(u− αΦu)(yj),

is a P,Yn martingale. �
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3.5. ERGODIC THEORY

The objective of Ergodic Theory is to study the behavior of the Markov chain
at infinity. If we think of of the Markov chain as a dynamic system, starting at time
1, in state y1 = x, then we are interested by the possible limit of yn. If the system
were deterministic, it would be the ordinary limit of the sequence, if it exists. Since
yn is random, we think more in terms of the limit of the probability distribution
of yn, which means the limit of P (x, n; Γ). We speak of ergodic behavior, if this
limit, not only exists, but is also independent of x. The limit probability m(Γ) if
it exists is called invariant measure. Invariant means that if the initial state were
distributed according to m(Γ), then the probability distribution of yn would remain
the same m(Γ) (invariant). It is a steady state. This steady state presents a strong
interest in applications.

3.5.1. INVARIANT MEASURE. We assume that the transition proba-
bility satisfies

(3.5.1) π(x; dη) = �(x, η)μ(dη),

where μ(dη) is a positive measure on X (not necessarily a probability). Moreover,
there exists a Borel set X0 such that μ(X0) > 0 and

(3.5.2) �(x, η) ≥ δ = δ(X0) > 0, ∀x ∈ X, η ∈ X0.

A probability measure m on X,A is invariant with respect to the transition prob-
ability π(x,Γ) whenever

(3.5.3) m(Γ) =

ˆ
X

m(dx)π(x,Γ), ∀Γ.

It is easily seen that

(3.5.4) m(Γ) =

ˆ
X

m(dx)P (x, n,Γ), ∀Γ.

The right-hand side represents the probability law of yn when the law of y1 is m.
So the relation (3.5.4) shows that this probability is also m, which explains the
word invariant.

3.5.2. THE MAIN RESULT. We present here a classical result, see J.L.
Doob [18].

Theorem 3.3. Under the assumptions (3.5.1), (3.5.2), there exists a unique in-
variant measure m with respect to the transition probability π(x,Γ) and moreover

(3.5.5)

∥∥∥∥Φnf −
ˆ
X

f(x)m(dx)

∥∥∥∥ ≤ 2||f ||βn−1

∀f ∈ B, with 0 ≤ β < 1, independent of f.

We say that the process is ergodic, which means that its probability law P (x, n,Γ)
converges as n goes to ∞ to the probability law m, whatever the initial state y1 = x
might be.

Proof. Suppose f ≥ 0. We define

mn(f) = inf
x
Φnf(x),

Mn(f) = sup
x

Φnf(x).
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Hence
mn(f) ≤ mn+1(f),
Mn(f) ≥Mn+1(f),
mn(f) ≤Mn(f).

We have successively

Mn+1(f)−mn+1(f) = sup
x

Φn+1f(x)− inf
x
Φn+1f(x)

= sup
x,ξ

(Φn+1f(x)− Φn+1f(ξ))

= sup
x,ξ

[Φ(Φnf)(x)− Φ(Φnf)(ξ)]

= sup
x,ξ

[ˆ
X

(�(x, η)−�(ξ, η))Φnf(η)μ(dη)

]
.

It follows

Mn+1(f)−mn+1(f)

≤ sup
x,ξ

[ˆ
X

(�(x, η)−�(ξ, η))+Φnf(η)μ(dη)

−
ˆ
X

(�(x, η)−�(ξ, η))−Φnf(η)μ(dη)
]

≤ sup
x,ξ

[
Mn(f)

ˆ
X

(�(x, η)−�(ξ, η))+μ(dη)

−mn(f)

ˆ
X

(�(x, η)−�(ξ, η))−μ(dη)
]
.

Since ˆ
X

�(x, η)μ(dη) =

ˆ
X

�(ξ, η)μ(dη),

the coefficients of Mn(f) and mn(f) are the same.
So we get

Mn+1(f)−mn+1(f) ≤ (Mn(f)−mn(f)) sup
x,ξ

ˆ
X

(�(x, η)−�(ξ, η))+μ(dη).

Next ˆ
X

(�(x, η)−�(ξ, η))+μ(dη)

=

ˆ
X

(�(x, η)−�(ξ, η))1I{�(x,η)−�(ξ,η)≥0}μ(dη)

= 1−
ˆ
X

�(x, η)1I{�(x,η)−�(ξ,η)<0}μ(dη)

−
ˆ
X

�(ξ, η))1I{�(x,η)−�(ξ,η)≥0}μ(dη)

≤ 1−
ˆ
X0

�(x, η)1I{�(x,η)−�(ξ,η)<0}μ(dη)

−
ˆ
X0

�(ξ, η)1I{�(x,η)−�(ξ,η)≥0}μ(dη),
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and from assumption (3.5.2) we deduce

≤ 1− δ

ˆ
X0

1I{�(x,η)−�(ξ,η)<0}μ(dη)

−δ
ˆ
X0

1I{�(x,η)−�(ξ,η)≥0}μ(dη)

= 1− δμ(X0).

Therefore we have obtained

Mn+1(f)−mn+1(f) ≤ (Mn(f)−mn(f))(1− δμ(X0)),

hence
Mn(f)−mn(f) ≤ (1− δμ(X0))

n−1||f ||.
We deduce that

Mn(f) ⇓ m(f); mn(m) ⇑ m(f).

Also we have the inequality

Mn(f)−mn(f) ≥ Φnf(x)−m(f) ≥ mn(f)−Mn(f).

We have obtained

|Φnf(x)−m(f)| ≤Mn(f)−mn(f) ≤ (1− δμ(X0))
n−1||f ||.

When f has no sign, using the decomposition of f between its positive et negative
part, we obtain

|Φnf(x)−m(f)| ≤Mn(f)−mn(f) ≤ 2(1− δμ(X0))
n−1||f ||,

which is the desired result (3.5.5) with β = 1− δμ(X0).
It remains to prove that m(f) defines an invariant measure, and that such an

invariant measure is unique. The map f ⇒ m(f) is linear and |m(f)| ≤ ||f ||. If
f ≥ 0 then m(f) ≥ 0, and m(1) = 1. So m(f) defines a probability on X,X .
Clearly

m(f) = m(Φf).

Applying with f = 1IΓ yields

m(Γ) =

ˆ
X

m(dx)π(x,Γ),

which proves that m is an invariant measure. If m̃ is another invariant measure,
we have by definition

m̃(f) = m̃(Φnf)⇒ m(f),

hence m̃ = m. The proof has been completed. �

3.5.3. ANALYTIC PROBLEM.

Theorem 3.4. Under the assumptions (3.5.1), (3.5.2), there exists one and only
one pair v ∈ B, λ ∈ R up to a constant for v such that

(3.5.6)

v − Φv + λ = f, λ = m(f)
m(v) = 0,
m(v)− (mΦv) = 0,

v(x) = lim
α→1

(
uα − λ

1− α

)
,

uα − αΦuα = f, α < 1.
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Proof. One has also

(3.5.7) λ = lim
α→1

(1− α)uα,

and

(3.5.8) λ = lim
1

N

N∑
j=1

Φjf, in B.

From equation (3.5.6) we deduce

(3.5.9) m(v)− (mΦv) + λ = m(f).

Since m is invariant, we have m(v)− (mΦv) = 0, hence the second property (3.5.6).
So λ is unique. If there are two solutions v1, v2, then one has

v1 − v2 = Φ(v1 − v2).

So also
v1 − v2 = Φn(v1 − v2)⇒ m(v1)−m(v2).

So v1 and v2 differ only by a constant. If we impose the condition m(v) = 0, then
the solution is unique. To prove existence we start with uα defined in equation
(3.5.6). Moreover

(3.5.10) uα =
∑
n=0

αnΦnf.

So

(3.5.11) uα − λ

1− α
=
∑
n=0

αnΦn(f − λ).

From property (3.5.5) we deduce that

||Φn(f − λ)|| ≤ 2||f ||βn−1.

It follows that the series defined in equation (3.5.11) is absolutely convergent in B.
Moreover

uα − λ

1− α
→ v =

∞∑
n=0

Φn(f − λ).

Then v is the solution of equation (3.5.6). Finally property (3.5.8) follows from the
fact that the series on the right hand side of (3.5.11) is absolutely convergent. �

3.6. EXAMPLES

3.6.1. INVENTORY WITH NO BACKLOG. We will consider the clas-
sical inventory problem with no backlog

yn+1 = (yn + vn −Dn)
+,

where Dn is the demand modeled as a sequence of independent identically dis-
tributed variables with density f . The quantity vn is the order, for which we
assume the following policy

vn = S1Iyn=0.
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So if we start with a stock which is less or equal to S, the stock remains always
between 0 and S. So X = [0, S]. We easily see that this model defines a Markov
chain on X equipped with the Borel σ−algebra, with transition probability

(3.6.1) π(x, dη) =

{
F (x)δ(η) + 1I0≤η<xf(x− η)dη, if x > 0

F (S)δ(η) + 1I0≤η<Sf(S − η)dη, if x = 0

So it is a mixture of a Dirac probability at 0 and probability density on positive
inventories.

Assume F (S) > 0 then the conditions of Theorem 3.3 are satisfied. We have

μ(dη) = δ(η) + dη,

and

(3.6.2) �(x, η) =

{
F (x)1Iη=0 + 1I0<η<xf(x− η), if x > 0

F (S)1Iη=0 + 1I0<η<Sf(S − η), if x = 0

We can take X0 = 0 and δ = F (S) (this δ should not be confused with the Dirac
measure δ(x)).

We can in fact find the invariant measure directly. It is a probability measure
m(dx) on [0, S], which we write as follows

(3.6.3)
m(dx) = Aδ(x) +B(x)dx,

A+

ˆ S

0

B(x)dx = 1.

To find A and B(x) we must write the relation
ˆ S

0

φ(x)m(dx) =

ˆ S

0

Φφ(x)m(dx), ∀φ.

We obtain the system

(3.6.4)
A = AF (S) +

ˆ S

0

F (x)B(x)dx,

B(η) = Af(S − η) +

ˆ S

η

B(x)f(x− η)dη.

then we have

Theorem 3.5. Assume f(x) > 0 and continuous. The system (3.6.4) with the
normalization condition (3.6.3) has a unique solution.

Proof. We note that

(3.6.5) A =

´ S
0
F (x)B(x)dx

F (S)
.

Replacing A in the second equation and taking η = S yields

B(S) = f(0)

´ S
0
F (x)B(x)dx

F (S)
.

Calling

u(η) =
B(η)

B(S)
,
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the second equation reduces to

(3.6.6) u(η) =
f(S − η)

f(0)
+

ˆ S

η

u(x)f(x− η)dx.

Then equation (3.6.6) has one and only one solution. Indeed the map

T : u→ f(S − η)

f(0)
+

ˆ S

η

u(x)f(x− η)dx,

is a contraction on C([0, S]), since

||Tu1 − Tu2|| ≤ ||u1 − u2||
ˆ S

0

f(x)dx,

and ˆ S

0

f(x)dx < 1,

and B(S) is defined by

B(S)

[´ S
0
F (x)u(x)dx

F (S)
+

ˆ S

0

u(x)dx

]
= 1.

The proof has been completed. In the case of a Poisson distribution f(x) =
λ exp−λx, one finds that u(η) = 1 and

B(η) =
λ

1 + λS
; A =

1

1 + λS
.

�

3.6.2. INVENTORY WITH BACKLOG. The model is

yn+1 = yn + vn −Dn.

So negative inventories are permitted. The orders follow an s, S policy, with s < S,
S > 0. Namely

vn = 0, if yn > s,

vn = S − yn, if yn ≤ s.

Clearly if y1 ≤ S then yn ≤ S, ∀n.
We have

(3.6.7)

{
π(x, dη) = f(S − η)1Iη≤Sdη, if x ≤ s

π(x, dη) = 1Iη≤xf(x− η)dη, if x > s

We have X = (−∞, S] and μ(dη) = dη, with

�(x, η) =

{
1Iη≤Sf(S − η), if x ≤ s

1Iη≤xf(x− η), if x > s

Assume f(x) > 0 and continuous. Then the assumptions of Theorem 3.3 are
satisfied. We take X0 = (s− 1, s) and

δ = inf
{0≤x≤S−s+1}

f(x).
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Again we can study directly the problem of existence and uniqueness of the invariant
measure. We look for a density m(x) with respect to Lebesgue measure on X. This
density must satisfy the equation

m(η) =

ˆ S

−∞
m(x)�(x, η)dx,

which amounts to

m(η) = f(S − η)

ˆ s

−∞
m(x)dx+

ˆ S

s

m(x)f(x− η)1I{η≤x}dx

Exercise 3.5. Show that m(η) is uniquely defined by the formulas

m(η) =
f(S − η) +

´ S
s
u(x)f(x− η)dx

1 +
´ S
s
u(y)dy

, if η ≤ s

m(η) =
u(η)

1 +
´ S
s
u(y)dy

, if s ≤ η ≤ S

where the function u(η) is defined in s, S as the unique solution of the integral
equation

u(η) = f(S − η) +

ˆ S

η

u(x)f(x− η)dx, s ≤ η ≤ S.

3.6.3. FINITE NUMBER OF STATES. Suppose X is composed of a
finite number of states, denoted by i = 1, · · · , I. The transition probability reduces
to a matrix �(i, j). In order to apply Theorem 3.3 it is sufficient to assume that
there exists a state j0 such that

(3.6.8) �(i, j0), ∀i ∈ X.

The unique invariant measure will satisfy

mi =
∑
j

mj�(j, i),
∑
i

mi = 1, mi ≥ 0



CHAPTER 4

OPTIMAL CONTROL IN DISCRETE TIME

A very comprehensive presentation of Discrete-Time Markov Control Processes
can be found in the book of O. Hernández-Lerma and J.B. Lasserre, [25]. Our
presentation discusses more completely the issue of uniqueness, and separates com-
pletely the study of the functional equation, resulting from Dynamic Programming
(Bellman equation) from its interpretation in the context of optimal control.

4.1. DETERMINISTIC CASE

4.1.1. NOTATION. We begin with deterministic models, although the de-
terministic case can be embedded in the stochastic case. The reason is because in
deterministic situations one does not have to worry about information. Decisions
are just given values (open loop control). In the stochastic case, decisions are func-
tions of the state of information (closed loop control). It is possible to reconcile the
two approaches in the deterministic case, but this is unnecessarily complex just to
obtain the major results.

We consider a dynamic system whose evolution is governed by

(4.1.1) yn+1 = g(yn, vn), y1 = x.

At this stage, we do not need any specific assumptions on the function g, except
measurability. As we shall see the first part of the discussion will be of algebraic
nature. The state space is X, a metric space Rd or a discrete space. We next
consider a function

(4.1.2) l(x, v) bounded below.

A control (or more precisely a control policy) is a sequence of values v1 · · · vn · · · in
a subset U of a metric space. A control is denoted by V . We define the payoff

(4.1.3) Jx(V ) =
∞∑
n=1

αn−1l(yn, vn).

Without loss of generality, we will assume l(x, v) ≥ 0. Indeed If l(x, v) +C ≥ 0, we

can change Jx(V ) into Jx(V ) +
C

1− α
and obtain the positivity assumption. The

discount α is smaller than 1. We define

(4.1.4) u(x) = inf Jx(V ),

which is a positive number. The function u(x) is called the value function. We
shall assume that

(4.1.5) u(x) <∞
25
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4.1.2. BELLMAN EQUATION. The function u(x) satisfies a functional
equation, called Bellman equation, [2], [11]. As we shall see, it is simply the
consequence of algebraic considerations. The study of this functional equation,
independently of its origin, will be done later and requires analysis tools.

Proposition 4.1. The function u(x) satisfies the relation

(4.1.6) u(x) = inf
v ∈ U

[l(x, v) + αu(g(x, v))].

Proof. From the definition, we can write

u(x) = inf
v1

[
l(x, v1) + α inf

v2 · · · vn · · ·

[ ∞∑
n=2

αn−2l(yn, vn)

]]
,

but the inf inside the bracket is clearly u(g(x, v)). Therefore the result follows. �
Suppose now that there exists a measurable function v̂(x) such that the infimum

in the right hand side of (4.1.6) is attained for this value and for any value of x.
Such a function is called a feedback. We can use this feedback in the state equation
and define a sequence ŷn as follows

ŷn+1 = g(ŷn, v̂(ŷn)).

Defining next v̂n = v̂(ŷn) we obtain a control V̂ = (v̂1 · · · v̂n · · · ). We then obtain
the result

Proposition 4.2. V̂ is optimal.

Proof. By induction we can check that

u(x) =

n∑
j=1

αn−1l(ŷn, v̂n) + αnu(ŷn+1),

and thus u(x) ≥ Jx(V̂ ). However being the infimum, u(x) is also smaller than
Jx(V̂ ). So we have equality and thus V̂ is optimal. �

Note that the optimal control is obtained via a feedback on the state. This
property is a curiosity in the deterministic case, but will play a fundamental role
in the stochastic case, since it has an informational content.

4.1.3. EXTENSION WHEN THE SET OF CONSTRAINTS DE-
PENDS ON THE STATE. There is however a case when information matters,
even in the deterministic case. It is the case when the set of constraints U is
not fixed, but depends on the state U(x). A control policy V cannot be a simple
sequence vn of elements of U, because U is not fixed anymore. We must also satisfy

vn ∈ U(yn).

However, it is not difficult to check that the argument of the proof of Proposition
4.1 remains valid. The Bellman equation is changed into

(4.1.7) u(x) = inf
v ∈ U(x)

[l(x, v) + αu(g(x, v))].

4.2. STOCHASTIC CASE: GENERAL FORMULATION

We turn now to the stochastic case. As we shall see the machinery is more
complex.
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4.2.1. NOTATION AND ASSUMPTIONS. The probabilistic set up is
the same as in Chapter 3. The state space is X, X and the probability space is
Ω = XN , with σ− algebra A = XN . The canonical process is denoted by yn(ω) =
ωn and it generates the filtration Yn. We now consider a family of transition
probabilities, indexed by a parameter v, the control variable. The parameter v
belongs to a set U , the set of controls, which is a closed subset of a metric space.

The transition probability is denoted π(x, v, dη). We associate to it the operator
on B (space of measurable bounded functions on X), also indexed by v

Φvf(x) =

ˆ
X

f(η)π(x, v, dη).

We now define as a control policy a sequence of Borel maps with values in U

v1(η1), v2(η1, η2)

· · · , vn(η1, · · · , ηn), · · ·
Such a control is denoted by V . However, we see the main difference with the
deterministic case, in which a control was simply a sequence of values. In the
stochastic case, the control must be defined in a closed loop manner.

To a control V and an initial state x we associate a probability law on Ω, A
which is the conditional law of the canonical process given y1 = x. We denote it by
P V,x. For any test function f(x1, · · · , xn) we have

EV,xf(y1, · · · , yn) = E[f(y1, · · · , yn)|y1 = x]

=

ˆ
π(x, v1(x), dx2)

ˆ
π(x2, v2(x, x2), dx3) · · ·ˆ

π(xn−1, vn−1(x, x2, · · · , xn−1), dxn)f(x1, · · · , xn).

P V,x is a controlled Markov chain. A controlled Markov chain is not a Markov
chain strictly speaking, since we keep memory of all previous states, because of
the decision rule. However some analogy with the standard Markov chains can be
made. We introduce

P V,x(n− 1;x, · · · , xn−1;n,Γ) = π(xn−1, vn−1(x, x2, · · · , xn−1),Γ)

P V,x(m;x, · · · , xm;n,Γ) =

ˆ
π(xm, vm(x, x2, · · · , xm), dxm+1 · · ·

ˆ
π(xn−2, vn−2(x, x2, · · · , xn−2), dxn−1π(xn−1, vn−1(x, x2, · · · , xn−1),Γ)

Exercise 4.1. Check that

PV,x(k; y1, · · · , yk; k + n,Γ) = EV,x[1IΓ(yk+n)|Yk],

which can be extended to replacing k by a stopping time ν. Check that

P V,x(ν; y1, · · · , yν ; ν + n,Γ) = EV,x[1IΓ(yν+n)|Yν ]

Check that for any u ∈ B

u(yn) +
n−1∑
j=1

(u(yj)− Φvj(y1,··· ,yj)u(yj)),
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is a Yn, PV,x martingale. Check also that

αnu(yn) +

n−1∑
j=1

αj(u(yj)− αΦvj(y1,··· ,yj)u(yj)),

is a Yn, PV,x martingale.

Remark. We can consider the deterministic case as a particular case of a Markov
chain, in which

π(x, v, dη) = δg(x,v)

the Dirac measure at the point g(x, v). However the control must remain defined in
a closed loop manner. We cannot recover the open loop control in this manner. This
is why to go through this path to consider the deterministic problem is unnecessary
complicated.

4.2.2. SETTING OF THE PROBLEM. Consider

(4.2.1) l(x, v) ≥0,

and U is a subset of a metric space.
We consider a controlled Markov chain described by its transition probability

π(x, v,Γ). Consider a control policyV and construct the corresponding probability
PV,x for the canonical process yn. The functions vn(x1, · · · , xn) appearing in the
control must take values in U .

We define the cost functional

(4.2.2) Jx(V ) = EV,x
∞∑

n=1

αn−1l(yn, vn).

If we accept the value +∞ this quantity is well defined. The value function is
defined by

u(x) = inf
V

Jx(V ).

An important question is whether the value function satisfies a functional equation,
as in the deterministic case, following algebraic arguments. This becomes highly
non trivial, but we are going to show that it is possible, in a case which is useful
for applications and mimics to some extent the deterministic case. In the general
situation described above, we will avoid the difficulty by using arguments from
analysis and not from algebra.

4.2.3. DIRECT APPROACH. We consider the situation when the evolu-
tion of the dynamic system is described as follows. Consider a probability space
(Ω,A, P ), on which is defined a stochastic process D1, · · ·Dn · · · made of indepen-
dent, identically distributed random variables. The notation D recalls the demand
process, which will appear constantly in the application to inventory control. We
denote by h(ξ) the probability density of a generic D, which lies in Rk to fix ideas.
The process yn is defined by

yn+1 = g(yn, vn, Dn) y1 = x.

We shall assume that the demand is observable. At time n + 1, we have observed
the values of D1 · · ·Dn. So

vn = vn(D1, · · · , Dn−1) n ≥ 2,
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and v1 is deterministic. This is more general than vn = vn(y1, · · · , yn) and follows
naturally from the information which is available at each time. If U depends on x,
then we have the constraint

vn(D1, · · · , Dn−1) ∈ U(yn),

and yn is also a function of D1, · · · , Dn−1. The operator Φvf(x) is given by

(4.2.3) Φvf(x) = Ef(g(x, v,D)) =

ˆ
f(g(x, v, η)) dη.

Let V = {v1, · · · vn · · · } be a control as defined above. The payoff is given by

(4.2.4) Jx(V ) = E

∞∑
n=1

αn−1l(yn, vn).

Note that the expectation is taken with respect to the fixed probability P and does
not depend on the control policy as in formula (4.2.2). We define the value function

u(x) = inf
V

Jx(V ).

Proposition 4.3. The value function satisfies the functional equation (Bellman
equation)

(4.2.5) u(x) = inf
v ∈ U(x)

[l(x, v) + αEu(g(x, v,D))].

Proof. Let us set

K(x, v1, · · · , vn, · · · ;D1, · · · , Dn, · · · ) =
∞∑
n=1

αn−1l(yn, vn),

which is a functional on D1, · · · , Dn · · · Thanks to the independence of the random
variables, we have

EK(x, v1, · · · , vn, · · · ;D1, · · · , Dn, · · · )
= ED1D2···K(x, v1, · · · , vn, · · · ;D1, · · · , Dn, · · · ),

in which the expectations as indices in the right hand side mean that one must
take the expectations successively. We start backwards. The fact that there is an
infinite number of expectations is not a problem, since each term in the expression
of K depends on a finite number of demands. Note the relation

K(x, v1, · · · , vn, · · · ;D1, · · · , Dn, · · · )
= l(x, v1) + αK(g(x, v1, D1), v2 · · · , vn, · · · ;D2, · · · , Dn, · · · ).

Therefore, for fixed x, v1, D1 we can write
(4.2.6)

inf
v2··· ,vn,···

ED2D3···K(g(x, v1, D1), v2 · · · , vn, · · · ;D2, · · · , Dn, · · · ) = u(g(x, v1, D1)).

Now the key point is to check that

ED1
inf

v2··· ,vn,···
ED2D3···K(g(x, v1, D1), v2 · · · , vn, · · · ;D2, · · · , Dn, · · · )(4.2.7)

= inf
v2··· ,vn,···

ED1D2D3···K(g(x, v1, D1), v2 · · · , vn, · · · ;D2, · · · , Dn, · · · ).
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In other words, we can exchange the two operators ED1
and inf. The reason

is because the decision variables v2, · · · , vn, · · · are functions of all the random
variables, including D1. More specifically, we can first assert that

ED1 inf
v2··· ,vn,···

ED2D3···K(g(x, v1, D1), v2 · · · , vn, · · · ;D2, · · · , Dn, · · · )
≤ ED1D2D3···K(g(x, v1, D1), v2 · · · , vn, · · · ;D2, · · · , Dn, · · · )

where, in the right hand side, the decision variables are arbitrary. Therefore the
left hand side of equation (4.2.7) is smaller than its right hand side. On the other
hand for any ε and any fixed D1 we can find a policy vε2, · · · , vεn, · · · depending of
course of D1 such that

ED2D3···K(g(x, v1, D1), v
ε
2 · · · , vεn, · · · ;D2, · · · , Dn, · · · )

≤ inf
v2··· ,vn,···

ED2D3···K(g(x, v1, D1), v2 · · · , vn, · · · ;D2, · · · , Dn, · · · ) + ε.

Therefore

ED1D2D3···K(g(x, v1, D1), v
ε
2 · · · , vεn, · · · ;D2, · · · , Dn, · · · )

≤ ED1 inf
v2··· ,vn,···

ED2D3···K(g(x, v1, D1), v2 · · · , vn, · · · ;D2, · · · , Dn, · · · ) + ε.

Therefore also

inf
v2··· ,vn,···

ED1D2D3···K(g(x, v1, D1), v2 · · · , vn, · · · ;D2, · · · , Dn, · · · )
≤ ED1

inf
v2··· ,vn,···

ED2D3···K(g(x, v1, D1), v2 · · · , vn, · · · ;D2, · · · , Dn, · · · ) + ε,

and since ε is arbitrary, the right hand side of (4.2.7) is smaller than the left hand
side. Hence the relation (4.2.7) holds. This relation means also that

Eu(g(x, v1, D1)) = inf
v2···vn···

EK(g(x, v1, D1), v2 · · · , vn, · · · ;D2, · · · , Dn, · · · ).

But then

u(x) = inf
v1

[l(x, v1) + α inf
v2···vn···

EK(g(x, v1, D1), v2 · · · , vn, · · · ;D2, · · · , Dn, · · · )],

which implies the result. �

4.3. FUNCTIONAL EQUATION

We begin with assumptions. The space X = Rd. The set of controls U is a
closed subset of Rk. If φ(x, v) is a function of two arguments, we write φv(x) =
φ(x, v). We shall assume that

(4.3.1) Φvφv(x) is uniformly continuous in v, x if
φv(x) = φ(x, v) is uniformly continuous and bounded in x, v.

We also assume

lv(x) = l(x, v) l.s.c ≥ 0;

l(x, v) is bounded on bounded sets;(4.3.2)
Φvlv(x) is bounded on bounded sets;
{v ∈ U |l(x, v) ≤ L, |x| ≤M} ⊂ {|v| ≤ KLM}.
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4.3.1. TECHNICAL RESULTS. We begin by recalling a few important
technical results. Some proofs are in the Appendix.

Lemma 4.1. Let f be a map from a metric space X into (−∞,+∞], which is
l.s.c. and bounded below. There exists a sequence fn(x) ∈ C(X)(space of uniformly
continuous bounded functions on X) such that fn(x) ↑ f(x) point wise.

Lemma 4.2. Under the assumption (4.3.1) if lv(x) = l(x, v) is l.s.c. and bounded
below then the function Φvlv(x) of the pair v, x is l.s.c. and bounded below.

Lemma 4.3. Let F (x, v) be l.s.c. in both arguments and bounded below. If U is
metric compact then

G(x) = inf
v∈U

F (x, v),

is also l.s.c. and bounded below.

A key result is the existence for each x of a minimum which is a measurable
function of x.

Theorem 4.1. Under the assumptions of Lemma 4.3, there exists a Borel function
v̂(x) : X → U such that

G(x) = F (x, v̂(x)), ∀x.
The fact that U is compact may not be verified in some applications. We

present here a situation which occurs in applications and where the compactness
assumption of U is removed. Let us assume that

U is a closed subset of Rd;

F (x, v) is l.s.c and bounded below;(4.3.3)
{v|F (x, v) ≤ F (x, v0)} ⊂ {v| |v| ≤ γ(x)};
γ(x) is bounded on bounded sets.

We state the

Theorem 4.2. Under the assumptions of Lemma 4.3 except U compact, and if the
assumption (4.3.3) holds, then G(x) is l.s.c. and bounded below, and there exists a
Borel map v̂(x) which achieves the minimum for any x.

4.3.2. CEILING FUNCTION. We consider first the case of a fixed control
v0 ∈ U as a parameter. Introduce the equation

(4.3.4) w0(x) = l(x, v0) + αΦv0w(x).

More precisely we consider the function

(4.3.5) w0(x) =

∞∑
n=1

αn−1(Φv0)n−1lv0(x),

where we have noted lv(x) = l(x, v).
The function w0(x) is defined as the limit as N ↑ +∞ of

w0N (x, v) =

N∑
n=1

αn−1(Φv0)n−1lv0(x).
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Since all the functions are positive, the limit is well defined, but may take the value
+∞. Recalling Lemma 4.2, we can assert that the function w0N (x, v) is l.s.c. and
therefore the function w(x, v) is also l.s.c. We will use in the sequel the assumption

(4.3.6) w0(x) <∞, ∀x.
w0(x) is bounded on bounded sets

4.3.3. BELLMAN EQUATION. We consider the functional equation

(4.3.7) u(x) = inf
v∈U

[l(x, v) + αΦvu(x)], ∀x.
This equation is now considered, without any interpretation as the value function
of a control problem. We state the main result

Theorem 4.3. Under the assumptions (4.3.1), (4.3.2), (4.3.6) the set of solutions
of the functional equation (4.3.7) satisfying

0 ≤ u(x) ≤ w0(x)∀x,
is not empty and has a minimum and a maximum solution, denoted respectively
u(x) and u(x). The minimum solution is l.s.c.

Proof. Consider the following iteration
u0(x) = 0,
un+1(x) = inf

v∈U
[l(x, v) + αΦvun(x)].

This sequence is monotone increasing. We have

0 ≤ un(x) ≤ w0(x) ∀x,
which can be checked recursively.

We thus have un(x) ↑ u(x) hence

un+1(x) ≤ inf[l(x, v) + αΦvu(x)], ∀x,
and thus also

u(x) ≤ inf[l(x, v) + αΦvu(x)], ∀x.
Moreover, thanks to the assumptions (4.3.2) the functions un(x) are l.s.c. so there
exists a Borel map vn(x) such that

un+1(x) = l(x, vn(x)) + αΦvn(x)un(x).

Let n ≤ m we can write

um+1(x) = l(x, vm(x)) + αΦvm(x)um(x)

≥ l(x, vm(x)) + αΦvm(x)un(x),

hence also
u(x) ≥ l(x, vm(x)) + αΦvm(x)un(x).

Now for x fixed, the sequence vm(x) remains in a compact set and thus there exists
a subsequence such that vmk

(x) → v∗(x). Remember that n is fixed and that
f(x, v) + αΦvun(x) is l.s.c.

We thus can state

u(x) ≥ l(x, v∗(x)) + αΦv∗(x)un(x).

Letting now n go to ∞ we obtain

u(x) ≥ l(x, v∗(x)) + αΦv∗(x)u(x),
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hence
u(x) ≥ inf

v
[l(x, v) + αΦvu(x)].

Since the reverse inequality is true, the function u is a solution. This function is
the smallest solution, since if we have another solution ũ such that 0 ≤ ũ ≤ w0(x)
then we check sequentially that ũ ≥ un hence in the limit ũ ≥ u. We denote the
minimum solution by u(x). This minimum solution is l.s.c. We turn now to the
maximum solution. We define a decreasing sequence by starting with the ceiling
function and using the same iteration, namely

u0(x) = w0(x),
un+1(x) = inf

v∈U
[l(x, v) + αΦvun(x)].

We have un(x) ↓ u(x) hence also

un+1(x) ≥ inf
v
[l(x, v) + αΦvu(x)].

Therefore,
u(x) ≥ inf

v
[l(x, v) + αΦvu(x)].

On the other hand, for any v we can write the inequality

un+1(x) ≤ l(x, v) + αΦvun(x).

To pass to the limit we have to be careful that un(x) is decreasing. We cannot
use Fatou’s Lemma directly. However the sequence w0(x)−un(x) is increasing and
positive. Therefore, applying Fatou’s Lemma to this sequence, we can assert than

Φvun(x) ↓ Φvu(x).

It follows that
u(x) ≤ inf

v
[l(x, v) + αΦvu(x)],

and since the reverse inequality is true, the function u is a solution of equation
(4.3.7). One can check easily that it is the maximum solution, within the interval
0, w0(x) This maximum solution is denoted by u(x). The proof has been completed.

�

4.4. PROBABILISTIC INTERPRETATION

4.4.1. THE MINIMUM SOLUTION. We recall the monotone increasing
process

(4.4.1)
u0(x) = 0,
un+1(x) = inf

v∈U
[l(x, v) + αΦvun(x)].

The function un(x) is l.s.c. and bounded below. There will exist a Borel function
v̂n(x) with values in U such that

un+1(x) = l(x, v̂n(x)) + αΦv̂n(x)un(x).

Consider the cost function defined by (4.2.2). Let us define the truncated cost
function

Jn
x (V ) = EV,x

[
n∑

n=1

αn−1l(yn, vn)

]
.

We define from the feedback introduced above, the control policy

V̂n = (v̂1n, · · · , v̂jn, · · · ),
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where
v̂jn(x1, · · · , xj) = v̂j(xj), ∀1 ≤ j ≤ n,

v̂jn(x1, · · · , xj) = v̄ (arbitrary) ∀j ≥ n+ 1.

We can state

Lemma 4.4. We have the interpretation

(4.4.2) un(x) = inf
V

Jn
x (V )

Proof. Pick any control V . For j = 0, · · · , n− 1 we can write

uj+1(yn−j) ≤ l(yn−j , vn−j) + αΦvn−juj(yn−j)

= l(yn−j , vn−j) + αEV,x[uj(yn−j+1)|Yn−j ].

Hence also

EV,xαn−j−1uj+1(yn−j) ≤ EV,xαn−j−1l(yn−j , vn−j) + EV,xαn−juj(yn−j+1).

Adding up from j = 0, · · · , n− 1 we get

un(x) ≤ Jn
x (V ).

Similarly we can check that
un(x) = Jn

x (V̂n),

and the result has been obtained. �

We can then state

Theorem 4.4. Under the assumptions (4.3.1), (4.3.2), (4.3.6) the minimum solu-
tion u(x) of the functional equation (4.3.7) between 0 and w0 is the value function

u(x) = inf
V

Jx(V ).

Moreover there exists an optimal control policy V̂ .

Proof. For any decision rule V , we have according to Lemma 4.4,

un(x) ≤ Jn
x (V ) ≤ Jx(V ).

Therefore
u(x) ≤ Jx(V ),

and since V is arbitrary
u(x) ≤ inf

V
Jx(V ).

On the other hand, since u(x) is l.s.c. positive, there exists a Borel map v̂(x) such
that

u(x) = l(x, v̂(x)) + αΦv̂u(x).

One then defines a control policyV̂ as follows

V̂ = (v̂1, · · · , v̂n, · · · ),
where

v̂n(x1, · · · , xn) = v̂n(xn).

We obtain easily

u(x) =
n∑

j=1

EV̂ ,xαj−1l(yj , v̂j) + αnEV̂ ,xu(yn+1),
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and since u ≥ 0 we have

u(x) ≥
n∑

j=1

EV̂ ,xαj−1l(yj , v̂j).

Letting n→∞ yields
u(x) ≥ Jx(V̂ ),

which implies in fact equality. The result has been obtained. �

4.4.2. THE MAXIMUM SOLUTION. We turn now to the interpreta-
tion of the maximum solution u(x). We begin by interpreting the function un(x)
obtained by the decreasing sequence

(4.4.3)
u0(x) = w0(x),
un+1(x) = inf

v∈U
[l(x, v) + αΦvun(x)].

We define a set of control policies as follows

(4.4.4)
Vn = {V |V = (v1, · · · , vj , · · · ) where
vj = vj(x1, · · · , xj)∀j ≤ n,
vj = v0 ∀j ≥ n+ 1},

where the functions vj are Borel functions with values in U . We then state the

Lemma 4.5. We have the interpretation

(4.4.5) un(x) = inf
V ∈Vn

Jx(V )

Proof. By a reasoning similar to that of Lemma 4.4 we can write, for an
arbitrary control policy V (not necessarily in Vn)

un(x) ≤ EV,x
n∑

j=1

αj−1l(yj , vj) + EV,xαnw0(yn+1).

Take now V ∈ Vn. We can write for m ≥ n

EV,x[1IΓ(ym+1)|Ym] = Φvn(y1,··· ,yn)1IΓ(ym) = Φv01IΓ(ym).

Considering next w0, we can write for j ≥ n+ 1

w0(yj) = l(yj , v0) + αEV,x[w0(yj+1)|Yj ].

In particular

EV,xw0(yn+1) = EV,x
∞∑

j=n+1

αj−n−1l(yj , v0),

hence also

un(x) ≤ EV,x
∞∑
j=1

αj−1l(yj , vj), ∀V ∈ Vn.

Next we note that the functions un(x) are l.s.c. hence we can define a Borel map
vn(x) such that

un(x) = l(x, vn(x)) + αΦvn(x)un(x).

One then defines
V̂ n = (v̂n1 , · · · , v̂nj , · · · ),
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with
v̂nj (x1, · · · , xj) = vj(xj), ∀j ≤ n
v̂nj (x1, · · · , xj) = v0, ∀j ≥ n+ 1

.

We obtain

un(x) = EV̂ n,x
n∑

j=1

αj−1l(yj , v̂
n
j ) + αnEV̂ n,xw0(yn+1).

Therefore

un(x) = EV̂ n,x
∞∑
j=1

αj−1l(yj , v̂
n
j )

un(x) = Jx(V̂
n).

Since V̂ n ∈ Vn the proof of the Lemma is completed. �

To finally give the interpretation of the maximum solution we introduce the set

V = {V |V = (v1, · · · , vj , · · · ) where
vj = vj(x1, · · · , xj)(4.4.6)

αj−1EV,xu(yj)→ 0 as j → +∞}.
We can then state the

Theorem 4.5. Under the assumptions (4.3.1), (4.3.2), (4.3.6) the maximum solu-
tion ū(x) of the functional equation (4.3.7) between 0 and w0 is given by

(4.4.7) u(x) = inf
V ∈V

Jx(V )

Proof. Consider the control policy V̂ n. We are going to check that it belongs
to V, for any n. We need to check that

αk−1EV̂ n,xu(yk)→ 0 as k → +∞.

We may assume k ≥ n+ 1. Since u(x) ≤ w0(x) it is sufficient to check that

αk−1EV̂ n,xw0(yk)→ 0 as k → +∞.

However

αk−1EV̂ n,xw0(yk) = EV̂ n,x
∞∑
j=k

αj−1l(yj , v0),

for k ≥ n+ 1.
But the series

EV̂ n,x
∞∑

j=n+1

αj−1l(yj , v0) ≤ un(x) <∞,

and thus is a convergent series. Therefore indeed

EV̂ n,x
∞∑
j=k

αj−1l(yj , v0)→ 0 as k →∞.,

and the result follows. Next we know that

un(x) = Jx(V̂
n).
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Therefore
un(x) ≥ inf

V ∈V
Jx(V ),

and also
ū(x) ≥ inf

V ∈V
Jx(V ).

On the other hand for any control, not necessarily in V we can write

ū(x) ≤ EV,x
n∑

j=1

αj−1l(yj , vj) + αnEV,xū(yn+1)

≤ Jx(V ) + αnEV,xū(yn+1).

Now if V ∈ V the 2nd term goes to 0 as n→∞. Therefore we can assert

ū(x) ≤ Jx(V ), ∀V ∈ V,
and this completes the proof of the Theorem. �
Remark. We do not claim that the infimum is attained in the right hand side of
(4.4.7). Moreover the maximum solution is u.s.c. and not l.s.c.

4.5. UNIQUENESS

We consider the problem of uniqueness of solutions of the functional equation
(4.3.7), in the interval (0, w0). A necessary and sufficient condition for uniqueness
is that the minimum and the maximum solutions coincide. To prove that the
minimum and maximum solutions coincide, it is sufficient to prove that the optimal
control V̂ ∈ V. A different approach is to use contraction properties, when they
are available.

Theorem 4.6. Assume l(x, v) bounded. Then there exists one and only solution
of (4.3.7)

Proof. We can use a contraction property. Let us recall that B denotes the
space of bounded functions on X = Rd. We notice that (4.3.7) can be written as a
fixed point for the map

T : B → B, z = Tw,

with
Tw(x) = inf

v∈U
[l(x, v) + αΦvw(x)],

and since l is bounded we can define T as a map from B into B. With α < 1
it is obvious that T is a contraction. Hence there exists one and only one fixed
point. �
Remark. Since w0 is bounded, the uniqueness follows also immediately from the
fact that condition (4.4.6) is always satisfied.

This result can be extended in several ways.

Theorem 4.7. Assume that

(4.5.1) 0 ≤ l(x, v) ≤ h|x|+ c|v|+ l0,

(4.5.2) Φv(|x|)(x) ≤ θ|x|+ λ|v|+ μ,

and U is compact. If αθ < 1 the solution of (4.3.7) in the space B1 of functions
with linear growth exists and is unique.
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Proof. In equation (4.5.2) we have denoted by |x| the function x → |x|. We
provide B1 with an equivalent norm

||u||1 = sup
|u(x)|
1 + σ|x| ,

where σ can be chosen arbitrarily and will be chosen small. For v ∈ U we have

l(x, v) ≤ h|x|+ l1

Φv(|x|)(x) ≤ θ|x|+m

Consider again the map T defined in the proof of Theorem, this time from B1 into
B1. Note that for w ∈ B1 and v ∈ U we have

α|Φvw(x)| ≤ α||w||(1 + σΦv(|x|)(x))
≤ α||w||(1 + σθ|x|+ σm).

Then

||Tw1 − Tw2|| ≤ α||w|| sup
x

1 + σθ|x|+ σm

1 + σ|x| .

Thanks to the assumptions we have

α sup
x

1 + σθ|x|+ σm

1 + σ|x| ≤ α(1 + σm),

and by choosing σ sufficiently small the number on the right hand side is strictly
smaller than 1. Hence T is a contraction in B1. The existence and uniqueness
follows. �

Remark. Again it is possible to see the preceding result as a consequence of the
fact that the maximum and the minimum solutions coincide. Indeed, take to fix
ideas v0 = 0. We note first that from the growth assumptions we have

(4.5.3) w0(x) ≤ h|x|
1− αθ

+
l0

1− α
+

αμ

1− αθ
.

Take any control policy V. From the definition of V, see (4.4.6), using the fact that
ū ≤ w0, it is sufficient to prove that

αj−1EV,x|yj | → 0 as j → +∞.

However

EV,x[|yj+1| |Yj ] = Φvj |x|(yj)
≤ θ|yj |+m.

hence
EV,x|yj+1| ≤ θEV,x|yj |+m,

from which it follows that

EV,x|yj | ≤ θj−1|x|+m

j−2∑
k=0

θk

≤ θj−1|x|+m(j − 1)θj−2,

since θ ≥ 1 without loss of generality. It follows that αj−1EV,x|yj | → 0 as j →∞.
Therefore the maximum and minimum solutions coincide and there is uniqueness.
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In the case when U is not compact it is possible to obtain uniqueness in the
following case

h|x|+ c|v| ≤ l(x, v)(4.5.4)
Φv(Φ0)n−1|x|(x) ≥ (Φ0)n|x|(x), ∀n, ∀v ∈ U

Theorem 4.8. We make the assumptions of Theorem 4.7, except that U compact
is replaced by (4.5.4). Then we have existence and uniqueness of the solution of the
functional equation (4.3.7) in B1

Proof. The proof consists in finding an a priori bound for v in the right hand
side of equation (4.3.7). We shall prove that it is sufficient to take v ∈ U such that

|v| ≤ l0
c(1− α)

,

and then we can assume that U is compact. Indeed, from (4.3.7) and the assumption
on l(x, v) we can check that a solution u(x) must satisfy

u(x) ≥ h
∞∑
j=1

(αΦ0)j−1|x|(x).

Therefore

l(x, v) + αΦvu(x) ≥ c|v|+ h
∞∑
j=1

(αΦ0)j−1|x|(x),

and thus it is sufficient to look for v such that

c|v|+ h

∞∑
j=1

(αΦ0)j−1|x|(x) ≤ w0(x).

But (recall that v0 = 0)

w0(x) ≤ l0
1− α

+ h

∞∑
j=1

(αΦ0)j−1|x|(x),

and thus it is sufficient to pick v ≤ l0
c(1−α) . �
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CHAPTER 5

INVENTORY CONTROL WITHOUT SET UP
COST

In this Chapter, we apply the general results of Chapter 4 to the case of Inven-
tory Control. We will consider situations when shortage is not allowed (No backlog)
and when shortage is allowed (Backlog). In the case when shortage is not allowed,
the demand which cannot be met is lost, and a penalty is incurred. The situation
of set up costs will be considered in Chapter 9.

5.1. NO SHORTAGE ALLOWED.

5.1.1. STATING OF THE PROBLEM. We are in the situation of section
4.2.3 of Chapter 4. If yn denotes the inventory at time n, we have the evolution

(5.1.1) yn+1 = (yn + vn −Dn)
+ y1 = x,

where vn is the control at time n and Dn is the demand, which is a sequence of
independent random variables, with probability density f(x). We denote by F (x)
the CDF, cumulated distribution function associated to f(x). The control policy,
called V , is defined by a sequence of measurable functions vn(D1, · · ·Dn−1). For
n = 1, v1 is simply a deterministic number. Introducing the σ−algebra Fn =
σ(D1, · · ·Dn−1),vn is Fn measurable. The operator Φv is given by

(5.1.2) Φvϕ(x) = Eϕ((x+ v −D)+).

The transition probability is given by

(5.1.3) π(x, v; dη) = F (x+ v)δ(η) + f(x+ v − η)1Iη<x+vdη,

hence

(5.1.4) Φvφ(x) = F (x+ v)φ(0) +

ˆ x+v

0

f(x+ v − η)φ(η)dη.

The set U = [0,∞) is not compact. The image of a test function φ(x, v) by the
operator Φv is given by

(5.1.5) Φvφv(x) = φ(0, v)F (x+ v) +

ˆ x+v

0

φ(x+ v − η, v)f(η)dη,

and the assumption (4.3.1) is satisfied.
We define the function l(x, v) as follows

(5.1.6) l(x, v) = cv + hx+ p

ˆ ∞
x+v

(ξ − x− v)f(ξ)dξ.

It incorporates an ordering cost (purely a variable cost), a holding cost and a penalty
for lost sales. We note the inequalities

(5.1.7) cv + hx ≤ l(x, v) ≤ cv + hx+ pD̄,

41
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where D̄ =
´∞
0

ξf(ξ)dξ. In fact

(5.1.8) l(x, v) = cv + hx+ pE(D − x− v)+,

and the last term is the penalty cost incurred when the demand is not met. Note
that the assumption (4.5.4) is satisfied.

Moreover
Φvlv(x) ≤ cv + hx+ pD̄ + hv.

More generally
(Φv)nlv(x) ≤ cv + hx+ pD̄ + nhv.

Also, denoting by x, the identity function x→ x, we have

Φvx(x) = E(x+ v −D)+(5.1.9)
≤ x+ v,

hence the assumption (4.5.2) is satisfied, with θ = 1 and λ = 1, μ = 0.

5.1.2. BELLMAN EQUATION. We can apply the results of Theorem 4.8.
The functional equation (4.3.7) reads

(5.1.10) u(x) = inf
v≥0

{
l(x, v) + α

(
u(0)F̄ (x+ v) +

ˆ x+v

0

u(x+ v − η)f(η)dη

)}
.

It is convenient to look at (5.1.10) as a system for a pair u(.), λ where u(.) is a
locally integrable function with linear growth and λ is a positive real number. The
system is written as

(5.1.11)
u(x) = inf

v≥0

{
l(x, v) + α

(
λF̄ (x+ v) +

ˆ x+v

0

u(x+ v − η)f(η)dη

)}
λ = inf

v≥0

{
l(0, v) + α

(
λF̄ (v) +

ˆ v

0

u(v − η)f(η)dη

)}
Naturally, the solution u(x) is continuous and u(0) = λ. Moreover, the argument v

of the infimum in the right hand side of (5.1.11) can be taken bounded by pD̄
c(1− α)

.

Recall the definition of B1, space of functions with linear growth, which in the
present situation, where the argument lies in R+ reduces to

u ∈ B1 ⇐⇒ |u(x)|
1 + x

≤ C.

We can assert, as a consequence of Theorem 4.8 that

Theorem 5.1. Assume (5.1.2) and (5.1.6). Then the system (5.1.11) has a unique
solution in the space B1×R. The function u(x) is continuous and λ = u(0). More-
over u(x) is the value function of the control problem

u(x) = inf
V

Jx(V ),

where

(5.1.12) Jx(V ) = E

[ ∞∑
n=1

αn−1l(yn, vn)

]
.

Furthermore there exists an optimal control, obtained from a feedback v̂(x), which
is a Borel function attaining the infimum in the right hand side of (5.1.11). One

has v̂(x) ≤ pD̄
c(1− α)

.
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Remark. We have not used the construction of P V,x developed for general Markov
chains in section 4.2.1, since we have the formulation described in section 4.2.3.

5.1.3. BASE STOCK POLICY. In this section we will check that v̂(x) is
actually quite simple, and is characterized by what is called a Base Stock Policy.
A Base Stock Policy is characterized by a number S and the formula

(5.1.13) v̂(x) =

{
S − x, if x ≤ S

0, if x ≥ S

Theorem 5.2. Under the assumptions (5.1.2) and (5.1.6), and p > c the optimal
feedback is a base stock policy. The function u is convex and C1. The base stock is
given by the formula

(5.1.14) F̄ (S) =
c(1− α) + αh

p− αc+ αh
.

One has

(5.1.15) u(S) = (h− c)S +
cS + pE(S −D)−

1− α
+ (h− c)

α

1− α
E(S −D)+.

Setting

(5.1.16) g(x) =
(
c+ α(h− c)− (p+ α(h− c))F̄ (x)

)+
,

then u′(x) = h− c+ z(x) where

(5.1.17) z(x) =
∞∑

n=1

αn−1g � f
(n−1),

and ϕ � ψ denotes the convolution product

ϕ � ψ(x) =

ˆ x

0

ϕ(x− ξ)ψ(ξ) dξ,

and f
(0)(x) = δ(x), f
(1)(x) = f(x).

Proof. Note that S is uniquely defined, thanks to the assumption p > c.
Moreover g(x) = 0, for x ≤ S. Consequently z = 0, for x ≤ S. The series z(x)
converges since f is bounded.

Recalling that
l(x, v) = cv + hx+ pE(x+ v −D)−,

we can write also
l(x, v) = (h− c)x+ l0(x+ v),

with
l0(x) = cx+ pE(x−D)−.

Therefore equation (5.1.11) can be also written as

(5.1.18) u(x) = (h− c)x+ inf
v≥0
{l0(x+ v) + αEu((x+ v −D)+)}.

The function l0(x) is convex continuous on R+ and tends to +∞ as x→ +∞.
There exists a unique S0 such that

l0(S0) = inf
x≥0

l0(x).
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Consider the increasing sequence. We begin with u1(x). Clearly we can write

u1(x) =

{
(h− c)x+ l0(S0), ∀x ≤ S0

(h− c)x+ l0(x), ∀x ≥ S0

Its derivative is

(u1)
′(x) =

{
h− c, ∀x < S0

h− c+ (l0)
′(x), ∀x > S0

This function is continuous and increasing, from which it follows that u1(x) is
convex continuous and tends to +∞ as x→ +∞. More generally, assume that X

ςn(x) = l0(x) + αEun((x−D)+),

is convex continuous and tends to +∞ as x→ +∞. Therefore there exists a unique
Sn defined as the smallest minimum value of the function ςn(x), for x ≥ 0, if the
minimum is not unique. Hence we can write

un+1(x) =

{
(h− c)x+ ςn(Sn), ∀x ≤ Sn

(h− c)x+ ςn(x), ∀x ≥ Sn

It follows that
u′n+1(x) = h− c+ ς ′n(x)1Ix>Sn

,

which is an increasing function of x. Therefore un+1(x) is also a convex continuous
function which tends to +∞ as x→ +∞. Consider then ςn+1(x). We have

ς ′n+1(x) = l′0(x) + αEu′n+1(x−D)1Ix>D

= l′0(x) + α(h− c)F (x) + αEς ′n(x−D)1Ix−D>Sn

= c+ α(h− c)− (p+ α(h− c))F̄ (x) + αEς ′n(x−D)1Ix−D>Sn
,

and this function is increasing in x. Therefore ςn+1(x) is convex continuous and
tends to +∞ as x→ +∞.

Since all the un, ςn functions are convex, the limits u, ς are also convex, with

ς(x) = l0(x) + αEu((x−D)+).

Being convex and finite for any x, they are also continuous for x > 0. They also
tend to +∞ as as x → +∞. So the optimal feedback is defined by a base stock S
which is the smallest minimum of ς(x).

Next, from (5.1.18) we can write

u(x) =

{
(h− c)x+ l0(S) + αEu((S −D)+), ∀x ≤ S

(h− c)x+ l0(x) + αEu((x−D)+), ∀x ≥ S

Since (S −D)+ ≤ S we can easily calculate

Eu((S −D)+) =
(h− c)E(S −D)+ + l0(S)

1− α
,

therefore formula (5.1.15) follows. Next

ς ′(x) = l′0(x) + αE[u′((x−D)+)1Ix>D].



5.1. NO SHORTAGE ALLOWED. 45

We express the fact that ς ′(S) = 0. But u′((S −D)+) = h − c. Then ς ′(S) can be
easily expressed. The formula (5.1.14) follows easily. It follows also that u′(x) is
continuous in S, and thus u(x) is C1. We next define

z(x) = u′(x)− (h− c)

= ς ′(x)1Ix>S.

Differentiating the expression above of u(x) for x ≥ S we obtain

z(x) = l′0(x) + α(h− c)F (x) + αE[z(x−D)1Ix>D].

Noting that z(x) = 0, ∀x ≤ S, we can write this equation as

z(x) = g(x) + αEz(x−D),

and the solution of this equation is given by the series (5.1.17). This completes the
proof. �

We have introduced the condition p > c. Let us consider now the situation in
which c ≥ p.

Theorem 5.3. Under the assumptions (5.1.2) and (5.1.6) and p ≤ c then u(x) =
w0(x). Hence v̂(x) = 0.

Proof. Consider the approximation of u by the increasing sequence. We have

u1(x) = (h− c)x+ inf
v≥0
{l0(x+ v)},

but, from the assumption l0(x) is monotone increasing. Therefore

u1(x) = (h− c)x+ l0(x).

Then
u2(x) = (h− c)x+ inf

v≥0
{l0(x+ v) + αEu1((x+ v −D)+)}.

But

l0(x) + αEu1((x−D)+) = l0(x) + α(h− c)E(x−D)+ + αEl0((x−D)+).

Since l0 is monotone increasing, the last term on the right hand side is monotone
increasing. If we take the derivative of the first two terms we get

l′0(x) + α(h− c)F (x) = c+ α(h− c)− (p+ α(h− c))F̄ (x) ≥ 0.

Therefore l0(x) + αEu1((x −D)+) is monotone increasing and again the infimum
is attained at v = 0, and we have

u2(x) = (h− c)x+ l0(x) + αEu1((x−D)+).

By induction, we check that l0(x) + αEun((x−D)+) is monotone increasing and

un+1(x) = (h− c)x+ l0(x) + αEun((x−D)+).

Therefore
u(x) = (h− c)x+ l0(x) + αEu((x−D)+),

hence u(x) = w0(x) and v̂(x) = 0. The proof has been completed. �
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Remark 5.1. A Base Stock policy satisfies v̂(x) ≤ S. We have seen in Theorem 5.1

that v̂(x) ≤ pD̄
c(1− α)

. Let us check that S ≤ pD̄

c(1− α)
. This follows from formula

(5.1.14). Indeed we have

D̄ ≥ SF̄ (S) = S
c(1− α) + αh

p− αc+ αh
≥ S

c(1− α)

p
,

and the result follows.
Suppose x ≤ S. If we apply a Base stock policy, then the stock will never be

larger than S. Therefore we order at each period and we have

yn + vn = S n ≥ 1
yn = (S −Dn−1)

+ n ≥ 2

So the cost of the first period is (h − c)x + l0(S) and the cost of all the following
periods is the same and is equal to (h− c)E(S−D)+ + l0(S). Therefore the global
cost is

u(x) = (h− c)x+ l0(S) +
α

1− α
[(h− c)E(S −D)+ + l0(S)],

and we recover what has been obtained by Dynamic Programming, and by differ-
entiating in S, we recover the value in (5.1.14). This fast way to obtain the right
base stock is not an alternative to Dynamic Programming, since it does not prove
that a Base stock policy is optimal. It is just an optimization among base stock
policies over the value of S. We can express vn, for n ≥ 2, by

vn = min(S,Dn−1).

This approach could be misleading, if we take x = S. One could be tempted to
minimize to minimize in S the quantity

(h− c)S + l0(S) +
α

1− α
[(h− c)E(S −D)+ + l0(S)],

which would lead to a wrong value.

5.2. BACKLOG ALLOWED

5.2.1. STATING OF THE PROBLEM. We consider the following evolu-
tion of the inventory yn

(5.2.1) yn+1 = yn + vn −Dn y1 = x,

where the demand Dn is a sequence of independent random variables with proba-
bility density function f(x) and CDF F (x). The operator Φv is defined by

(5.2.2) Φvϕ(x) = Eφ(x+ v −D) =

ˆ x+v

−∞
f(x+ v − η)φ(η)dη,

and the transition probability is given by

π(x, v; dη) = f(x+ v − η)1Iη<x+vdη.

The control policy vn is again a sequence of random variables measurable with
respect to the filtration Fn = σ(D1, · · ·Dn−1). We introduce the cost per period

(5.2.3) l(x, v) = cv + hx+ + px−,



5.2. BACKLOG ALLOWED 47

where c is the variable cost per unit of order, h is the holding per unit cost and p
is the shortage per unit cost. We next define the control pay-off

(5.2.4) Jx(V ) =

∞∑
n=1

αn−1El(yn, vn).

The value function u(x) = inf Jx(V ) is solution of Bellman equation

(5.2.5) u(x) = inf
v≥0

[l(x, v) + αEu(x+ v −D)].

5.2.2. BELLMAN EQUATION. Consider the ceiling function

(5.2.6) w0(x) =
∞∑
n=1

αn−1(Φ0)n−1(hx+ + px−)(x).

It is easy to check that this series is well defined and

(5.2.7) w0(x) ≤ max(h, p)

[ |x|
1− α

+
D̄

(1− α)2

]
.

Assumptions (4.3.1), (4.3.2), (4.3.6) are satisfied. So results of Theorems 4.3, 4.4,
4.5 are applicable. We can then state

Theorem 5.4. Under the assumptions (5.2.2), (5.2.3) the set of solutions of the
functional equation (5.2.5), in the interval 0 ≤ u ≤ w0 is not empty and has a
minimum and a maximum solution u and u. The minimum solution is l.s.c. It
coincides with the value function. There exists an optimal control policy, obtained
through a feedback v̂(x).

We turn now to the question of uniqueness. We can check that the properties
(4.5.1), (4.5.2) are satisfied. However, only the first part of property (4.5.4) is
satisfied. Therefore we cannot directly apply Theorem 4.8. Hence the situation
is not similar to that of Theorem 5.1. The key issue is to obtain estimates on
the feedback v̂(x). The feedback will not be bounded, in the case of high negative
inventories. We can state the following important result

Proposition 5.1. The optimal feedback satisfies

(5.2.8) v̂(x) ≤ x− +
αD̄

c(1− α)2
[h+ (p+ c)(1− α)].

Proof. We begin by getting an estimate from below of the value function. We
shall check that

(5.2.9) u(x) ≥ hx+

1− α
+ px− − hαD̄

(1− α)2
.

This estimate is proved by induction. We begin with

u(x) ≥ hx+ + px−,

then, using u(x) ≥ hx+ in the right hand side of equation (5.2.5), we get

u(x) ≥ hx+ + px− + αhE(x−D)+

≥ hx+ + px− + αh(x+ − D̄)

= hx+(1 + α) + px− − αhD̄.

Iterating again we get

u(x) ≥ hx+(1 + α+ α2) + px− − (α+ 2α2)hD̄,
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and in general

u(x) ≥ hx+(1 + α+ · · ·+ αn) + px− − (α+ 2α2 + · · ·+ nαn)hD̄,

and letting n→∞ one obtains (5.2.9).
The next step is to majorize u(x) by a convenient function. We do not use

w0(x) but the function w(x) solution of

(5.2.10) w(x) = (c+ p)x− + hx+ + αEw(x+ −D).

We claim that u(x) ≤ w(x). Indeed (5.2.10) corresponds to the pay off when one
uses the feedback x−. We claim that the following estimate holds

(5.2.11) w(x) ≤ (c+ p)x− +
hx+

1− α
+ L,

for a convenient constant L. This is checked by induction, but to identify the value
of the constant L, we postulate (5.2.10), insert it in the right hand side of (5.2.10).
We obtain

w(x) ≤ (c+ p)x− +
hx+

1− α
+ α(p+ c)D̄ + αL,

which will be lower than the right hand side of (5.2.11), if

L ≥ α(p+ c)D̄

1− α
,

so we can take the lower bound for L.
Now, going back to the functional equation (5.2.5), we minorize the quantity

within brackets on the right hand side, by using

u(x) ≥ hx+

1− α
− hαD̄

(1− α)2
.

We see that it is minorized by

cv +
hx+

1− α
+ px− − hαD̄

(1− α)2
.

Therefore, looking for the infimum, we can restrict the controls v to the set

cv +
hx+

1− α
+ px− − hαD̄

(1− α)2
≤ w(x).

Using then the estimate on w(x), we deduce that we can restrict the set of v to be
bounded by the right hand side of (5.2.8). The optimal feedback must satisfy this
bound, hence the result (5.2.8).

We can then prove the uniqueness of the solution of (5.2.5) in the space B1,
where

u ∈ B1 ⇐⇒ |u(x)|
1 + |x| ≤ C.

�

Theorem 5.5. Under the assumptions (5.2.2), (5.2.3), the solution of (5.2.5) in
the space B1 is unique. Moreover u is continuous.
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Proof. As usual, we are going to check that the minimum and the maximum
solution coincide. Define the optimal control associated with the optimal feedback.
If we denote the optimal control by V̂ = {v̂1, · · · , v̂n, · · · } and the optimal trajectory
by {ŷ1, · · · , ŷn, · · · } we must prove that V̂ belongs to V, which means that

αj−1E|ŷj | → 0,

as j →∞. However, from the estimate (9.3.8) and setting

C =
αD̄

c(1− α)2
[h+ (p+ c)(1− α)],

we can state that
ŷn+1 ≤ ŷ+n + C,

hence
ŷn+1 ≤ x+ + nC.

On the other hand
ŷn+1 ≥ x−D1 − · · · −Dn.

Therefore
x− nD̄ ≤ Eŷn+1 ≤ x+ + nC,

and the condition is satisfied, hence the result. �

5.2.3. BASE STOCK POLICY. We want to show the following result

Theorem 5.6. We assume (5.2.2), (5.2.3) and

(5.2.12) c(1− α) < pα,

then the function u is convex and C1, except for x = 0. The optimal feedback is
given by a Base stock policy, with the Base stock S solution of

(5.2.13) F̄ (S) =
c(1− α) + αh

α(p+ h)
.

One has also

(5.2.14) u(S) = hS +
α

1− α
[cD̄ + hE(S −D)+ + pE(S −D)−].

Define

(5.2.15) g(x) =
(
c(1− α) + αh− α(h+ p)F̄ (x)

)+
,

then the function z(x) = u′(x) + c− h1Ix>0 + p1Ix<0 is given by

(5.2.16) z(x) =
∞∑

n=1

αn−1g � f
(n−1),

with the same notation as in equation (5.1.17).

Proof. The convexity is proven by considering the monotone increasing se-
quence

(5.2.17) un+1(x) = hx+ + px− − cx+ inf
v≥0

[c(x+ v) + αEun(x+ v −D)],

with u1(x) = l0(x) = hx+ + px−. There exists a unique n0 ≥ 0 such that

(5.2.18)
αp

1− α
(1− αn0+1) > c >

αp

1− α
(1− αn0).
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If n0 = 0, it means that c < αp. We claim that

un(x) =

n∑
j=1

αj−1(Φ0)j−1l0(x) , ∀1 ≤ n ≤ n0 + 1.

Indeed we have (we use un(x) as the definition of the sum in this expression)

u′n(x) = −p
1− αn

1− α
, ∀x < 0

hence

c− αp
1− αn

1− α
> 0, ∀n ≤ n0.

Therefore cx+ αEun(x−D) is increasing for 0 ≤ n ≤ n0, and thus un is solution
of equation (5.2.17), for 0 ≤ n ≤ n0, which implies the claim.

For n ≥ n0 + 2, there exists Sn > 0, such that

c+ αEu′n(Sn −D) = 0,

and

un+1(x) =

{
hx+ + px− − cx+ cSn + αEun(Sn −D), x < Sn

hx+ αEun(x−D), x ≥ Sn

This result is proven by induction, noting that un(x) is convex and goes to +∞ for
|x| → +∞. Note that un is C1 except for x = 0. This proves that the increasing
sequence is convex and goes to +∞ for |x| → +∞. It follows that u is convex and
goes to +∞ for |x| → +∞. Rewriting Bellman equation (5.2.5) as

u(x) = hx+ + px− − cx+ inf
v≥0

[c(x+ v) + αEu(x+ v −D)],

we see that the optimal feedback is defined by a base stock policy.
The base stock satisfies

c+ αEu′(S −D) = 0,

and

Eu(S −D) =
cD̄ + hE(S −D)+ + pE(S −D)−

1− α
.

Moreover S is the solution of

F̄ (S) =
c(1− α) + αh

α(p+ h)
.

We deduce easily (5.2.14). Next, the solution u can be written as

u(x) =

⎧⎪⎨⎪⎩
−cx+ hx+ + px− + cS

+ α
1−α (cD̄ + hE(S −D)+ + pE(S −D)−),

∀x ≤ S

hx+ + px− + αEu(x−D), ∀x ≥ S

We see that u is C1 except for x = 0. Defining z and g as in the statement of the
theorem, we see easily that z is the solution of

z(x) = g(x) + αEz(x−D),

which is solved by formula (5.2.16). The proof has been completed. �

We can now turn to the case when c(1− α) ≥ αp. We have
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Theorem 5.7. We assume (5.2.2), (5.2.3) and c(1−α) ≥ αp. Then u(x) = w0(x),
with

(5.2.19) w0(x) =

∞∑
j=1

αj−1(Φ0)j−1l0(x).

Therefore v̂(x) = 0.

Proof. In fact, if we look at the proof of the preceding theorem, the present
assumption corresponds to the situation when n0 = +∞. We then see that the
increasing sequence converges to w0(x). This proves the result. �

Remark 5.2. We have obtained in Proposition 5.1 that v̂(x) ≤ x− +C. Moreover
from the Base stock policy, we have also v̂(x) ≤ x−+S. We must check that S ≤ C.
Using again D̄ ≥ SF̄ (S), we can state that

D̄ ≥ S
c(1− α) + αh

α(p+ h)
,

hence
C

S
≥ [h+ (p+ c)(1− α)][c(1− α) + αh]

c(p+ h)(1− α)2
,

and the constant on the right hand side is bigger than 1.

We have also a remark similar to Remark 5.1

Remark 5.3. Suppose x ≤ S. If we apply a Base stock policy then we shall put
an order at each period, and we have

yn + vn = S n ≥ 1
yn = S −Dn−1 n ≥ 2

and thus vn = Dn−1. It follows that the cost of a base stock policy is

u(x) = hx+ + px− + c(S − x) +
α

1− α
(cD̄ + hE(S −D)+ + pE(S −D)−),

and minimizing this expression in S yields formula (5.2.13).

5.3. DETERMINISTIC CASE

The deterministic case is a particular case of the stochastic case, except for
smoothness. We assume that we face a fixed demand D at each period. We briefly
describe the results.

5.3.1. NO SHORTAGE ALLOWED. The inventory evolves as follows

(5.3.1) yn+1 = (yn + vn −D)+ y1 = x,

and the cost functional is

(5.3.2) Jx(V ) =

∞∑
n=1

αn−1l(yn, vn),

with

(5.3.3) l(x, v) = (h− c)x+ l0(x+ v),

and

(5.3.4) l0(x) = cx+ p(x−D)−.
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The Bellman equation reads

(5.3.5) u(x) = (h− c)x+ inf
v≥0
{l0(x+ v) + αu((x+ v −D)+)}.

The solution u(x) is convex continuous and goes to +∞ as x→ +∞. We have to be
careful about differentiability. We are interested in the minimum of l0(x)+αu((x−
D)+). If S is the minimum, we have for x ≤ S, u(x) = (h − c)x + C, hence for
x ≤ S, we have

l0(x) + αu((x−D)+) = l0(x) + α(h− c)(x−D)+ + αC.

Therefore, we must have

l0(x) + α(h− c)(x−D)+ ≥ l0(S) + α(h− c)(S −D)+, ∀x < S.

Recalling that

l0(x) + α(h− c)(x−D)+ = cx+ p(x−D)− + α(h− c)(x−D)+,

we see easily that if p ≥ c, this is achieved in a unique way with S = D. If c > p
then we have S = 0.

Therefore, if p ≥ c, we have

u(x) = (h− c)x+
cD

1− α
, ∀x ≤ D.

5.3.2. BACKLOG ALLOWED. In the case of backlog, we have

(5.3.6) yn+1 = yn + vn −D y1 = x,

and the cost functional is

(5.3.7) Jx(V ) =
∞∑

n=1

αn−1l(yn, vn),

with
l(x, v) = hx+ + px− + cv.

Bellman equation becomes

(5.3.8) u(x) = hx+ + px− − cx+ inf
v≥0
{c(x+ v) + αu(x+ v −D))}.

We are interested in the minimum of the function cx + αu(x − D). If S is this
minimum, we have for x ≤ S,

u(x) = hx+ + px− − cx+ C,

so for x ≤ S, the function cx+α[h(x−D)++p(x−D)−−c(x−D)+C] must attain
its minimum in S. We obtain that if αp ≥ c(1 − α) necessarily S = D, whereas if
αp < c(1− α) necessarily S = 0. Therefore

u(x) = hx+ + px− − cx+
cD

1− α
, ∀x ≤ D



CHAPTER 6

ERGODIC CONTROL IN DISCRETE TIME

We have in the preceding chapters considered always a control problem with
discount α < 1. The problem of Ergodic Control corresponds to the case when
α = 1. This is a limit situation, we cannot just take α = 1 in the formulas. The
value function becomes infinite. We have studied in Chapter 3 the situation without
control. We develop in this Chapter the corresponding theory for controlled Markov
chains.

6.1. FINITE NUMBER OF STATES

We study here the simplest case of a Markov chain with a finite number of
states.

6.1.1. ASSUMPTIONS-NOTATION. We consider a Controlled Markov
chain with a finite number of states. The space of states is denoted by X and the
transition probability reduces to a matrix, which is defined by �v(i, j) = P (yn+1 =
j|yn = i, v), where yn represents the canonical process (the state of the system at
time n). The control v ∈ U . We assume

U compact
�v(i, j) is continuous in v, ∀i, j(6.1.1)
�v(i, j) > 0, ∀i, j, v

Note that this assumption implies a uniform bound below, since we have a finite
number of functions which are strictly continuous on a compact. We write

(6.1.2) �v(i, j) ≥ δ > 0.

We denote by Φv the operator associated with the matrix �v. We recall that

Φvf(i) =
∑
j

�v(i, j)f(j).

This formula extends to a feedback v(.). We will define Φv(.)f by

Φv(.)f(i) =
∑
j

�v(i)(i, j)f(j).

To the operator Φv(.) is associated the transition matrix �v(i)(i, j). We clearly have
the property

(6.1.3) �v(i)(i, j) ≥ δ, ∀i, j
53
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6.1.2. ERGODIC PROPERTIES. Thanks to (6.1.3) the property (3.5.2)
in Chapter 3 is satisfied, for any given feedback. Therefore there will exist a unique
invariant measure denoted by mv(.) such that

(6.1.4)
∑
i

m
v(.)
i �v(i)(i, j) = m

v(.)
j , ∀j.

Note that this invariant measure is not related to a specific value of the control,
but combines all possible values of the control. There is an averaging effect taking
account of all the values v(i). For any f ∈ B we have the property

(6.1.5)

∥∥∥∥∥∥(Φv(.))nf −
∑
j

m
v(.)
j fj

∥∥∥∥∥∥ ≤ 2||f ||βn−1, ∀f ∈ B, with β = 1− δ

6.1.3. DYNAMIC PROGRAMMING. Consider a function f(i, v) such
that

(6.1.6) l(i, v) continuous (hence bounded), l ≥ 0.

The Bellman equation of ergodic control is defined by

(6.1.7) z(i) + λ = inf
v∈U

[l(i, v) + Φvz(i)].

We see that there is no α in the right hand side. More precisely, α = 1. On the
left hand side we have a constant λ, which did not exist in the Bellman equation
with discount. In fact we consider the pair z(.), λ as the solution of the nonlinear
equation (6.1.7). Our main result is the following

Theorem 6.1. Under the assumptions (6.1.1) and (6.1.6) there exists one and
only one pair z, λ which is the solution of (6.1.7).

Proof. We consider the Bellman equation with a discount term

(6.1.8) uα(i) = inf
v∈U

[l(i, v) + αΦvuα(i)],

and we will let α tend to 1.
This equation admits a unique solution uα and moreover there exists an optimal

feedback vα(i) such that

uα(i) = l(i, vα(i)) + αΦvα(.)uα(i).

We can assert that
(1− α)||uα|| ≤ ||l|| = max

i,v
|l(i, v)|.

For any fixed α there exists a unique invariant measure mvα(.) such that∥∥∥∥∥∥(Φvα(.))nφ−
∑
j

m
vα(.)
j φj

∥∥∥∥∥∥ ≤ 2||φ||βn−1.

If we define the function hα such that

hα(i) = l(i, vα(i))− (1− α)Φvα(.)uα(i),

then we have
uα(i)− Φvα(.)uα(i) = hα(i),

therefore ∑
i

m
vα(.)
i hα(i) = 0.
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Consider the equation
u− Φvα(.)u = hα,

for which by construction uα is a solution. An other solution is

ζα =
∞∑

n=1

(Φvα(.))n−1hα.

But two solutions differ only by a constant. So

uα(i)− ζα(i) = Kα, ∀i.
It follows that

min
i

uα(i)−min
i

ζα(i) = Kα,

hence
uα −min

i
uα(i) = ζα −min

i
ζα(i).

From the expression of hα one sees that it is bounded as α becomes close to 1.
Therefore, from the expression of ζα one checks that it is also bounded as α tends
to 1. Therefore, we have established that

uα(i)−min
j

uα(j) ≤ C,

where the constant does not depend on α nor i. Set

zα = uα −min
j

uα(j).

It is bounded in α (note that it is positive) and satisfies

zα(i) + λα = inf
v∈U

[l(i, v) + αΦvzα(i)],

with λα = (1− α)minuα, also bounded in α.
We can extract subsequences zαk

, λαk
which converge in B for zαk

to a function
z and in R for λαk

to a number λ. It is easy to check that the pair z, λ is a solution
of equation (6.1.7).

Let us check uniqueness. Suppose we have two solutions z1, λ1, z2, λ2. There
exist feedbacks v1(i), v2(i) such that

z1(i) + λ1 = l(i, v1(i)) + Φv1(.)z1(i)

z2(i) + λ2 = l(i, v2(i)) + Φv2(.)z2(i).

Note also that
z2(i) + λ2 ≤ l(i, v1(i)) + Φv1(.)z2(i).

Therefore also
z1(i)− z2(i) + λ1 − λ2 ≥ Φv1(.)(z1 − z2)(i).

Hence
min
i
(z1(i)− z2(i)) + λ1 − λ2 ≥ min

i
(z1(i)− z2(i)).

We obtain λ1−λ2 ≥ 0 and by symmetry the reverse is also true. Therefore λ1 = λ2.
We then have

z1(i)− z2(i) ≥ Φv1(.)(z1 − z2)(i),

hence also
z1(i)− z2(i) ≥ (Φv1(.))n(z1 − z2)(i).
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This implies, using the limit of the right hand side

z1(i)− z2(i) ≥
∑
j

m
v1(.)
j (z1(j)− z2(j)).

If i0 is the index of minimum of z1(i)− z2(i), we have necessarily

z1(i0)− z2(i0) =
∑
j

m
v1(.)
j (z1(j)− z2(j)).

This implies also

m
v1(.)
j (z1(i0)− z2(i0)) = m

v1(.)
j (z1(j)− z2(j)), ∀j.

Now from the property (6.1.3) we get easily m
v1(.)
j > δ, ∀j hence

z1(i0)− z2(i0) = z1(j)− z2(j), ∀j,
which proves the uniqueness of z up to an additive constant. �

6.1.4. EXTENSION. In fact, the assumption (6.1.1) is much too strong. It
is sufficient to assume that

(6.1.9)
U compact
�v(i, j) is continuous in v, ∀i, j
�v0(i, j) > 0, ∀i, j and some v0

.

We want to prove the following improvement to Theorem 6.1

Theorem 6.2. Under the assumptions (6.1.9) and (6.1.6) there exists one and
only one pair z, λ which is the solution of (6.1.7).

Proof. To the transition matrix �v0(i, j) corresponds a unique invariant mea-
sure mv0

i . These numbers are strictly positive. We can thus consider the inverse

qv0i =
1

mv0
i

.

We omit the index v0 in the following, to simplify the notation. We shall write
�(i, j),mi, qi, and Φ will denote the operator Φv0 .

Consider the system

(6.1.10)
qij −

∑
k 	=j

�(i, k)qkj = 1, ∀j

qjj = qj

.

We have �

Lemma 6.1. The system (6.1.10) has a unique positive solution.

Proof. The system can be rewritten as follows

qij −
∑
k

�(i, k)qkj = θij ,

with
θij = 1−�(i, j)qj ,

and we have ∑
i

miθij = 1−
∑
i

mi�(i, j)qj = 1−mjqj = 0.
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From (6.1.5) the result follows. The solution is

q =
∞∑
n=1

αn−1Φn−1θ.

The numbers qij have a probabilistic interpretation. Indeed qij represents the
average time to reach j (or to come back to i if j = i) starting from state i. More
precisely we can write

qij =

∞∑
n=1

nf (n)(i, j),

where f (n)(i, j) is the probability to reach j from i in exactly n steps. We have the
recurrence formulas

f (n)(i, j) =
∑
k 	=j

�(i, k)f (n−1)(k, j), n ≥ 2

f (1)(i, j) = �(i, j).

The key estimate is given in the following �

Lemma 6.2. The solution uα(i) of equation (6.1.8) satisfies the estimate

(6.1.11) uα(i)− uα(j) ≤ ||l||qij .
Proof. Consider the increasing iteration

uk+1
α (i) = inf

v∈U
[l(i, v) + αΦvuk

α(i)],

starting with u0
α(i) = 0. We shall check

uk
α(i)− uk

α(j) ≤ ||l||qij , ∀k.
This inequality is clearly true for k = 0. Assume it is true for k, then noting that

uk+1
α (i) ≤ ||l||+ α

∑
l

�(i, l)uk
α(l),

and since all quantities are positive

uk+1
α (i) ≤ ||l||+

∑
l

�(i, l)uk
α(l).

Using the recurrence we get

uk+1
α (i) ≤ ||l||+

∑
l 	=j

�(i, l)[uk
α(j) + ||l||qlj ] +�(i, j)uk

α(j)

= ||l||+ uk
α(j) + ||l||(qij − 1)

= uk
α(j) + ||l||qij ,

and since the sequence is increasing the property follows.
Applying the Lemma to the index j corresponding to the minimum of uα(j)

and majorizing we obtain also

uα(i)−min
j

uα(j) ≤ ||l||max
ij

qij .

With this estimate the proof can be carried over in the same way as in the proof
of Theorem 6.1. �
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6.1.5. PROBABILISTIC INTERPRETATION. Our next objective is
to interpret the solution of equation (6.1.7). As usual we will define a decision rule

V = (v1, · · · , vn, ...),
with

vn = vn(i1, · · · , in),
function of the indices with values in U . To V and i corresponds a probability
measure on Ω,A, the underlying probability space.

We define the cost functions

Ji(V ) = lim
N→∞

1

N

N∑
n=1

EV,il(yn, vn),

considering the V for which the limit exists. Similarly, define

J̃ (V ) = lim
α→1

(1− α)

∞∑
n=1

αn−1EV,il(yn, vn).

We claim the following

Theorem 6.3. If there exists a solution z(i), λ of equation (6.1.7) and if there
exists a feedback v̂(i) such that

z(i) + λ = l(i, v̂(i)) + Φv̂(.)z(i),

then one has
λ = inf

V
Ji(V ) = inf

V
J̃i(V ) = Ji(V̂ ) = J̃i(V̂ ),

where V̂ is the decision rule associated to the feedback v̂(.).

Proof. Consider any decision rule V . We can write from equation (6.1.7)

λ+ EV,iz(yn) ≤ EV,i[l(yn, vn) + z(yn+1)], ∀n,
and for V̂ we have

λ+ EV̂ ,iz(yn) = EV̂ ,i[l(yn, vn) + z(yn+1)], ∀n.
Therefore

λN + z(x) ≤
N∑

n=1

EV,il(yn, vn) + EV,iz(yN+1).

Hence also

λ ≤ lim inf
N→∞

1

N

N∑
n=1

EV,il(yn, vn), ∀V,

finally

λ ≤ inf
V

lim inf
N→∞

1

N

N∑
n=1

EV,il(yn, vn) = inf
V

Ji(V ).

On the other hand we also have

λ = lim
N→∞

1

N

N∑
n=1

EV̂ ,il(yn, vn) = Ji(V̂ ).
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This relation implies

λ ≥ inf
V

lim sup
N→∞

1

N

N∑
n=1

EV,il(yn, vn).

Collecting results, we obtain

λ = inf
V

Ji(V ) = Ji(V̂ ).

Similarly from the same initial relations we have also

λαn−1(1− α) + αn−1(1− α)EV,iz(yn)

≤ αn−1(1− α)EV,il(yn, vn) + αn(1− α)EV,iz(yn+1)

+αn−1(1− α)2EV,iz(yn+1)

Adding up we obtain

λ+ (1− α)z(i) ≤ (1− α)

∞∑
n=1

αn−1EV,il(yn, vn) +

∞∑
n=1

αn−1(1− α)2EV,iz(yn+1).

Letting α→ 1 and using the fact that z is bounded, we deduce

λ ≤ lim inf
α→1

(1− α)

∞∑
n=1

αn−1EV,il(yn, vn) = J̃i(V ).

On the other hand one has also

λ = lim
α→1

(1− α)
∞∑

n=1

αn−1EV̂ ,il(yn, vn) = J̃i(V̂ ),

which completes the proof of the desired result. �

6.2. ERGODIC CONTROL OF INVENTORIES WITH NO
SHORTAGE

6.2.1. CONVERGENCE RESULTS. We consider the situation of Theo-
rem 5.2. The value function is the unique solution of the functional equation

(6.2.1) uα(x) = (h− c)x+ inf
v≥0

[l0(x+ v) + αEuα((x+ v −D)+)],

where
l0(x) = cx+ pE(x−D)−.

We know that the optimal feedback is defined by a Base stock policy Sα with

(6.2.2) F̄ (Sα) =
c+ α(h− c)

p+ α(h− c)
,

which has a unique solution since p > c. Our objective is to prove the

Theorem 6.4. We make the assumptions of Theorem 5.2 and c < p. Define S
uniquely by

(6.2.3) F̄ (S) =
h

p+ h− c
,

and the number ρ by

(6.2.4) ρ = pD̄ − S(p− c) + (p+ h− c)E(S −D)+.
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Define also

(6.2.5) g(x) = (h− (p+ h− c)F̄ (x))+,

then Sα ↑ S and
uα(x)− ρ

1− α
→ u(x),

where u is defined by

(6.2.6) u(S) = (h− c)(S − E(S −D)+);
u′(x) = h− c+ z(x),

where z is defined by

(6.2.7) z(x) =
+∞∑
n=1

g � f
(n−1),

with the same notation as in equation (5.1.17).
The function u(x) also satisfies

u(x) = hx+ pE(x−D)− − ρ+ Eu((x−D)+), ∀x > S(6.2.8)
u(x) = hx+ c(S − x) + pE(S −D)− − ρ, ∀x ≤ S(6.2.9)

and also

(6.2.10) u(x) = (h− c)x− ρ+ inf
v≥0

[l0(x+ v) + Eu((x+ v −D)+)]

Eu((S −D)+) = 0

Proof. From the formula (6.2.2) the convergence of Sα to S is easy. Noting
that

F (Sα) =
p− c

p+ α(h− c)
,

we see that Sα increases with α. Moreover an easy calculation shows that

uα(Sα) =
1

1− α
[pD̄ + Sα(h(1− α)− p+ αc)] + (p+ α(h− c))E((Sα −D)+)],

from which it follows, thanks to the choice of ρ that

(6.2.11) uα(Sα)− ρ

1− α
→ (h− c)(S − E(S −D)+).

Now we have, from Theorem 5.2
Since

u′α(x) = h− c+ zα(x),

where

zα(x) =
∞∑

n=1

αn−1gα � f
(n−1)(x),

with
gα(x) =

(
c+ α(h− c)− (p+ α(h− c))F̄ (x)

)+
.

Clearly gα(x)→ g(x), as α→ 1. So zα(x)→ z(x), defined by (6.2.7), provided this
function is well defined, which means that the series converges.

Consider the series

H(x) =

+∞∑
n=2

f
(n−1).



6.2. ERGODIC CONTROL OF INVENTORIES WITH NO SHORTAGE 61

We prove by induction that

f
(n−1)(x) ≤ ||f || Fn−2(x), ∀n ≥ 2

therefore

H(x) ≤ ||f ||
∞∑

n=2

Fn−2(x) =
||f ||
F̄ (x)

.

This bound is well defined for any x ≥ 0. Note that this requires the implicit
assumption that f(x) > 0, ∀x. Therefore we can assert that

u′α(x)→ h− c+ z(x).

Consider x > S. We can also assume that x > Sα. Therefore

uα(x)− uα(Sα) = (h− c)(x− Sα) +

ˆ z

Sα

zα(ξ) dξ

→ (h− c)(x− S) +

ˆ z

S

z(ξ) dξ

and from (6.2.8), we deduce

(6.2.12) uα(x)− ρ

1− α
→ u(x) = (h−c)(S−E(S−D)+)+(h−c)(x−S)+

ˆ x

S

z(ξ)dξ.

If x < S, we obtain similarly

(6.2.13) uα(x)− ρ

1− α
→ u(x) = (h− c)(x− E(S −D)+),

and both formulas coincide for x = S, with the first formula (6.2.6). To prove
(6.2.9), we write for x ≤ S,

u(S)− u(x) = (h− c)(S − x),

and we note that
u(S) = hS + pE(S −D)− − ρ.

We then conclude easily. To prove (6.2.8), we note that we can write

z(x) = g(x) + Ez(x−D)

= g(x) + E[z(x−D)1Ix>D].

Replacing z(x) by u′(x)− (h− c) we get

u′(x)− (h− c) = g(x) + E[u′(x−D)1Ix>D]− (h− c)F (x).

But we can see that, for x ≥ S, we have

g(x) = c+ (h− c)F (x)− p ¯F (x),

so the previous relation becomes

u′(x) = h− p ¯F (x) + E[u′(x−D)1Ix>D],

which can also be written as

u′(x) = h+
d

dx
pE(x−D)− +

d

dx
Eu((x−D)+),

Integrating between S and x and using the fact that Eu((S −D)+) = 0, as well as
the value of u(S), we conclude easily to obtain (6.2.8).

The proof has been completed. �
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6.2.2. PROBABILISTIC INTERPRETATION. Suppose we apply a
Base stock policy, with base stock S. Consider x ≤ S and the following sequence
(where LSn represents the lost sales of period n

y1 = x, v1 = S − x, LS1 = (S −D1)
−;

y2 = (S −D1)
+, v2 = S − (S −D1)

+, LS2 = (S −D2)
+;

· · ·
yn+1 = (S −Dn)

+, vn+1 = (S −Dn)
+, LSn+1 = (S −Dn+1)

+.

Except y1 all the random variables yn, n ≥ 2 have the same probability distribution,
which is simply

(6.2.14) F̄ (S)δ(η) + f(S − η)1Iη<Sdη.

The process yn is clearly ergodic and the formula (6.2.14) gives the invariant mea-
sure.

If we discount with rate α we obtain the cost

uα(x) = hx+ c(S − x) + pE(S −D1)
−+

∞∑
n=1

αnE[c(S − (S −Dn)
+) + h(S −Dn)

+ + p(S −Dn+1)
−],

therefore
uα(x) = (h− c)(x− E(S −D)+) +

ρ

1− α
,

and we obtain the value of u(x). The quantity

(6.2.15) E[c(S − (S −D)+) + h(S −D)+ + p(S −D)−],

represents the cost of one period, except the first one. Minimizing in S gives the
optimal base stock. This gives the interpretation of ρ.

Consider now the case x > S. We define first

yn+1 = yn −Dn, y1 = x,

LSn = (yn −Dn)
−.

Let
τ = inf{n ≥ 1|yn ≤ S}.

Starting at period τ we are back in the situation where the stock is below S and
we proceed as follows

yτ = yτ , vτ = S − yτ , LSτ = (S −Dτ )
−,

yτ+n = (S −Dτ+n−1)
+, vτ+n = S − (S −Dτ+n−1)

+, LSτ+n = (S −Dτ+n)
−.

The corresponding cost is given by

uα(x) = E

[
τ−1∑
n=1

αn−1(hyn + p(yn −Dn+1)
−
]

+Eατ−1[(h− c)yτ + cS + p(S −Dτ )
−]

+

∞∑
n=1

Eατ−1+n[c(S−(S−Dτ+n−1)
+)+h(S−Dτ+n−1)

++p(S−Dτ+n)
−],
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hence also by appropriate conditioning

uα(x)− ρ

1− α
= E

[
τ−1∑
n=1

αn−1(hyn + p(yn −Dn+1)
− − ρ)

]
+Eατ−1(h− c)(yτ − E(S −D)+)

and letting α tend to 1 we obtain

uα(x)− ρ

1− α
→ E

[
τ−1∑
n=1

(hyn + p(yn −Dn+1)
− − ρ)

]
+

+E(h− c)(yτ − E(S −D)+).

Replacing −(h− c)E(S−D)+ by cS+pE(S−D)−−ρ, we obtain the probabilistic
interpretation of the function u(x) as defined by (6.2.8), (6.2.9).

6.3. ERGODIC CONTROL OF INVENTORIES WITH BACKLOG

6.3.1. CONVERGENCE RESULTS. We consider the situation of Theo-
rem 5.6. The functional equation is given by

(6.3.1) uα(x) = −cx+ hx+ + px− + inf
v≥0

[c(x+ v) + αEuα(x+ v −D)].

We know that the optimal feedback is defined by a Base stock policy Sα with

(6.3.2) F (Sα) =
α(p+ c)− c

α(h+ p)
,

which has a unique solution provided α > c
p+c . This will be assumed since we will

let α tend to 1.
Our objective is to prove the

Theorem 6.5. Define S uniquely by

(6.3.3) F̄ (S) =
h

p+ h
,

the number ρ by

(6.3.4) ρ = cD̄ + pE(S −D)− + hE(S −D)+,

and

(6.3.5) g(x) = (h− (h+ p)F̄ (x))+,

then Sα ↑ S and

uα(x)− ρ

1− α
→ u(x),

where u is defined by

(6.3.6) u(S) = (h− c)D̄ − (p+ h)E(S −D)−

u′(x) = −c+ h1Ix>0 − p1Ix<0 + z(x)
,

where

(6.3.7) z(x) =

+∞∑
n=1

g � f
(n−1)(x).
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The function u is also solution of

u(x) = hx− ρ+ Eu(x−D), ∀x > S(6.3.8)
u(x) = c(S − x)− ρ+ hx+ + px−, ∀x ≤ S(6.3.9)

Proof. From the formula (6.3.2) the convergence of Sα to S is clear. Noting
that

F (Sα) =
p+ c

p+ h
− c

α(h+ p)
,

we see that Sα increases with α. Moreover an easy calculation shows that

uα(Sα) = hS+
α + pS−α +

α

1− α
[cD̄ + hE((Sα −D)+) + pE((Sα −D)−)],

from which it follows, thanks to the choice of ρ that

uα(Sα)− ρ

1− α
→ hS − [cD̄ + hE((S −D)+) + pE((S −D)−)].

Now from Theorem 5.6, we have

u′α(x) = −c+ h1Ix>0 − p1Ix<0 + zα(x),

where

zα(x) =

∞∑
n=1

αn−1gα � f
(n−1)(x),

with
gα(x) = (c(1− α) + αh− α(h+ p)F̄ (x))+.

Again we can see that zα(x) → z(x), defined in equation (6.3.7). So we obtain
(6.3.6). To prove (6.3.9) we use z(x) = 0, ∀x ≤ S, hence

u′(x) = −c+ h1Ix>0 − p1Ix<0, ∀x ≤ S.

Integrating between x and S, and using u(S) = hS − ρ, formula (6.3.9) follows. To
prove (6.3.8), we note that

u′(x) = h+ Eu′(x−D), ∀x > S.

Next we verify that Eu(S−D) = 0. This follows from (6.3.8), applied at x = S−D
and taking the mathematical expectation. So integrating between S and x, we
obtain easily (6.3.9).

The proof has been completed. Note that u ∈ C1, except for x = 0. �

6.3.2. PROBABILISTIC INTERPRETATION. We proceed as in the
no shortage case. We first interpret the number ρ. Consider one period, starting
with an inventory equal to S. At the end of the period the inventory is S −D. In
order to face the new demand with an inventory equal to S in the next period, we
have to order D. At the end of the period we pay for storage h(S −D)+ and if we
have shortage we pay pE(S −D)−. Therefore the expected cost on a period is

cD̄ + hE(S −D)+ + pE(S −D)−,

which is exactly ρ. To find the optimal S we minimize this expression in S.
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Consider now x ≤ S and the following sequence

y1 = x, v1 = S − x;

y2 = S −D1, v2 = D1;

· · ·
yn+1 = S −Dn, qn+1 = Dn.

If we discount with rate α we obtain the cost

uα(x) = hx+ + px− + c(S − x) +
∞∑

n=1

αn[cD̄ + hE(S −D)+ + pE(S −D)−],

therefore
uα(x) = hx+ + px− + c(S − x) +

αρ

1− α
,

and
uα(x)− ρ

1− α
→= hx+ + px− + c(S − x)− ρ.

Consider now the case x > S. We define

yn+1 = yn −Dn, y1 = x.

Let
τ = inf{n ≥ 1|yn ≤ S}.

Starting at period τ we are back in the situation where the stock is below S and
we proceed as follows

yτ = yτ , vτ = S − vτ ,

yτ+n = S −Dτ+n−1, vτ+n = Dτ+n−1.

The corresponding cost is given by

uα(x) = E

τ−1∑
n=1

αn−1hyn+

+Eατ−1[−cyτ + cS+hy+τ + py−τ

+

∞∑
n=1

Eατ−1+n[cDτ+n−1 + h(S −Dτ+n−1)
+ + p(S −Dτ+n−1)

−]

hence also by appropriate conditioning, taking into account that Dτ+n−1 is inde-
pendent from τ , for n ≥ 1

uα(x)− ρ

1− α
= E

τ−1∑
n=1

αn−1(hyn − ρ)

+Eατ−1(−cyτ + cS − ρ+ hy+τ + py−τ )

and letting α tend to 1 we obtain

uα(x)− ρ

1− α
→ E

τ−1∑
n=1

(hyn − ρ)

+E(−cyτ + cS − ρ+ hy+τ + py−τ ),

and the right hand side is the probabilistic interpretation of u(x), as defined by
(6.3.8), (6.3.9).
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6.4. DETERMINISTIC CASE

The deterministic case can treated as a particular case of the stochastic case.
However we can look directly at the formulas obtained in section 5.3.

In the no shortage case we have the formulas

(6.4.1) uα(x) =

⎧⎨⎩(h− c)x+
cD

1− α
, ∀x ≤ D

hx+ αuα(x−D), ∀x ≥ D

The Base stock Sα = D, does not depend on α, so S = D, and ρ = cD. We obtain
that

(6.4.2) uα(x)− cD

1− α
→ u(x),

with u(x) solution of

u(x) =

{
(h− c)x, ∀x ≤ D

hx− cD + u(x−D), ∀x ≥ D

Similarly in the backlog case we have the relations

uα(x) =

⎧⎨⎩(h− c)x+
cD

1− α
, ∀x ≤ D

hx+ αuα(x−D), ∀x ≥ D

so S = D, ρ = cD. We have again (6.4.2), with

u(x) =

{
hx+ + px− − cx, ∀x ≤ D

hx+ + px− − cD + u(x−D), ∀x ≥ D



CHAPTER 7

OPTIMAL STOPPING PROBLEMS

We consider in this chapter a situation where decisions are stopping times.
They can be reduced to the general case, but it is preferable to use the specific
aspects of this type of problems. We will begin by defining the functional equation
of interest, which results from Dynamic Programming, study it directly then obtain
the interpretation as a control problem with stopping times as decisions.

7.1. DYNAMIC PROGRAMMING

We present the functional equation of Dynamic Programming, after presenting
the control problem of interest.

7.1.1. FORMULATION OF THE PROBLEM. We consider the frame-
work of Chapter 4. We recall that a decision rule is an infinite sequence

V̂ = {v̂1, · · · , v̂n, · · · },

in which

v̂n = v̂n(x1, · · · , xn),

is a Borel map with values in U . From the decision rule we construct the probability
P V,x of the canonical stochastic process yn, given y1 = x, representing the state
trajectory. The state space is X = Rd. We recall the filtration

Yn = σ(y1, · · · , yn).

In the present situation, there will be a new decision variable of a different nature,
namely a stopping time τ with respect to the filtration Yn.

We consider the function l(x, v) such that

(7.1.1) l(x, v) ≥ 0; l.s.c.

In addition we shall consider a function ψ(x) such that

(7.1.2) ψ(x) ≥ 0; l.s.c.

The cost objective is defined by

(7.1.3) Jx(V, τ) = EV,x

[
τ−1∑
n=1

αn−1l(yn, vn) + ατ−1ψ(yτ )

]

67
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7.1.2. DYNAMIC PROGRAMMING EQUATION. The functional equa-
tion giving the value function of the preceding problem is defined by

(7.1.4) u(x) = min{ψ(x), inf
v∈U

[l(x, v) + αΦvu(x)]}, ∀x.
This functional equation combines the nonlinear operator studied in Chapter 4, with
the function ψ(x). We call this function, the obstacle. This refers to the fact that
the solution u(x) must remain below the obstacle. As we see in equation (7.1.4), it
represents in the cost functional the payoff received at the decision time τ.

We shall consider the the ceiling function w0(x), defined in equation (4.3.4).
We state the main result

Theorem 7.1. Under the assumptions (7.1.1), (7.1.2) (4.3.1), (4.3.2) and (4.3.6)
then the set of solutions of the functional equation (7.1.4) satisfying

0 ≤ u(x) ≤ w0(x) ∀x,
is not empty and has a minimum and a maximum solution, denoted respectively
u(x) and u(x). The minimum solution is l.s.c. and the maximum solution is u.s.c.
if the functions l(x, v) and ψ are continuous.

Proof. Let z be l.s.c. and positive. Define

Tz(x) = inf
v∈U

[l(x, v) + αΦvz(x)].

We know from Chapter 4 that Tz(x) is also l.s.c. and positive. Set

Sz(x) = min[ψ(x), T z(x)].

We use the following exercise to claim that Sz(x) is also l.s.c. and positive.

Exercise 7.1. If f ,g are l.s.i and bounded below then min(f, g) is also l.s.c. and
bounded below.

The function u solution of equation (7.1.4) is a fixed point of the map S. The
map S is increasing, i.e. if z1 ≤ z2 then Sz1 ≤ Sz2. If z ≥ 0 then Sz ≥ 0. Suppose
z ≤ w̄ then

Sz(x) ≤ l(x, v) + αΦv0w0(x) = w0(x).

We have checked that S maps the interval [0, w0] into itself. Consider next the
decreasing scheme

un+1 = Sun, u0 = w0.

Clearly
u0 ≥ u1 ≥ · · · ≥ un · · · ≥ 0.

We can state that un ↓ u where u is a positive Borel function. Clearly un+1 ≥ Su,
hence also u ≥ Su. Also

un+1(x) ≤ ψ(x)
un+1(x) ≤ l(x, v) + αΦvun(x), ∀v

Letting n tend to +∞ yields

u(x) ≤ ψ(x)
u(x) ≤ l(x, v) + αΦvu(x), ∀v

Therefore u ≤ Su. So the limit u is a fixed point of S. Moreover it is the maximum
solution in the interval [0, w0]. It is u.s.c. as decreasing limit of a sequence of
continuous functions.
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Exercise 7.2. Check that u is the maximum sub-solution, namely if ũ ≤ Sũ and
0 ≤ ũ ≤ w0, then ũ ≤ u.

The maximum solution is denoted by ū.

Proof follow up. We next consider the increasing sequence

un+1 = Sun, u0 = 0.

Clearly
u0 ≤ u1 ≤ · · · ≤ un · · · ≤ w0.

Therefore un ↑ u and 0 ≤ u ≤ w0 and u is l.s.c. Since un+1 ≤ Su we obtain u ≤ Su.
On the other hand, there exists a Borel map v̂n(x) such that

un+1(x) = min[ψ(x), l(x, v̂n(x)) + αΦv̂n(x)un(x)].

Let m ≥ n. One can write

um+1(x) ≥ min[ψ(x), l(x, v̂m(x)) + αΦv̂m(x)un(x)],

hence also
u(x) ≥ min[ψ(x), l(x, v̂m(x)) + αΦv̂m(x)un(x)].

We fix n and let m → ∞. Using the assumption (4.3.2) we see that the sequence
v̂m(x) remains in a compact set (x is fixed, and the compact set depends on x).
We can thus extract a converging subsequence v̂mk

(x)→ v∗(x). Since the function
of v

min[ψ(x), l(x, v) + αΦvun(x)] is l.s.c.,

we can assert that

u(x) ≥ min[ψ(x), l(x, v∗(x)) + αΦv∗(x)un(x)].

Letting next n→∞ we obtain u ≥ Su and from the reverse inequality we see that
u is a fixed point of S.

Exercise 7.3. Check that u obtained by the increasing sequence is the minimum
solution, namely if ũ = Sũ and 0 ≤ ũ ≤ w0, then ũ ≥ u.

The minimum solution is denoted by u(x). �

7.2. INTERPRETATION

We now interpret the minimum solution as the value function of the problem
defined with the objective function (7.1.3). We however begin by showing that the
functional equation (7.1.4) can be written in a standard form, provided that we
extend the control.

7.2.1. ANOTHER FORMULATION. It is not hard to show that fixed
points u of S can also be written as the solution of an ordinary Dynamic Program-
ming functional equation, provided one introduces an additional control

Exercise 7.4. Show that

u(x) = inf
{v∈U,0≤d≤1}

[dψ(x) + (1− d)l(x, v) + α(1− d)Φvu(x)].
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In this form, the interpretation of u(x), in fact the interpretation of the minimum
solution as the value function of a stochastic control problem becomes standard.
We introduce V,D decision rules associated with the control variables v, d, namely

V = {v1, · · · , vn, · · · }
D = {d1, · · · , dn, · · · }

and

vn = vn(x1, · · · , xn)

dn = dn(x1, · · · , xn)

The functions vn and dn are Borel functions, with values in U and [0, 1] respectively.
Since Φv does not depend on d the probability defined on Ω = XN ,A associated
to the decision rule V,D and to the initial state x depends only on V and x and is
denoted PV,x. Considering the canonical process yn (see Chapter 3) we know that

y1 = x, PV,x a.s.

The decision rules define stochastic processes vn(y1, · · · , yn) and dn(y1, · · · , yn)
adapted to the filtration Yn generated by the canonical process.

We now define a payoff associated with V,D, x as follows

Jx(V,D) = EV,x
∞∑
j=1

αj−1(1− dj−1) · · · (1− d1)[djψ(yj) + (1− dj)l(yj , vj)].

From the theory of Chapter 4 we can assert that the minimum solution between 0
and w0 obtained with the increasing sequence is the value function corresponding
to this payoff. Namely, we have

u(x) = inf
V,D

Jx(V,D)

7.2.2. OPTIMAL STOPPING FORMULATION. To use the trick de-
scribed in the previous section is not the best way to deal with optimal stopping
problems. We proceed now directly with stopping times. Let us consider θ to be a
stopping time with respect to the filtration Yn. We then define the payoff

Jx(V, θ) = EV,x

⎡⎣θ−1∑
j=1

αj−1l(yj , vj) + αθ−1ψ(yθ)1Iθ<∞

⎤⎦
Theorem 7.2. Under the assumptions of Theorem 7.1 the minimum solution u(x)
satisfies

u(x) = inf
V,θ

Jx(V, θ).

Proof. Let V be a decision rule and θ a stopping time with respect to Yn.
Consider the increasing sequence un(x). We can write for 0 ≤ j ≤ N − 1

αN−j−1uj+1(yN−j)1IN−j<θ ≤
αN−j−1l(yN−j , vN−j)1IN−j<θ + αN−jEV,x[uj(yN−j+1)1IN−j<θ|YN−j ]

Taking expectations on both sides yields

EV,x(αN−j−1uj+1(yN−j)1IN−j<θ) ≤
EV,x(αN−j−1l(yN−j , vN−j)1IN−j<θ) + EV,x(αN−juj(yN−j+1)1IN−j<θ)
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We add up for j = 0 · · · , N − 1. We obtain

EV,x
∑(θ−1)∧N

k=1 αk−1uN−k+1(yk) ≤
EV,x

∑(θ−1)∧N
k=1 αk−1l(yk, vk) + EV,x

∑θ∧(N+1)
k=2 αk−1uN−k+1(yk).

Canceling terms we deduce

uN (x)EV,x1Iθ≥2 ≤ EV,x

(θ−1)∧N∑
k=1

αk−1l(yk, vk) + EV,xαθ−1uN−θ+1(yθ)1I2≤θ<N+1,

where we have used the fact that u0(x) = 0. By adding on both sides of this relation
uN (x)EV,x1Iθ=1, we obtain by letting N →∞ on the right hand side

uN (x) ≤ inf
V,θ

Jx(V, θ).

Therefore also
u(x) ≤ inf

V,θ
Jx(V, θ).

Next define the optimal feedback v̂(x) which achieves the minimum of l(x, v) +

αΦvu(x) for v ∈ U . We associate to this feedback a decision rule V̂ . We then
define the exit time

θ̂ = inf{n ≥ 1|u(yn) = ψ(yn)},
with

θ̂ =∞ if u(yn) < ψ(yn), ∀n.
We check that ∀N

u(x) = EV̂ ,x

⎡⎣(θ̂−1)∧N∑
k=1

αk−1l(yk, vk) + α(θ̂−1)∧Nu(yθ̂∧(N+1))

⎤⎦ ,

and thus also

u(x) ≥ EV̂ ,x

⎡⎣(θ̂−1)∧N∑
k=1

αk−1l(yk, vk) + αθ̂−1ψ(yθ̂)1Iθ̂≤N+1

⎤⎦ .

Letting N tend to ∞ we obtain

u(x) ≥ Jx(V̂ , θ̂),

and the proof of the theorem has been completed. �

7.2.3. DIRECT APPROACH. We have shown that there are two inter-
pretations of the minimum solution u(x)

u(x) = inf
V,θ

Jx(V, θ) = inf
V,D

Jx(V,D).

We can check directly the equality of the two infimum. We first notice that without
loss of generality we can restrict d to take only the values 0 or 1. This is because
the optimal feedback obtained from Bellman equation, which allows to obtain the
optimal decision rule, satisfies this property.

Now, consider any decision rule D which has this property, we define

θD = k, if dj = 0, j ≤ k − 1, dk = 1

θD =∞, if dj = 0, ∀j
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then one checks that θD is a Yn stopping time and

Jx(V, θD) = Jx(V,D),

from which we deduce inf Jx(V,D) ≥ inf Jx(V, θ).
On the other hand, if θ is an arbitrary stopping time, we define

Dθ = (dθ1, · · · , dθj , · · · );
dθj = 0 if j ≤ θ − 1;

dθj = 1 if j ≥ θ,

and we check that

Jx(V, θ) = Jx(V,Dθ),

from which it follows that

inf Jx(V, θ) ≥ inf Jx(V,D),

and the equality follows.

7.3. PENALTY APPROXIMATION

In this section, we develop a new idea, very useful in practice. Recall that
we used the terminology “obstacle” for the function ψ, reminiscent of the fact that
u ≤ ψ. The idea is that we can waive this constraint by paying a penalty. When
this penalty is infinite, the obstacle constraint will be satisfied.

7.3.1. FORMULATION. To simplify a little bit we consider the optimal
stopping problem without control. Moreover we assume

(7.3.1) l, ψ ∈ C, l ≥ 0, ψ ≥ 0,

where C = C(X) denotes the space of uniformly continuous and bounded functions
on X. With this additional assumption there exists a unique solution u of

(7.3.2) u(x) = min[ψ(x), l(x) + αΦu(x)].

We know that this solution is continuous. To guarantee that it is uniformly contin-
uous we make an additional assumption on Φ, which strengthens (4.3.1)

(7.3.3) Φϕ ∈ C, if ϕ is continuous, bounded.

We associate to the preceding problem the following one

(7.3.4) uε(x) = l(x) + αΦuε(x)− 1

ε
(uε − ψ)+(x),

called the penalty approximation. The logic is simple. Instead of imposing the
constraint u ≤ ψ we accept that our unknown function exceeds the constraint ψ,
but then we add to the cost l a penalty term, to be paid only when the function
exceeds the constraint. Obviously as ε goes to 0 the penalty term becomes very
large, forcing the unknown function to fulfill the constraint. Note that the equation
(7.3.4) is a non-linear problem.
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7.3.2. SOLUTION OF THE PENALTY PROBLEM. We first prove
the

Lemma 7.1. Under the assumptions (7.3.1) and (7.3.3) there exists a unique so-
lution positive solution in C of the penalty problem (7.3.4).

Proof. It is convenient to write the equivalent form of (7.3.4)

uε

(
1 +

1

ε

)
= l + αΦuε +

1

ε
min(ψ, uε)

Exercise 7.5. Show the preceding assertion.

Therefore uε is a fixed point of the map wε = Tε(z) defined by

wε

(
1 +

1

ε

)
= l + αΦwε +

1

ε
min(ψ, z)

Exercise 7.6. Check that Tε is a contraction with constant
1

1 + ε(1− α)
.

This completes the proof of the Lemma. �
Lemma 7.2. We have

0 ≤ uε ≤ max

(
||ψ||, ||l||

1− α

)
.

Moreover uε decreases as ε ↓ 0.
Proof. If z ≥ 0, Tε(z) ≥ 0. Hence since Tε is monotone we obtain uε ≥ 0.

Exercise 7.7. Check that for any z ≥ 0 one has

||Tεz|| ≤ max

(
||ψ||, ||l||

1− α

)
,

hence the same estimate follows for the solution uε.

Follow up: To prove the monotonicity consider ε′ < ε and set w = Tε(uε′). We
first verify that

(w − uε′)

(
1 +

1

ε

)
= αΦ(w − uε′) +

(
1

ε′
− 1

ε

)
(uε′ − ψ)+,

from which it follows that w − uε′ ≥ 0. Therefore uε′ ≤ Tε(uε′). Iterating we get
uε′ ≤ Tn

ε (uε′). Letting n tend to ∞ we get uε′ ≤ uε. The proof of the lemma has
been completed. �

7.3.3. CONVERGENCE. We state the following convergence result.

Theorem 7.3. Under the assumptions (7.3.1) and (7.3.3) one has uε ↓ u the
solution of the equation (7.3.2).

Proof. We can assert that uε ↓ u∗. From (7.3.4) one can write

uε ≤ l + αΦuε,

hence
u∗ ≤ l + αΦu∗.

Moreover, since uε is bounded, we can assert that (uε − ψ)+ → 0. Therefore

u∗ ≤ ψ.
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Note that
(uε − ψ)−(uε − l − αΦuε) = 0.

We can pass to the limit and obtain

(u∗ − ψ)−(u∗ − l − αΦu∗) = 0.

Using the property u∗ − ψ ≤ 0, we can also write

(u∗ − ψ)(u∗ − l − αΦu∗) = 0,

which implies that u∗ is a solution of (7.3.2). The proof has been completed. �

7.4. ERGODIC CASE

We study now the ergodic problem, letting α→ 1.

7.4.1. SETTING OF THE MODEL. We shall make here the assumptions
of Theorem 7.1 and also

(7.4.1) l, ψ ≥ 0, bounded, l(x) ≥ l0 > 0.

We consider the problem

(7.4.2) uα(x) = min

{
ψ(x), inf

v∈U
[l(x, v) + αΦvuα(x)]

}
, ∀x.

We know that it has a unique l.s.c. continuous solution (by contraction mapping
arguments).

The issue is to study the limit of uα as α tends to 1. In fact this problem will
be easier than the one without the obstacle ψ. The reason is because the function
uα will remain bounded.

7.4.2. THE MAIN RESULT. We state the main result

Theorem 7.4. We make the assumptions of Theorem 7.1 and (7.4.1). Consider
the equation

(7.4.3) u(x) = min

{
ψ(x), inf

v∈U
[l(x, v) + Φvu(x)]

}
, ∀x,

then it has a positive bounded l.s.c. solution which is unique. Moreover uα(x) ↑ u(x)
as α ↑ 1.

Proof. We prove the existence and uniqueness of the solution z. We cannot
use the argument of contraction mapping, since α = 1. To prove the existence of a
positive bounded l.s.c. solution, we consider the increasing sequence

u0 = 0

un+1(x) = min

{
ψ(x), inf

v∈U
[l(x, v) + Φvun(x)]

}
then clearly

u0 ≤ u1 · · · ≤ un ≤ · · ·ψ,
hence un ↑ u ≥ 0. Moreover u ≤ ψ and is l.s.c.

Reasoning as in the proof of Theorem 7.1 we check that the limit u has the
desired properties and is a solution. Let us prove the uniqueness of a Borel bounded
solution. We cannot use the contraction mapping argument. We use the following
trick. We first exclude the case ψ = 0 in which case the unique solution is u = 0.
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Suppose there exist two positive bounded solutions z1, z2. Suppose there exists a
point x∗ such that z2(x

∗) < z1(x
∗). Then we have

γ = inf
{x|z1(x)>0}

z2(x)

z1(x)
< 1.

We are going to show a contradiction. We are going to construct a number β with
γ < β ≤ 1 such that βz1(x) ≤ z2(x), ∀x. It will follow

γ = inf
{x|z1(x)>0}

z2(x)

z1(x)
≥ β,

which is a contradiction.
Let 0 < λ < 1. A solution z satisfies also

z(x) = min

{
λψ(x) + (1− λ)z(x), inf

v∈U
[λl(x, v) + (1− λ)z(x) + λΦvz(x)]

}
.

This is in particular satisfied with z1 and z2. note that

βz1(x) =

min

{
βλψ(x) + (1− λ)βz1(x), inf

v∈U
[λβl(x, v) + (1− λ)βz1(x) + λΦvβz1(x)]

}
.

One could claim that βz1(x) ≤ z2(x) whenever

βλψ(x) + (1− λ)βz1(x) ≤ λψ(x) + (1− λ)z2(x)

λβl(x, v) + (1− λ)βz1(x) ≤ λl(x, v) + (1− λ)z2(x)

Since z2(x) ≥ γz1(x), it is sufficient to guarantee that

βλψ(x) + (1− λ)βz1(x) ≤ λψ(x) + (1− λ)γz1(x)

λβl(x, v) + (1− λ)βz1(x) ≤ λl(x, v) + (1− λ)γz1(x)

We must have

(1− λ)(β − γ)z1(x) ≤ λ(1− β)ψ(x)

(1− λ)(β − γ)z1(x) ≤ λ(1− β)l(x, v)

It is sufficient to check that

(1− λ)(β − γ) ≤ λ(1− β)

(1− λ)(β − γ) ≤ λ(1− β)
l0
||ψ||

It is sufficient to choose β such that
β − γ

1− β
= ρ =

λ

1− λ
min

(
1,

l0
||ψ||

)
,

hence
β =

ρ+ γ

1 + ρ
,

and γ < β ≤ 1. The contradiction has been established. From this contradiction it
follows that z2(x) ≥ z1(x), ∀x. By symmetry between z1 and z2 we obtain z1 = z2.
The uniqueness has then been proven.

To complete the proof, we have to check the convergence property. We first
prove that

α ≤ α′ ⇒ uα ≤ uα′ .
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This property is obtained by considering the increasing sequence

uα,n+1(x) = min
[
ψ(x), inf

v
(l(x, v) + αΦvuα,n(x)

]
,

and uα,0(x) = 0. It is clear that

uα,n(x) ≤ uα′,n(x)→ uα,n+1(x) ≤ uα′,n+1(x),

and the monotonicity result follows.
We next write

uα(x) = min

{
ψ(x), inf

v∈U
[l(x, v) + Φvuα(x)− (1− α)Φvuα(x)]

}
, ∀x.

Since ||(1 − α)Φvuα|| ≤ (1 − α)||ψ||, hence tends to 0, we see easily that uα ↑ u∗

which a solution of (7.4.3). The proof has been completed. �

Remark. If the functions l(x, v) and ψ are continuous then the solution of (7.4.3)
is also continuous. This is checked by defining a monotone decreasing sequence,
converging towards a solution, which is u.s.c. By uniqueness, the solution is con-
tinuous.

7.4.3. PROBABILISTIC INTERPRETATION. We consider as in sec-
tion 7.2, a decision rule V and a stopping time θ. We then define the pay-off

Jx(V, θ) = EV,x

⎡⎣θ−1∑
j=1

l(yj , vj) + ψ(yθ)1Iθ<∞

⎤⎦ .

We can state the

Theorem 7.5. We make the assumptions of Theorem 7.4. We then have

u(x) = inf
V,θ

Jx(V, θ).

Proof. We first remark that

ψ(x) ≥ Jx(V, θ) ≥ l0E
V,x(θ − 1),

so, without any restriction, we can assume that θ <∞ a.s. P V,x. One then checks
the inequality

u(x) ≤ EV,x

⎡⎣θ−1∑
j=1

l(yj , vj) + u(yθ)

⎤⎦ ≤ Jx(V, θ).

Define next the feedback v̂(x) Borel function with values in U which attains the
infimum in v in equation (7.4.3). We then define

θ̂ = inf{n ≥ 1|u(yn) = ψ(yn)}.
We can assert that

EV̂ ,xθ̂ ≤ ψ(x)

l0
.

Indeed, for any N we can write

u(x) = EV̂ ,x

⎡⎣θ̂∧N−1∑
j=1

l(yj , vj) + u(yθ̂∧N )

⎤⎦ ≥ l0E
V̂ ,xθ̂ ∧N.



7.4. ERGODIC CASE 77

Since u(x) ≤ ψ(x) we also obtain

EV̂ ,xθ̂ ∧N ≤ ψ(x)

l0
,

and letting N go to ∞ the desired estimate is obtained. We therefore can write

u(x) = EV̂ ,x

⎡⎣θ̂−1∑
j=1

l(yj , vj) + u(yθ̂)

⎤⎦ .

Also u(yθ̂) = ψ(yθ̂) since θ̂ <∞ a.s. P V̂ ,x. Therefore

u(x) = Jx(V̂ , θ̂),

and the proof has been completed. �
Exercise 7.8. Check that when l0 = 0, un ↑ u minimum solution of equation
(7.4.3). This minimum solution is the value function defined in the statement of
Theorem 7.5.
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CHAPTER 8

IMPULSE CONTROL

Impulse Control has been studied mainly in continuous time, see [8]. Indeed, in
continuous time the difference between an impulse control and a continuous control
is quite apparent. An impulse control allows for jumps on the state of the system. A
continuous control allows only for a continuous evolution of the state of the system
and forbids jumps. In discrete time, there is of course no continuous evolution, so it
looks as if the concept loses its specificity; the state at time n+1 can be considered as
a jump from the state at time n. However, we will identify an analogy with optimal
stopping. One can embed optimal stopping into a standard control problem in
discrete time, but one can also treat it in a specific way. Similarly, an impulse
control problem can be embedded into a standard control problem in discrete time,
but one can also consider it in a specific manner. In that case it will look like optimal
stopping, but with a sequence of stopping times instead of a single stopping time.
We will begin by describing the model. Then we introduce the basic tool, which is
the functional equation arising from Dynamic Programming. We study it directly
by analytic techniques. We finally proceed with the interpretation.

8.1. DESCRIPTION OF THE MODEL

8.1.1. TRANSITION PROBABILITY. In this set up we will consider a
controlled Markov chain with special features. It is at the same time a generalization
and a special case of the general framework. However, we shall need the fact that X
is a vector space or a subspace of a vector space. To fix the ideas we take X = Rd

or X = (Rd)+. We consider as usual a transition probability π(x, v, dη). We define
then the transition probability

π(x, v, w, dη) = π(x+ w, v, dη).

It is indeed a generalization of the usual case, which is recovered by fixing the value
w = 0, but also a particular case, considering the pair v, w as a control.

We associate to the transition probability the operator

Φv,wf(x) =

ˆ
Rd

f(η)π(x, v, w, dη).

Considering the operator Φv associated to π(x, v, dη) we have obviously

Φv,wf(x) = Φvf(x+ w).

The controls v, w are mathematically similar, but in practice act differently. The
control v modifies the transition probability, but does not change x. The control
w modifies x. Its influence is instantaneous, instead of taking place at the next
period. This is why it is called an impulse. So the difference remains meaningful,
even though we are in discrete time. We remark also that if the assumption (4.3.1)
is satisfied for Φv, it carries over to Φv,w.

79
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8.1.2. ASSUMPTIONS. We now define a cost function. Let l(x, v) satisfy-
ing (4.3.2), we set

(8.1.1) l(x, v, w) = l(x+ w, v) + c(w).

We consider only w ∈ (Rd)+ in accordance with the applications we have in mind.
We then assume the special form

c(w) = K1Iw 	=0 + c0(w)

c0(w) is sublinear positive continuous, c0(0) = 0(8.1.2)
c0(w)→∞ as |w| → ∞

We note that (4.3.2) is satisfied by the function l(x, v, w).

Remark. Of course the important element in the structure of c(w) is the presence
of K, which is only there when an action is taken, w �= 0. It is called a fixed cost (in
the inventory literature it is also called set up cost). We note also that, even when
l(x, v) is continuous, the function l(x, v, w) will remain l.s.c and not continuous.

We consider a decision rule V,W extending the usual definition for V . We
associate a probability PV,W,x on Ω, A for which y1 = x a.s. We will consider the
pay-off function

(8.1.3) Jx(V,W ) = EV,W,x

[ ∞∑
n=1

αn−1l(yn, vn, wn)

]
,

and, as usual, we are interested in the value function

(8.1.4) u(x) = inf
V,W

Jx(V,W ).

We shall need a ceiling function. We cannot use the symbol w0(x) for the ceiling
function, since we have a new control wn. By taking wn = 0 and vn = v0 where v0
is a fixed element of U, the space of constraints, a closed subset of a metric space.
Define

(8.1.5) ψ0(x) =

∞∑
n=1

αn−1(Φv0)n−1lv(x),

where lv(x) = l(x, v). We make the assumption

(8.1.6) ψ0(x) <∞, ∀x.
We take ψ0 as the ceiling function. It is the same as for the control problem,
without impulses.

We can now write the Bellman equation corresponding to the pay-off (8.1.3).
This is the functional equation

(8.1.7) u(x) = inf⎧⎨
⎩

v ∈ U
w ≥ 0

⎫⎬
⎭
[l(x, v, w) + αΦv,wu(x)].

The preceding equation is equivalent to

(8.1.8) u(x) = inf⎧⎨
⎩

v ∈ U
w ≥ 0

⎫⎬
⎭
[l(x+ w, v) + c(w) + αΦvu(x+ w)]
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8.2. STUDY OF THE FUNCTIONAL EQUATION

8.2.1. GENERAL RESULT. As a consequence of Theorem 4.3 we can state
the following

Theorem 8.1. Under the assumptions (4.3.1), (4.3.2), (8.1.2), (8.1.6) the set of
solutions of the functional equation (8.1.8) satisfying

0 ≤ u(x) ≤ ψ0(x)∀x,
is not empty and has a minimum and a maximum solution, denoted respectively
u(x) and u(x). The minimum solution is l.s.c.

As a consequence of Theorem 4.4 we can also assert that

Theorem 8.2. Under the assumptions of Theorem 8.1 the minimum solution is
the value function

u(x) = inf
V,W

Jx(V,W ).

Moreover there exist optimal decision rules V̂ , Ŵ obtained through an optimal feed-
back v̂(x), ŵ(x).

8.2.2. THE BOUNDED CASE. In this section we assume in addition that

(8.2.1) l(x, v) is bounded,

then we have

Theorem 8.3. Under the assumptions of Theorem 8.1 and (8.2.1), the solution u
of (8.1.8) in the interval 0, ψ0 is unique.

Proof. The function ψ0 is bounded. So all solutions between the minimum
and the maximum are bounded. We can then use a contraction mapping argument.
Indeed, let z be a l.s.c bounded function. We consider the map

Tz(x) = inf⎧⎨
⎩

v ∈ U
w ≥ 0

⎫⎬
⎭
[l(x+ w, v) + c(w) + αΦvz(x+ w)].

It is easy to check that it is a contraction with coefficient α. Hence the uniqueness
is obtained. �

8.3. ANOTHER FORMULATION

8.3.1. REWRITING BELLMAN EQUATION. In this section we con-
sider the bounded case, hence we have uniqueness of the solution u. We can rewrite
the equation (8.1.8) as follows

u(x) = min

[
inf
v∈U

(l(x, v) + αΦvu(x)),(8.3.1)

K + inf⎧⎨
⎩

v ∈ U
w ≥ 0, �= 0

⎫⎬
⎭
(l(x+ w, v) + c0(w) + αΦvu(x+ w))

]
.

We will now consider another formulation of (8.3.1).
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8.3.2. SEPARATING VARIABLES. In this section, we make a stronger
assumption on the function l(x, v). We shall assume that

(8.3.2) l(x, v) is uniformly continuous and bounded, positive.

We shall look for functions u(x) in C = C(X) the space of functions uniformly
continuous and bounded.

We define two operators on C, namely

T (z)(x) = inf
v∈U

[l(x, v) + αΦvz(x)],

and
M(z)(x) = K + inf

w≥0	=0
(c0(w) + z(x+ w)).

We consider the following problem: find u ∈ C with

(8.3.3) u(x) = min[M(u)(x), T (u)(x)].

Our objective is to prove the following

Theorem 8.4. Under the assumptions (4.3.1), (4.3.2), (8.1.2), (8.3.2) then there
exists one and only one positive, bounded solution of the functional equation (8.3.3).
This solution belongs to C.

8.3.3. IDENTITY OF THE TWO FORMULATIONS. It is not obvious
that problems (8.3.3) and (8.3.1) which is equivalent to (8.1.8) coincide. Indeed the
solution of (8.1.8) is also the solution of

(8.3.4) u(x) = min[M(T (u))(x), T (u)(x)],

which is not (8.3.3). We are going to prove that solutions of (8.3.3) are also solutions
of (8.3.4), hence of (8.1.8). Since the solution of (8.1.8) is unique, it is sufficient
to prove that the solutions (8.3.3) exist. There is then only one solution of (8.3.3),
and the two problems are equivalent. To prove that the solutions of (8.3.3) are also
solutions of (8.3.4) we have to prove that if u is a solution (8.3.3), then

(8.3.5) u(x) = M(u)(x)⇒ u(x) = M(T (u))(x),

instead of just u(x) ≤M(T (u))(x). Indeed, from

u ≤ Tu⇒M(u) ≤M(T (u)),

we get
u(x) ≤ min[M(T (u))(x), T (u)(x)],

and (8.3.5) implies also the reverse inequality. So proving (8.3.5) is the only thing
which remains.

Let x such that u(x) = M(u)(x). Let ε < K
2 we can find wx such that

u(x) ≥ K + c0(wx) + u(x+ wx)− ε.

We are going to show that

(8.3.6) u(x+ wx) = T (u)(x+ wx),

which implies
u(x) ≥ K + c0(wx) + T (u)(x+ wx)− ε,

hence
u(x) ≥M(T (u))(x)− ε.
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Since ε is arbitrarily small we have u(x) ≥M(T (u))(x) Since the reverse inequality
is true, we have the equality, hence the u is also a solution of (8.3.4).

To prove (8.3.6) we claim that if (8.3.6) is not true, then one should have

u(x+ wx) = M(u)(x+ wx).

But then there will exists w̃x such that

u(x+ wx) ≥ K + c0(w̃x) + u(x+ wx + w̃x)− ε.

Collecting results we can write

u(x) ≥ 2K + c0(wx) + c0(w̃x) + u(x+ wx + w̃x)− 2ε.

Using the sub-linearity of c0 we can assert

u(x) ≥ 2K + c0(wx + w̃x) + u(x+ wx + w̃x)− 2ε.

Therefore also
u(x) > K + inf

w≥0
[c0(w) + u(x+ w)],

by the choice of ε. This is a contradiction.

Remark 8.1. We can then define an optimal feedback v̂(x), ŵ(x) separately. De-
fine first v̂(x) by minimizing l(x, v) + αΦvu(x). Next if u(x) < M(u)(x) we have
ŵ(x) = 0. If u(x) = M(u)(x) then ŵ(x) minimizes c0(w) + u(x+ w) in w ≥ 0.

8.3.4. DIRECT STUDY OF THE SECOND FORMULATION. If we
want to study the fixed point of (8.3.3), the equivalence obtained above and the
general theory applied to the pair v, w shows that the fixed point exists and is
unique. So the proof of Theorem 8.4 can be done in this way. We give a direct
proof here, which allows to introduce useful techniques, similar to those used for
optimal stopping. In fact, the problem of impulse control we are considering here
corresponds to choosing an optimal sequence of stopping times instead of just one.

We begin by proving that there is at most one positive, bounded solution.
We use a method reminiscent of the one used for the ergodic optimal stopping
problem, see section 7.4.2. However, one has to be careful about a big difference.
We need here α < 1 to work with bounded solutions, whereas in the optimal
stopping problem there was a natural bound and we could take α = 1.

Proof. Uniqueness
Consider now two solutions u1, u2 which are positive and bounded by a constant

C0. Define
γ = sup{β ∈ [0, 1]|βu1(x) ≤ u2(x), ∀x}.

This number is well defined. Indeed

γ = inf
{x|u1(x)>0}

u2(x)

u1(x)
.

We are going to show that γ = 1. This will imply u1(x) ≤ u2(x), ∀x. By symmetry,
we will get also the reverse property, hence the uniqueness. �

Assume 0 ≤ γ < 1. We are going to construct a number β such that γ < β ≤ 1
such that

βu1(x) ≤ u2(x), ∀x,
which will imply a contradiction. Now βu1 satisfies

βu1 = min[βM(u1), βT (u1)].
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Now βT (u1)(x) ≤ T (βu1)(x). Suppose we find β such that γ < β ≤ 1 and

βM(u1)(x) ≤M(u2)(x),

then it will follow from Lemma 8.1 below that βu1(x) ≤ u2(x), ∀x hence β ≤ γ,
which will be a contradiction. Checking the desired property means

Kβ + inf
w≥0

(βc0(w) + βu1(x+ w)) ≤ K + inf
w≥0

(c0(w) + u2(x+ w)).

Using γu1 ≤ u2 it is enough to verify

Kβ + inf
w≥0

(βc0(w) + βu1(x+ w)) ≤ K + inf
w≥0

(c0(w) + γu1(x+ w)),

or
Kβ + inf

w≥0
(c0(w) + βu1(x+ w)) ≤ K + inf

w≥0
(c0(w) + γu1(x+ w)).

We want β > γ. Since u1 − C0 ≤ 0, u2 − C0 ≤ 0 we have also

inf
w≥0

(c0(w) + βu1(x+ w)) ≤ inf
w≥0

(c0(w) + γu1(x+ w)) + (β − γ)C0.

Hence it is sufficient to choose β such that

(β − γ)C0 ≤ K(1− β).

Setting

ρ =
K

C0
.

We can take
β =

ρ+ γ

ρ+ 1
, γ < β ≤ 1.

We now prove the existence. We begin with some preliminary results.

Lemma 8.1. Let ψ ∈ C and S(ψ) = z ∈ C solution of

z = min[ψ, T (z)],

then if ζ ∈ C satisfies
ζ ≤ ψ, ζ ≤ T (ζ),

we have ζ ≤ z.

Proof. Consider the map Σ : C → C defined by

Σ(z) = min[ψ, T (z)].

The operator Σ is a contraction and is monotone increasing. Since from the as-
sumption

z = Σn(z), ζ ≤ Σn(ζ),

hence
z − ζ ≥ Σn(z)− Σn(ζ).

Letting n tend to ∞, the right hand side tends to 0. Hence the result has been
obtained. �
Lemma 8.2. The operator S is concave, namely

S(λψ1 + (1− λ)ψ1) ≥ λS(ψ1) + (1− λ)S(ψ2), ∀λ ∈ [0, 1]

Exercise 8.1. Prove that T is concave and check then that S is also concave, by
making use of Lemma 8.1.

Lemma 8.3. The operator S is monotone increasing
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Exercise 8.2. Prove Lemma 8.3 by making use of Lemma 8.1.

Define next
A(z)(x) = S(M)(z)(x).

Exercise 8.3. Check that A is concave, monotone increasing.

Let u to be the unique solution of u = T (u). Then 0 ≤ u ≤ C0. We can define
λ > 0 such that λu(x) ≤ K, ∀x.

We state the following

Lemma 8.4. Let z, ζ ∈ C positive, and β ∈ [0, 1] such that

(8.3.7) z(x)− ζ(x) ≤ βz(x), ∀x,
then

(8.3.8) A(z)(x)−A(ζ)(x) ≤ β(1− λ)A(z)(x), ∀x.
We have, by assumption, (1 − β)z(x) ≤ ζ(x). From the monotonicity and the
concavity of A we can write

A(ζ)(x) ≥ A((1− β)(z))(x)

≥ (1− β)A(z)(x) + βA(0)(x)

However A(0) = S(M(0)) = S(K). But from λu(x) ≤ K and λu(x) = λT (u)(x)
hence λu(x) ≤ T (λu)(x) we deduce, using Lemma 8.1

λu(x) ≤ S(K) = A(0).

Collecting results we write

A(ζ)(x) ≥ (1− β)A(z)(x) + βλu(x).

Now
A(z) ≤ TA(z)
u = Tu

and by a reasoning similar to that of Lemma 8.1 we deduce A(z)(x) ≤ u(x). There-
fore

A(ζ)(x) ≥ (1− β)A(z)(x) + βλA(z)(x),

and this is exactly the property (8.3.8).

We can can turn to the direct proof of existence in Theorem 8.4.

Proof. Existence:
This amounts to proving that the operator A has a fixed point. We consider

the decreasing sequence
un+1 = A(un)
u0 = u

.

We have
u0 ≥ · · · ≥ un ≥ · · · .

Since u0 − u1 ≤ u0, we deduce from Lemma 8.4

A(u0)−A(u1) ≤ (1− λ)A(u0),

which reads
u1 − u2 ≤ (1− λ)u1.

Iterating we get
um − um+1 ≤ (1− λ)mum ≤ (1− λ)mu0.
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We deduce easily, that for n ≥ m

um − un ≤ (1− λ)m

λ
u0.

Letting n tend to ∞ we get un ↓ u, hence also

um − u ≤ (1− λ)m

λ
u0 ≤ (1− λ)m

λ
C0,

which proves that the limit u ∈ C(X). We next check that

M(un) ↓M(u) and in C

T (un+1) ↓ T (u) and in C

Since
un+1 = min[M(un), T (un+1)],

the limit u is a solution. The proof has been completed. �

8.4. PROBABILISTIC INTERPRETATION

In Theorem 8.2 we have already given a probabilistic interpretation of the solu-
tion of the functional equation (8.1.8) in terms of the value function of a stochastic
control problem. There are no stopping times in this formulation. In a way sim-
ilar to what has been seen for optimal stopping, see Theorem 7.5, we will obtain
a different formulation involving decision variables which are stopping times. In
fact, we are going to interpret the second formulation, equation (8.3.3). Here also,
to simplify technicalities we limit ourselves to (8.3.3), which means that the cost
l(x, v) is bounded.

We take a control policy V = {v1, · · · , vn, · · · } where vn is Yn measurable,
and belongs to U . The control policy W will be defined in a slightly different
way. We consider a sequence of Yn stopping times, {τ1, · · · , τn, · · · }. We assume
no accumulation τn < τn+1, ∀n, a.s. Consider the σ- algebra Yτn of events prior to
τn and a sequence ξτn of random variables which are Yτn measurable, with values
in X = Rd,ξτn ≥ 0, �= 0. We associate the control W = {w1, · · · , wn, · · · } defined
as follows

wτn = ξτn

wj = 0 if j �= τ1, · · · , τn, · · ·
We can check that wj is Yj measurable, ∀j. We can then consider Jx(V,W ) and
write it as

Jx(V,W ) = EV,W,x
∞∑

n=1

ατn−1

⎡⎣K+c0(ξτn)+l(yτn+ξτn , vτn)+

τn+1−1∑
j=τn+1

αj−τn l(yj , vj)

⎤⎦ .

To the optimal feedback v̂(x), ŵ(x) we associate a control policy V̂ , Ŵ defined as
follows

v̂n = v̂(yn)

ŵn = ŵ(yn)
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We next define

τ̂1 = inf{n ≥ 1|ŵn �= 0}
τ̂2 = inf{n ≥ τ̂1 + 1|ŵn �= 0}
· · ·

and
ξ̂τ̂j = ŵτ̂j .

Using arguments similar to those of Theorem 7.2, we can obtain

u(x) = Jx(V̂ , Ŵ ) = inf Jx(V,W )
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CHAPTER 9

INVENTORY CONTROL WITH SET UP COST

The techniques of impulse control will now be applied to study the situation
of set up costs in inventory control. The Base stock policy introduced in Chapter
5 will be replaced by the concept of s, S policy introduced by H. Scarf [35] and
studied by many authors. We will first consider a deterministic situation without
backlog, but different from that of section 5.3 of Chapter 5.

9.1. DETERMINISTIC MODEL

9.1.1. DESCRIPTION OF THE MODEL. We assume that the inventory
evolves as follows

(9.1.1) yn+1 = yn + vn −D y1 = x,

with the constraints

(9.1.2) vn ≥ 0, yn ≥ 0.

The novelty is the state constraint. There is no lost demand. Since the demand D
is deterministic, this translates into a constraint on the control, which depends on
the state

(9.1.3) vn ≥ D − yn.

Define V = {v1, · · · , vn, · · · } we consider the objective functional

(9.1.4) Jx(V ) =

∞∑
n=1

αn−1[K1Ivn>0 + cvn + hyn],

and we want to study the value function

(9.1.5) u(x) = inf
V

Jx(V ).

The new term is the fixed cost K1Ivn>0 to be paid only when the order vn is not 0.
This is not a continuous function. If we denote

(9.1.6) l(x, v) = K1Iv>0 + cv + hx,

then the function l(x, v) is not continuous in v. However it is l.s.c.

9.1.2. BELLMAN EQUATION. The Bellman equation is written as fol-
lows

(9.1.7) u(x) = hx+ inf
v≥(D−x)+

[K1Iv>0 + cv + αu(x+ v −D)].

This functional equation belongs to the general category studied in Chapter 4. We
will focus on the specific aspects.

A first important fact is the following

89
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Lemma 9.1. The set of v in the right hand side of equation (9.1.7) can be bounded
by

(9.1.8) cv ≤ K + cD

1− α
+

αDh

(1− α)2
.

Proof. The result will follow from the estimate

u(x) ≥ hx

1− α
− αDh

(1− α)2
,

which is obtained by iterating on the functional equation (9.1.7), starting with
u(x) ≥ hx. Next, we look for a ceiling function for u(x). Because of the constraint,
we cannot as usual the function corresponding to the choice v = 0. We shall take
v = D. So we consider the functional equation

w0(x) = hx+K + cD + αw0(x),

which is simply

(9.1.9) w0(x) =
hx+K + cD

1− α
.

We look for solutions of (9.1.7) which are in the interval 0 ≤ u(x) ≤ wo(x). From
the bound below of u and the bound above provided by the ceiling function, we
deduce from the equation (9.1.7), that the values of v can be restricted by the
constraint

hx+ cv +
αh(x−D)

1− α
− hDα2

(1− α)2
≤ hx+K + cD

1− α
.

We see that the term in x drops out, and there remains the estimate (9.1.8). This
concludes the proof. �

Since the set of v is bounded, we can apply the techniques of Theorem (4.2.4)
to claim

Theorem 9.1. Under the assumption (9.1.6), the functional equation (9.1.7) has
one and only one solution which is l.s.c. This solution is the value function (9.1.5).
Moreover there exists an optimal control policy V̂ defined by a feedback v̂(x), which
achieves the infimum in the right hand side of (9.1.7).

9.1.3. OBTAINING THE OPTIMAL CONTROL POLICY. In this
section we are interested in characterizing the optimal feedback v̂(x). We first give
a different, more convenient form of the equation (9.1.7). We introduce

(9.1.10) z(x) = cx+ αu(x).

Then it is fairly easy to rewrite equation (9.1.7) as follows

(9.1.11) u(x) = (h− c)x+ cD + inf
η≥max(x,D)

[K1Iη>x + z(η −D)].

We begin with the inequality

Lemma 9.2.

(9.1.12) z(x) ≤ K + z(y), ∀y > x.
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Proof. Let x < y. From the equation (9.1.11) we can write

u(x) + (c− h)x = cD + inf
η≥max(x,D)

[K1Iη>x + z(η −D)]

≤ cD +K + inf
η≥max(y,D)

z(η −D)

≤ K + cD + inf
η≥max(y,D)

[K1Iη>y + z(η −D)]

≤ K + u(y) + (c− h)y,

which implies
u(x) + cx ≤ K + u(y) + cy.

But then

z(x) = α(u(x) + cx) + cx(1− α)

≤ αK + α(u(y) + cy) + cy(1− α)

≤ K + z(y),

and the result follows. �
We then deduce

Proposition 9.1. The solution u(x) satisfies the property

(9.1.13) x < D =⇒ u(x) = (h− c)x+ cD +K + infη≥0 z(η)

(9.1.14) x ≥ D =⇒ u(x) = hx+ αu(x−D).

Proof. For x < D, the equation (9.1.11) writes

u(x) = (h− c)x+ cD + inf
η≥D

[K1Iη>x + z(η −D)],

and thus
u(x) = (h− c)x+ cD +K + inf

η≥D
z(η −D),

and the property (9.1.13) follows. Next if x ≥ D, the equation (9.1.11) becomes

u(x) = (h− c)x+ cD + inf
η≥x

[K1Iη>x + z(η −D)].

But from Lemma 9.2 we have

z(x−D) ≤ K + z(η −D), ∀x < η,

hence
u(x) = (h− c)x+ cD + z(x−D).

Recalling the definition of z(x) we deduce (9.1.15). This concludes the proof. �
Lemma 9.3. We have the property

αu(0) ≤ u(0)− cD.

Proof. We have αu(0) = z(0). Now from (9.1.13)

u(0)− cD = K + inf
η≥0

z(η).

But infη≥0 z(η) is attained at a point η∗ ≥ 0. But from Lemma 9.2, we have

z(0) ≤ K + z(η∗),

and the result follows.
We can now assert the main result �
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Theorem 9.2. We assume (9.1.6). The optimal feedback is characterized as follows

(9.1.15) v̂(x) =

{
0, if x ≥ D

D(1 + k̂)− x, if x < D

where k̂ is a positive integer which minimizes the quantity

(9.1.16) λ(k) =
K + c(k + 1)D + αhDF (k)

1− αk+1
,

where

(9.1.17) F (k) =
αk+1 − (k + 1)α+ k

(1− α)2
.

Proof. From Proposition 9.1 it follows that u(x) is piece wise linear, but not
continuous. The discontinuity points are Dk, k = 1, 2, · · · Let us write

u(0) = cD +K + inf
η≥0

z(η).

We can easily obtain formulas for u((kD)+) and u((kD)−), where these symbols
mean the limit to the right and the limit to the left at point kD. Indeed for k ≥ 1

u(((j + 1)D)−) = hD(j + 1) + αu((jD)−),

and we deduce easily

(9.1.18) u(((k + 1)D)−) = hD
k∑

j=0

(k + 1− j)αj + αk(u(0)− cD), k ≥ 0.

Similarly for k ≥ 0

u(((j + 1)D)+) = hD(j + 1) + αu((jD)+),

and thus

(9.1.19) u(((k + 1)D)+) = hD

k∑
j=0

(k + 1− j)αj + αk+1u(0), k ≥ 0.

From Lemma 9.3 we can see that

u(((k + 1)D)+) ≤ u(((k + 1)D)−), ∀k ≥ 0

Since z(x) is also piece-wise linear, with the same discontinuity points as u(x), it
follows from this inequality that

(9.1.20) inf
η≥0

z(η) = inf
k≥0

[
ckD + αu((kD)+)

]
.

We can compute for k ≥ 1

F (k) =
k−1∑
j=0

(k − j)αj

= k
1− αk

1− α
− α

(1− α)2
(1− kαk−1 + (k − 1)αk)

=
αk+1 − (k + 1)α+ k

(1− α)2
.
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Note that this expression is also valid for k = 0, by taking F (0) = 0. So we can
write

u
(
(kD)+

)
= F (k) + αku(0), k ≥ 0

Therefore from (9.1.20), we can state

(9.1.21) inf
η≥0

z(η) = inf
k≥0

[
ckD + αhDF (k) + αk+1u(0)

]
.

Now from (9.1.13), we have

u(0) = K + inf
k≥0

[
c(k + 1)D + αhDF (k) + αk+1u(0)

]
,

from which one gets easily
u(0) = inf

k≥0
λ(k),

with λ(k) given by (9.1.16). If k̂ achieves the infimum, then k̂D achieves also the
infimum of z(η). Since for x < D, this infimum is achieved by x + v̂(x) −D, from
the definition of the feedback, we can state that

x+ v̂(x)−D = k̂D,

and we obtain (9.1.15). Note that λ(k) attains its infimum since λ(k) → ∞ as
k →∞. �

We now consider particular cases

Proposition 9.2. Assume that

(9.1.22) α(K + cD) ≤ cD + αhD,

then k̂ = 0.

Proof. We use the fact that k̂ is also the value of k for which c(k + 1)D +
αhDF (k) + αk+1u(0) attains its minimum. Let us prove that this function is
increasing in k, when the assumption is made. Using the fact that

F (k + 1)− F (k) =
1− αk+1

1− α
,

we must check that for any k, we have

u(0)(αk+1 − αk+2) ≤ cD + αhD
1− αk+1

1− α
.

We know that

u(0) ≤ w(0) =
K + cD

1− α
.

Therefore, it is sufficient to verify

αk+1(K + cD) ≤ cD + αhD
1− αk+1

1− α
,

hence

αk+1

[
K + cD +

hDα

1− α

]
≤ cD +

αhD

1− α
,

and it suffices to check that it is true for k = 0, which is exactly the condition
(9.1.22). �
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Remark 9.1. The optimal feedback is said to be derived from an s, S policy, with
s = D and S = D(k̂ + 1). Note that if K = 0, then (9.1.22) is satisfied and k̂ = 0,
which implies s = S. We have in this case a Base stock policy, with Base stock equal
to the demand. If we consider the optimal policy V̂ = {v̂1, · · · , v̂n, · · · } and the
corresponding evolution of the inventory ŷ1, · · · , ŷn, · · · then we have the property

(9.1.23) ŷnv̂n = 0, ∀n
This property is known as Wagner-Whitin Theorem.

9.2. INVENTORY CONTROL WITH FIXED COST AND NO
SHORTAGE

9.2.1. BELLMAN EQUATION. We consider the analogue of section 5.1
of Chapter 5. We define the function l(x, v) as follows

(9.2.1) l(x, v) = K1Iv>0 + cv + hx+ pE(x+ v −D)−,

which is the same as equation (5.1.8) with a fixed cost K whenever an order is
made, whatever the size. Note that K1Iv>0 is l.s.c. It incorporates an ordering cost
(purely a variable cost), a holding cost and a penalty for lost sales. We note the
inequalities

(9.2.2) K1Iv>0 + cv + hx ≤ l(x, v) ≤ K1Iv>0 + cv + hx+ pD̄,

where D̄ = ED. Therefore the function l(x, v) satisfies the properties (4.3.2),
(4.5.1) and the first condition (4.5.4), with

(9.2.3) l0 = pD̄.

The operator Φv is defined by (5.1.2), or equivalently by (5.1.5). We note that
assumptions (4.3.1), (4.5.2), (4.5.4) are satisfied.

So the results of Chapter 4, in particular Theorem 4.8 apply. The functional
equation (4.3.7) reads

(9.2.4) u(x) = inf
v≥0
{l(x, v) + αEu((x+ v −D)+)}.

We can also write it as

(9.2.5) u(x) = (h− c)x+ inf
η≥x
{K1Iη>x + cη + pE((η −D)−) + αEu((η −D)+)}.

The corresponding control problem is formulated as follows: The state equations
are

(9.2.6) yn+1 = (yn + vn −Dn)
+ y1 = x,

where the Dn are independent and identically distributed, with probability density
f(.) and CDF F (.). The objective functional is

(9.2.7) Jx(V ) =

∞∑
n=1

αn−1El(yn, vn),

where as usual, V = {v1, · · · , vn, · · · }. This formulation is, of course equivalent to
that of the controlled Markov chain described in Chapter 4. We can state
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Theorem 9.3. Under the assumptions (9.2.1) and (5.1.2), there exists one and
only one solution of the equation (9.2.4) in the space B1. This function is l.s.c.
There exists an optimal feedback v̂(x) with the estimate

(9.2.8) v̂(x) ≤ pD̄

c(1− α)
.

The solution u(x) = infV Jx(V ), the value function. There exists an optimal control
policy V̂ , derived from the feedback v̂(x).

9.2.2. OPTIMAL POLICY. The important question is to characterize the
optimal feedback, as we did in the case without fixed cost K = 0, see Chapter 5,
section 5.1.3. When there is a fixed cost, we cannot get a Base stock policy. We have
already seen in the deterministic case, see section 9.1, that the optimal feedback is
obtained from an s, S policy, with s = D. We shall see that this structure remains
valid in the stochastic case, with naturally different values of s, S. Following the
theory of impulse control developed in Chapter 8, we will determine the values of
s, S.

We introduce the operators

(9.2.9) T (u)(x) = hx+ pE((x−D)−) + αEu((x−D)+),

(9.2.10) M(u)(x) = K + inf
η≥x

[(c− h)(η − x) + u(η)].

We have now a situation similar to that of section. 8.3. We note that the functional
equation (9.2.5) is equivalent to

u(x) = min[T (u)(x),M(T (u))(x)].

However, this is also equivalent to

(9.2.11) u(x) = min[T (u)(x),M(u)(x)].

This formulation is the impulse control formulation of (9.2.5). There is no “continu-
ous” control, so the operator T (u)(x) is affine. We are in the conditions of Theorem
8.4, with the important difference concerning the boundedness of the costs. Note
that the variable ordering cost is here (c− h)v so we shall assume

(9.2.12) p > c > h.

The first inequality is essential, since otherwise there is no incentive to order. The
second one is less essential but will be made in coherence with our general formu-
lation of impulse control problems. Moreover it will be essential to obtain an s, S
policy. We cannot use Theorem 8.4, to prove the existence and uniqueness of the
solution, since the function l(x, v) is not bounded. However, by the equivalence
with the formulation (9.2.5), we know that it is the case. It is therefore sufficient
to construct a solution for which the optimal feedback is given by an s, S policy.

We begin with some notation. Define

(9.2.13) g(x) = (p− α(c− h))E(x−D)+ − (p− c)x+ pD̄.

For any s ≥ 0, define next

(9.2.14) gs(x) = (g(x)− g(s))1Ix≥s.
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Let us set

(9.2.15) Hs(x) =
∞∑

n=1

αn−1gs � f

(n−1)(x),

with the notation of (5.1.17).

Lemma 9.4. The function Hs(x) attains its minimum in points larger or equal to
s. Taking the smallest minimum one defines a function S(s) and

(9.2.16) Hs(S(s)) = inf
η≥s

Hs(η).

Proof. We can write Hs(x) as

Hs(x) = gs(x) + αgs � f +

∞∑
n=2

αngs � f

(n)(x).

Consider

F (n)(x) =

ˆ x

0

f
(n)(ξ) dξ,

then F (0)(x) = 1,F (1)(x) = F (x). If

Γ(x) =
∞∑

n=0

αnF (n)(x),

then we can easily verify the formula

(9.2.17) Hs(x) =

ˆ x

s

Γ(x− ξ)μ(ξ)dξ,

with μ = g′. It is useful to give a probabilistic interpretation of the function F (n)(x).
In fact, we have

F (n)(x) = P (D1 + · · ·+Dn ≤ x),

in which D1, · · · , Dn are n independent identically distributed random variables
with the same probability density f(x). In this way, it is clear that

F (n)(x) ↑ 1, as x→∞, Γ(x) ↑ 1

1− α
, as x ↑ ∞.

Therefore Hs(x)→ +∞ as x ↑ ∞. We can check that

H ′
s(s+ 0) = μ(s) = c(1− α) + αh− (p− α(c− h))F̄ (s).

Since p > c the function μ(s) increases from −(p− c) to c(1− α) + αh. Therefore
it vanishes in a point s̄ and is strictly negative for 0 ≤ s < s̄. This s̄ is simply the
Base stock identified by formula (5.1.14).

Consider first s ∈ [0, s̄). Therefore H ′
s(s + 0) < 0 and the function Hs(x)

becomes strictly negative for x > s close to s. Moreover

Hs(x) =

ˆ s̄

s

Γ(x− ξ)μ(ξ)dξ +

ˆ x

s̄

Γ(x− ξ)μ(ξ)dξ

≥ 1

1− α
(g(s̄)− g(s)) + g(x)− g(s̄).

Therefore Hs(x) goes to ∞ as x goes to ∞. Since it is a continuous function, it
attains its minimum on [0,∞). By taking the smallest minimum, if there are several



9.2. INVENTORY CONTROL WITH FIXED COST AND NO SHORTAGE 97

of them, we define uniquely the number S(s). Note also, that if s ≥ s̄ Hs(x) is
increasing in x, and for s < s̄ Hs(x) is decreasing in x on the interval [s, s̄), hence

S(s) = s if s ≥ s̄, S(s) > s̄ if s < s̄.

It follows also that H ′
s(S(s)) = 0 for s < s̄. Therefore
dHs(S(s))

ds
=

∂

∂s
Hs(x)|x=S(s), if s < s̄.

So

(9.2.18)
dHs(S(s))

ds
= −μ(s)Γ(S(s)− s) > 0, if s < s̄.

Clearly Hs(S(s)) = 0 for s ≥ s̄. The property (9.2.16) has been proven. �
Consider now S0 = S(0). We have

H0(x) =

ˆ x

0

Γ(ξ)μ(x− ξ)dξ.

So

H ′
0(x) = μ(0)Γ(x) +

ˆ x

0

μ′(x− ξ)Γ(ξ) dξ

= (c− p)Γ(x) + (p− α(c− h))

ˆ x

0

f(x− ξ)Γ(ξ) dξ.

However it is easy to check that Γ(x) satisfies the renewal equation

(9.2.19) Γ(x) = 1 + α

ˆ x

0

f(x− ξ)Γ(ξ) dξ.

Therefore
H ′

0(x) =
1

α
[(p− α(p− h))Γ(x)− (p− α(c− h)].

Therefore S0 is given by

(9.2.20) Γ(S0) =
p− α(c− h)

p− α(p− h)
.

We shall need the assumption

(9.2.21) H0(S0) =

ˆ S0

0

Γ(ξ)μ(S0 − ξ)dξ < −K.

We can then state the following

Theorem 9.4. Under the assumptions of Theorem 9.3 and (9.2.12), (9.2.21), the
optimal feedback v̂(x) of the functional equation (9.2.5) is given by an s, S policy.
The value of s is the unique value such that

(9.2.22) K + inf
η≥s

Hs(η) = 0,

and S = S(s). Moreover the function u(x) is continuous

Proof. Consider the function infη≥s Hs(η) = Hs(S(s)).
We have Hs(S(s)) = 0 for s ≥ s̄. From the assumption we have H0(S(0)) <

−K. From (9.2.18) we know that Hs(S(s)) is strictly increasing in s, for s < s̄. So
there will be one and only one s, for which (9.2.22) is verified. So the pair s, S
is well identified. We are going to construct a solution of (9.2.11), for which the
optimal feedback is defined by an s, S policy, with the values s, S just defined. To
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simplify notation we drop the indices s, S. We use the notation H(x) for Hs(x),
with the particular s. Consider the function

(9.2.23) u(x) = H(x) + (h− c)x+
g(s)

1− α
.

Since H(x) is continuous, the function u(x) is continuous.
Then u(x) satisfies

(9.2.24) u(x) =

⎧⎨⎩(h− c)x+
g(s)

1− α
, x ≤ s

hx+ pE(x−D)− + αEu((x−D)+), x ≥ s

and also, from the choice of s

(9.2.25) K + inf
η≥s

[u(η) + (c− h)η] =
g(s)

1− α
,

hence also

u(s) + (c− h)s = K + inf
η≥s

[u(η) + (c− h)η](9.2.26)

= K + u(S) + (c− h)S

Since
u(x) = −(c− h)x+

g(s)

1− α
, x ≤ s,

the function u(x) + (c− h)x is constant on 0, s. Therefore

inf
η≥x

[(c− h)η + u(η)] = inf
η≥s

[(c− h)η + u(η)], ∀x ≤ s.

Hence the function u satisfies

u(x) = M(u)(x), ∀x ≤ s

u(x) = T (u)(x), ∀x ≥ s

So it remains to prove that

u(x) ≤ T (u)(x), ∀x ≤ s

u(x) ≤M(u)(x), ∀x ≥ s

In terms of H the first inequality amounts to gs(x) ≥ 0, ∀x ≤ s. This is true since
μ(ξ) < 0, ∀x ≤ ξ ≤ s < s̄. The second inequality is more involved. In terms of H
it amounts to

(9.2.27) H(x) ≤ K + inf
η≥x

H(η), ∀x ≥ s.

To prove (9.2.27) we first notice that for x ≥ s we have infη≥x H(η) ≥ infη≥s H(η) =
−K. So the inequality is certainly true whenever H(x) ≤ 0. Consider then the
smallest number called x0 for which H becomes positive. We have then

H(x0) = 0, H(x) < 0 ∀x, s < x < x0.

We can claim that gs(x0) > 0. This follows from the relation gs(x0) = −αEH(x0−
D) and the properties of x0 resulting from its definition. To proceed we note that
the relation (9.2.15) implies

H(x) = gs(x) + αEH(x−D),

which holds for any x, provided that we extend by 0 the definition of H whenever
x ≤ 0.
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Let ξ > 0. We shall consider the domain x ≥ x0−ξ. Therefore values lower than
s are possible and even negative values are possible. We can write the inequality

(9.2.28) H(x) ≤ gs(x) + αE(H(x−D)1Ix−D≥x0−ξ), ∀x.
This follows from the fact that

E(H(x−D)1Ix−D≤x0−ξ) ≤ 0.

Define next
M(x) = H(x+ ξ) +K.

Clearly M(x) ≥ 0. We can write thanks to this positivity

M(x) ≥ αE(M(x−D)1Ix−D≥x0−ξ) +M(x)− αEM(x−D).

Now for x ≥ x0 − ξ we have

H(x+ ξ)− αEH(x+ ξ −D) = gs(x+ ξ),

hence
M(x)− αEM(x−D) = gs(x+ ξ) +K(1− α).

Therefore we have

(9.2.29) M(x) ≥ gs(x+ ξ) + αE(M(x−D)1Ix−D≥x0−ξ), ∀x ≥ x0 − ξ.

We claim that

(9.2.30) gs(x+ ξ) ≥ gs(x), ∀x ≥ x0 − ξ.

Indeed, note that gs(x + ξ) ≥ gs(x0) ≥ 0 since g is increasing on [s̄,∞). So
the inequality is obvious, whenever x < s. If x ≥ s the inequality amounts to
g(x + ξ) ≥ g(x). This is true whenever x ≥ s̄, by the monotonicity property. So
it remains the case s < x < s̄. But in this case gs(x) < 0 and the inequality is
satisfied.

Let us define Y (x) = H(x)−M(x). From the inequalities (9.2.29) and (9.2.30)
we can state that

Y (x) ≤ αE(Y (x−D)1Ix−D≥x0−ξ), ∀x ≥ x0 − ξ,

and Y (x0 − ξ) ≤ −K.
These two properties imply Y (x) ≤ 0, ∀x ≥ x0 − ξ Therefore we have obtained

(9.2.27) ∀x ≥ x0 − ξ and in particular for x > x0 as desired. We have completed
the proof of the fact that the function u(x) characterized by the function H(x) and
defined by (9.2.23) is a solution of (9.2.11) or (9.2.5). So it the value function.

Moreover to the s, S policy is associated a feedback

(9.2.31) v̂(x) =

{
S − x, if x ≤ s

0, if x > s

and it is an optimal feedback corresponding to u, which means

u(x) = l(x, v̂(x)) + αEu((x+ v̂(x)−D)+).

To this feedback rule we can associate a probability P V̂ ,x for which the canonical
process yn evolves as

yn+1 = (yn + v̂n −Dn)
+,
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with v̂n = v̂(yn). We can also state

u(x) =

n∑
j=1

EV̂ ,xαj−1l(yj , v̂j) + αnEV̂ ,xu(yn+1),

for any n. But by definition of the s, S policy, one has 0 ≤ yn+1 ≤ max(x, S).
Therefore u(yn+1) is bounded, hence as n→∞ we obtain u(x) = Jx(V̂ ). �

Remark. When K = 0, we have s = S, and S is given by formula (5.1.14). The
function u(x) becomes C1.

Let us prove the following property

Proposition 9.3. The function S(s) is decreasing in s, hence s̄ ≤ S(s)

≤ min(S0,
pD̄

c(1− α)
).

Proof. From the relation H ′
s(S(s)) = 0 we deduce

∂

∂s
H ′

s(S(s)) +Hs”(S(s))S
′(s) = 0.

Now, since S(s) is a minimum Hs”(S(s)) > 0. Next use

H ′
s(x) = μ(x) +

ˆ x

s

Γ′(x− ξ)μ(ξ) dξ,

and thus
∂

∂s
H ′

s(x) = −Γ′(x− s)μ(s),

which is positive for s < s̄, since μ(s) < 0. It follows that S′(s) < 0. The result
follows. �

Remark. We know that s̄ ≤ pD̄

c(1− α)
, see Remark 5.1, since s̄ corresponds to the

Base stock policy in the case without fixed cost. The inequality in the statement
implies that s̄ ≤ S0. Let us prove this fact directly. Indeed we use (from the
equation of Γ, (9.2.19))

Γ(S0) ≤ 1

1− αF (S0)
=

1

1− α+ αF̄ (S0)
.

It follows that
F̄ (S0) ≤ c(1− α) + αh

p− α(c− h)
= F̄ (s̄),

from which we deduce S0 ≥ s̄. On the other hand S0 is not necessarily comparable

to
pD̄

c(1− α)
.

9.2.3. K-CONVEXITY THEORY. When K = 0, we also proved that the
solution was convex. The Base stock property of the optimal feedback was an easy
consequence of the convexity, the continuity and the fact that the minimum solution
tends to ∞ as x ↑ ∞. The properties on u were a consequence of similar properties
of the increasing sequence un.

In the present context the minimum solution cannot be convex. Fortunately this
property can be replaced by another one, the K-convexity. This will be sufficient,
together with continuity and growth to∞ at∞ to guarantee that the optimal feed-
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back is described by an s, S policy. This is the way the s, S policy is proven in the
literature, since the seminal work of H. Scarf, [35]. We have seen in the previous
section that the techniques of impulse control allow to obtain the result, without
using K-convexity. L. Benkherouf, [3] has also considered a similar approach in the
case of backlog, which will be considered in the next section.

There is however an additional difficulty, due to the fact that the function is
only defined on positive arguments. So we have to clarify the properties of K-
convex functions defined only on positive arguments, which is not usually the case
in the literature.

A function f is K convex whenever, for a < b < c we have

K + f(c)− f(b) ≥ c− b

b− a
(f(b)− f(a)).

We need to consider functions defined on [0,∞). In that case the property holds
for a ≥ 0.

Theorem 9.5. Let f(x) be a K convex function defined on [0,∞), which is con-
tinuous and f(x) → ∞ as x → ∞. Then, there exist numbers s, S with s ≤ S
and

f(S) = min f(x)

s = 0 if f(0) ≤ K + f(S)

f(s) = K + f(S), if f(0) > K + f(S)

f(x) is strictly decreasing on [0, s], if s > 0

f(x) ≤ K + f(y), ∀s < x < y

Proof. The continuity and the growth condition imply the existence of S at
which the infimum is attained. If the minimum is attained in several points, we
take S to be the smallest minimum. Assume first that f(0) ≤ K + f(S), then we
have to prove only the last statement. Take any x such that 0 < x < S. We shall
prove that f(x) ≤ K + f(S). This will imply the result for x < S. The statement
is obvious whenever f(x) ≤ f(0). So we may assume f(x) > f(0). If the statement
is not true, then we will have f(x) > K + f(S).

However K-convexity will imply

K + f(S)− f(x) ≥ S − x

x
(f(x)− f(0)),

and this leads to a contradiction. It remains to consider the case y > x > S then
from K-convexity we get

K + f(y)− f(x) ≥ y − x

x− S
(f(x)− f(S)) ≥ 0.

The case s = 0 has been completed. We may thus assume that f(0) > K + f(S).
Thanks to continuity, there exists s, satisfying the condition of its definition. If
they are many, we take the smallest value. Let 0 < x < s, applying K convexity
we have

0 = K + f(S)− f(s) ≥ S − s

s− x
(f(s)− f(x)),

hence
f(x) > f(s), ∀x < s.
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Now take 0 < x1 < x2 < s, by K convexity again we have

K + f(S)− f(x2) ≥ S − x2

x2 − x1
(f(x2)− f(x1)),

and since the left hand side is negative, we get f(x2)− f(x1) < 0.
Let now s < x < S we have

f(s)− f(x) = K + f(S)− f(x) ≥ S − x

x− s
(f(x)− f(s)),

which implies f(s) > f(x). Finally, for S < x < y we can write

K + f(y)− f(x) ≥ y − x

x− S
(f(x)− f(S)) ≥ 0.

The proof has been completed. �

Consider
h(x) = inf

η≥x
[f(η) +K1I{η>x}],

then

Exercise 9.1. Show that

h(x) =

⎧⎪⎨⎪⎩
f(x), if s = 0

f(s) = K + f(S), if 0 < x ≤ s

f(x), if x ≥ s

,

and that h(x) is K convex and continuous. Note that h(x) = f(max(s, x)).

Exercise 9.2.

Show that when s > 0

h(x) ≤ h(y) +K, ∀x < y

We apply this theory to the functional equation (9.2.5). We set

G(η) = cη + pE((η −D)−) + αEu((η −D)+),

then equation (9.2.5) can be written as

(9.2.32) u(x) = (h− c)x+ inf
η≥x
{K1Iη>x +G(η)}.

We shall prove that
u(x), G(x) are K − convex.

Clearly G(x) ↑ ∞ as x ↑ ∞. In order to guarantee that G(x) is continuous, we shall
make the technical assumption

(9.2.33) f is continuous.

Exercise 9.3. Show that whenever (9.2.33) is satisfied, then Eu((y − D)+) is
continuous, hence G(y) is also continuous. Since G(x) is K-convex, continuous and
tends to ∞ as x tends to ∞, the optimal feedback is described by an s, S policy.

Theorem 9.6. Under the assumptions of Theorem 9.3 and (9.2.12), (9.2.21),
(9.2.33) the solution of the functional equation (9.2.5) is continuous, K-convex
and tends to ∞ as x ↑ ∞. The optimal feedback is defined by an s, S policy.
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Proof. The only thing which has to be proven is the K-convexity. It is suffi-
cient to prove the K-convexity of the increasing sequence This is proved by induc-
tion. We note that

un+1(x) = (h− c)x+ inf
η≥x
{K1Iη>x +Gn(η)},

with
Gn(η) = cη + pE((η −D)−) + αEun((η −D)+).

We prove by induction that the functions un(x), Gn(x) are K-convex. Assume that
they are continuous and → +∞ as x→ +∞. From Theorem 9.5, we associate with
Gn(x) two numbers sn, Sn. We have the representation

un+1(x) = (h− c)x+Gn(max(x, sn)).

From exercise 9.1 we deduce that un+1 is also K-convex and continuous. Also
un+1(x) → +∞, as x→ +∞. Then we have

Gn+1(x) = cx+ pE((x−D)−) + α(h− c)E((x−D)+) + αEGn(max(x−D, sn)).

The function

cx+ pE((x−D)−) + α(h− c)E((x−D)+) = (c(1− α) + αh)x+ α(h− c)D̄

+(p+ α(h− c))E((x−D)−),

is convex, and Gn(max(x − D, sn)) is K-convex. It follows that Gn+1(x) is K-
convex. It is continuous and → +∞ as x→ +∞.

This property is preserved, when going to the limit. �
9.2.4. PROBABILISTIC APPROACH. We are going to evaluate directly

the cost corresponding to an arbitrary s, S policy. We have the following

Theorem 9.7. Let Vs,S be the control corresponding to an s, S policy, defined by
the feedback

(9.2.34) Vs,S =

{
S − x, if x ≤ s

0, if x > s

The corresponding cost is: For x ≤ s

(9.2.35) Jx(Vs,S) = (h− c)x+
g(s)

1− α
+

K +Hs(S)

(1− α)Γ(S − s)
.

For x > s, one has

(9.2.36) Jx(Vs,S) = (h−c)x+Hs(x)+
g(s)

1− α
+(1−(1−α)Γ(x−s))

K +Hs(S)

(1− α)Γ(S − s)
.

This function is continuous except for x = s.

Proof. Let Vs,S = (v1, · · · , vn · · · ) and y1, y2, · · · , yn · · · be the corresponding
evolution of stocks. We have y1 = x. We begin by considering the case

I- x ≤ s:

We then have v1 = S−x. We set τ1 = 1 and we define the sequence of stopping
times

(9.2.37) τk+1 = τk + 1 + inf{n ≥ 0 |Dτk + · · ·+Dτk+n ≥ S − s}.
Recalling the filtration Fn = σ(D1, · · · , Dn), n ≥ 1 We have the
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Lemma 9.5. The random times τk are stopping times with respect to the filtration
Fn−1. Moreover τk+1−τk−1 and Dτk , · · · , Dτk+n, n ≥ 0, are mutually independent
of Fτk .

Proof. We shall prove that

{τk = n} ∈ Fn−1, n ≥ 1.

We prove it by induction on k. The result is true for k = 1. Note that τk ≥ k.
Assume that the result is true for τk, we want to prove it for τk+1. It is sufficient
to assume n ≥ k + 1, since otherwise the set is empty. If n = k + 1 we have

{τk+1 = k + 1} = {τk = k} ∩ {Dk ≥ S − s} ∈ Fk,

and the result is true. So we may assume n ≥ k + 2. We then have

{τk+1 = n} = ({τk = n− 1} ∩ {Dn−1 ≥ S − s})
∪n−2
j=k {{τk = j} ∩ {Dj+ · · ·+Dn−1 ≥ S − s} ∩ {Dj+ · · ·+Dn−2 < S − s}

∩{Dj + · · ·+Dn−2 < S − s}} ,
which belongs to Fn−1, using the induction hypothesis. Let us now prove the
second part. Let ξ be a random variable which is Fτk measurable. So ξ1I{τk≤p} is
Fp−1 measurable, p ≥ k. Consider next a random variable defined by the formula

Φ(τk+1 − τk − 1, Dτk , · · · , Dτk+m),

where the function Φ is deterministic. We must prove
(9.2.38)
EΦ(τk+1 − τk − 1, Dτk , · · · , Dτk+m)ξ = EΦ(τk+1 − τk − 1, Dτk , · · · , Dτk+m)Eξ.

Call X = Φ(τk+1 − τk − 1, Dτk , · · · , Dτk+m). We have

EXξ =

∞∑
j=k

∞∑
h=0

EΦ(h,Dj , · · · , Dj+m)1Iτk=j1Iτk+1=j+h+1ξ

=

∞∑
j=k

∞∑
h=1

EΦ(h,Dj , · · · ,Dj+m)1Iτk=jξ1IDj+···+Dj+h≥S−s1IDj+···+Dj+h−1<S−s

+

∞∑
j=k

EΦ(0, Dj , · · · , Dj+m)1Iτk=jξ1IDj≥S−s.

Since 1Iτk=jξ is F j−1 measurable, we obtain

EXξ =

∞∑
j=k

∞∑
h=1

EΦ(h,Dj ,· · · ,Dj+m)1IDj+···+Dj+h≥S−s1IDj+···+Dj+h−1<S−sE1Iτk=jξ

+

∞∑
j=k

EΦ(0, Dj , · · · , Dj+m)1IDj≥S−sE1Iτk=jξ.

But

EΦ(h,Dj , · · · ,Dj+m)1IDj+···+Dj+h≥S−s = EΦ(h,D1, · · · ,D1+m)1ID1+···+D1+h≥S−s=Ah;

EΦ(0, Dj , · · · , Dj+m)1IDj≥S−s = EΦ(0, D1, · · · , D1+m)1ID1≥S−s = A0,



9.2. INVENTORY CONTROL WITH FIXED COST AND NO SHORTAGE 105

independent of j. Therefore

EXξ =
∞∑
h=0

AhEξ.

Moreover, applying this relation with ξ = 1, we have also EX =
∑∞

h=0 Ah and thus
EXξ = EX Eξ, which is the property (9.2.38). This concludes the proof of the
Lemma. �

We pursue the proof of Theorem 9.7. The ordering times of the control Vs,S

are the times τk. The inventory is then

yτk = (S − (Dτk−1
+ · · ·+Dτk−1))

+, ∀k ≥ 2

and the order is

vτk = S − yτk , ∀k ≥ 2

We can next define the lost sales. At time τk − 1, one has

LSτk−1 = (S − (Dτk−1
+ · · ·+Dτk−1))

−, ∀k ≥ 2

We finally define the inventory between the times τk+1 and τk+1−1, if τk+1−2 ≥ τk.
If τk+1 − 1 = τk, we have naturally yτk+1 = yτk+1

. Otherwise

yτk+1 = S −Dτk ;

· · ·
yτk+1−1 = S − (Dτk + · · ·+Dτk+1−2).

Therefore we can write

Jx(Vs,S) = (h− c)x+K + cS + p

∞∑
k=2

Eατk−2LSτk−1(9.2.39)

+

∞∑
k=2

Eατk−1(K + cS + (h− c)yτk)

+h

∞∑
k=1

Eατk−1(αyτk+1 + · · ·+ yτk+τk+1−τk−1α
τk+1−τk−1).

= I + II + III

We begin by considering the term III. We first note that

yτk+1 + · · ·+ yτk+τk+1−τk−1α
τk+1−τk−2(9.2.40)

= S
1− ατk+1−τk−1

1− α
−

τk+1−τk−2∑
j=0

αj

j∑
l=0

Dτk+l

= S
1− ατk+1−τk−1

1− α
−

τk+1−τk−1∑
l=0

Dτk+l
αl − ατk+1−τk−1

1− α
.

Note that the first hand side is defined only when τk+1 − τk − 2 ≥ 0, and must be
interpreted as 0, when τk+1 − τk − 1 = 0. However the right hand side is defined if
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τk+1− τk− 1 ≥ 0, and vanishes when τk+1− τk− 1 = 0. Therefore, formula (9.2.40)
is valid for τk+1 − τk − 1 ≥ 0. From Lemma 9.5 we have

E[yτk+1 + · · ·+ yτk+τk+1−τk−1α
τk+1−τk−2|Fτk ](9.2.41)

= E

[
S
1− αθ

1− α
−

θ∑
l=0

D1+l
αl − αθ

1− α

]
,

where θ = τ2 − 2. Note that for k ≥ 1,

yτk+1
= (S − (Dτk + · · ·+Dτk+τk+1−τk−1))

+,

and

ατk+1−1yτk+1
= ατk−1ατk+1−τk−1α(S − (Dτk + · · ·+Dτk+τk+1−τk−1))

+.

Therefore we can assert that

(9.2.42) E[ατk+1−1yτk+1
|Fτk ] = ατk−1αEαθ(S − (D1 + · · ·+D1+θ))

+.

Similarly, for k ≥ 1

ατk+1−2LSτk+1−1 = ατk−1ατk+1−τk−1(S − (Dτk + · · ·+Dτk+τk+1−τk−1))
−.

Therefore

(9.2.43) E[ατk+1−2LSτk+1−1|Fτk ] = ατk−1Eαθ(S − (D1 + · · ·+D1+θ))
−.

We can then assert that

I = (h− c)x+K + cS + p

∞∑
k=1

Eατk−1Eαθ(S − (D1 + · · ·+D1+θ))
−;

II =

∞∑
k=1

Eατk−1Eαθ[α(K + cS) + α(h− c)(S − (D1 + · · ·+D1+θ))
+];

III = hα

∞∑
k=1

Eατk−1E

[
S
1− αθ

1− α
−

θ∑
l=0

D1+l
αl − αθ

1− α

]
.

Using next ατk+1−1 = ατk−1ατk+1−τk−1α, we get

Eατk+1−1 = Eατk−1Eααθ,

and since Eατ1−1 = 1, we obtain

(9.2.44) Eατk−1 = (Eααθ)k−1, k ≥ 1.

Collecting results, we can assert that

Jx(Vs,S) = (h− c)x+K + cS +(9.2.45)

+
1

1− Eααθ
Eαθ[α(K + cS) + α(h− c)(S − (D1 + · · ·+D1+θ))

+]

+
1

1− Eααθ
E

[
αθp(S − (D1 + · · ·+D1+θ))

−

+hα

(
S
1− αθ

1− α
−

θ∑
l=0

D1+l
αl − αθ

1− α

)]
.
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Lemma 9.6. We have

(9.2.46) Eααθ = 1− (1− α)Γ(S − s)

EαθΦ(D1 + · · ·+D1+θ) =(9.2.47)

− 1

α
Γ(S − s)(Φ(S − s)− αEΦ(S − s+D)) +

Φ(0)

α

+
1

α

ˆ S−s

0

Γ(x)(Φ′(x)− αEΦ′(x+D)).

Proof. We can write

Eαθ =

∞∑
n=0

αnE1Iθ=n

= E1ID1≥S−s +
∞∑

n=1

αnE1ID1+···+D1+n≥S−s1ID1+···+Dn<S−s

= 1− F (S − s) +

∞∑
n=1

αn(F (n)(S − s)− F (n+1)(S − s))

=
∞∑

n=0

αn(F (n)(S − s)− F (n+1)(S − s))

=
1

α
−
(
1

α
− 1

) ∞∑
n=0

αnF (n)(S − s),

and the property (9.2.46) follows. Next, we write

EαθΦ(D1 + · · ·+D1+θ)

=

∞∑
n=0

αnE1Iθ=nΦ(D1 + · · ·+Dn)EΦ(D1)1ID1≥S−s

+
∞∑

n=1

αnEΦ(D1 + · · ·+Dn)1ID1+···+D1+n≥S−s1ID1+···+Dn<S−s

= EΦ(D1)1ID1≥S−s

+

∞∑
n=1

αnEΦ(D1 + · · ·+Dn)(1ID1+···+Dn<S−s − 1ID1+···+D1+n<S−s)

= EΦ(D)1ID≥S−s

+

∞∑
n=1

αn

ˆ S−s

0

f∗(n)(x)EΦ(x+D)dx−
∞∑

n=1

αn

ˆ S−s

0

f∗(n+1)(x)Φ(x)dx

= EΦ(D)1ID≥S−s

+

ˆ S−s

0

Γ′(x)EΦ(x+D)dx− 1

α

ˆ S−s

0

(Γ′(x)− αf(x))Φ(x)dx

= EΦ(D)− 1

α

ˆ S−s

0

Γ′(x)(Φ(x)− αEΦ(x+D))dx,

and by integrating by parts we obtain (9.2.47). �
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We need now to compute

E

θ∑
l=0

αlD1+l = E

∞∑
l=0

αlD1+l1Iθ≥l

= D̄ + E

∞∑
l=1

αlD1+l1Iθ≥l

= D̄ + E

∞∑
l=1

αlD1+l1ID1+···D1+l<S−s

= D̄ + D̄
∞∑
l=1

αlF (l)(S − s).

Therefore

(9.2.48) E
θ∑

l=0

αlD1+l = D̄Γ(S − s).

We can now collect results to compute

Jx(Vs,S) = (h− c)x+K + cS(9.2.49)

+
1

(1− α)Γ(S − s)
EαθΦ(D1 + · · ·+D1+θ)

+
1

(1− α)Γ(S − s)

[
(K − S

α
(p+ (h− c)α))(1− (1− α)Γ(S − s))

+
hαΓ(S − s)

1− α
(S(1− α)− D̄)

]
,

with

Φ(x) = (p+ α(h− c))(S − x)+ +

(
p+

hα

1− α

)
x.

We have
Φ′(x) = p+

hα

1− α
− (p+ α(h− c))1IS>x,

hence

Φ(S − s)− αEΦ(S − s+D) = (p+ α(h− c))(s− αE(s−D)+)

+((1− α)p+ αh)(S − s)− αD̄

(
p+

hα

1− α

)
,

Φ′(x)− αEΦ′(x+D) = (1− α)p+ hα− (p+ α(h− c))(1− αF (S − x))1IS>x.

We can then apply formula (9.2.47) to obtain, after rearrangements

EαθΦ(D1 + · · ·+D1+θ) =
1

α
S(p+ α(h− c))

− 1

α
Γ(S − s)

[
S((1− α)p+ hα) + sα(p− c)

−α(p+ α(h− c))E(s−D)+ − αD̄

(
p+

hα

1− α

)]
+

ˆ S−s

0

Γ(x)[c− p+ (p+ α(h− c))F (S − x)]dx.
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Using this formula in (9.2.49) we deduce

J(Vs,S) = (h− c)x+ cS +
K

(1− α)Γ(S − s)

− 1

1− α
[cS(1− α) + s(p− c)− (p+ α(h− c))E(s−D)+ − pD̄]

+
1

(1− α)Γ(S − s)

ˆ S−s

0

Γ(x)[c− p+ (p+ α(h− c))F (S − x)]dx

and equation (9.2.35) follows easily.
We now consider the case

II- x > s:

Now τ1 ≥ 2. We have the definition

τ1 = 2 + inf{n ≥ 0|D1 + · · ·+D1+n ≥ x− s}.
Moreover

yτ1 = (x− (D1 + · · ·+Dτ1−1))
+ LSτ1−1 = (x− (D1 + · · ·+Dτ1−1))

−,

and vτ1 = S − yτ1 . Moreover if τ1 ≥ 3, we have

y2 = x−D1;

· · ·
yτ1−1

= x− (D1 + · · ·+Dτ1−2).

By construction D1 + · · · + Dτ1−1 ≥ x − s. Therefore yτ1 ≤ s, and τ1 is the first
ordering point. It is a Fn−1 stopping time. From τ1 on the sequence τk, k ≥ 2
is defined as in (9.2.37). The quantities yτk , LSτk−1, vτk are defined as in the first
part, with of course τ1 �= 1 and given by the new definition. We can then write

(9.2.50) Jx(Vs,S) = J1
x(Vs,S) + J2

x(Vs,S),

with

J1
x(Vs,S) = hx+ hE(αy2 + · · ·+ ατ1−2)(9.2.51)

+Eατ1−1(K + cS + (h− c)yτ1) + pEατ1−2LSτ1−1,

J2
x(Vs,S) = p

∞∑
k=2

Eατk−2LSτk−1 +

∞∑
k=2

Eατk−1(K + cS + (h− c)yτk)(9.2.52)

+h

∞∑
k=1

Eατk−1(αyτk+1 + · · ·+ yτk+τk+1−τk−1α
τk+1−τk−1).

We begin with J2
x(Vs,S), which is closely related to the computations of the first

part. We have

J2
x(Vs,S) = [Γ(S − s)(g(s)− (K + cS)(1− α)) +K +Hs(S)]

∞∑
k=1

Eατk−1,

and
∞∑
k=1

Eατk−1 =
Eατ1−1

(1− α)Γ(S − s)
.
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Therefore

(9.2.53) J2
x(Vs,S) = Eατ1−1

[
g(s)

1− α
− (K + cS) +

K +Hs(S)

(1− α)Γ(S − s)

]
.

Now τ1 − 2 and θ have the same distribution with S replaced with x. So we can
write the formulas

(9.2.54) Eατ1−2 =
1− (1− α)Γ(x− s)

α
;

Eατ1−2Φ(D1 + · · ·+D1+τ1−2) =(9.2.55)

− 1

α
Γ(x− s)(Φ(x− s)− αEΦ(x− s+D))

+
Φ(0)

α
++

1

α

ˆ x−s

0

Γ(x)(Φ′(x)− αEΦ′(x+D)).

It is then possible to compute J1
x(Vs,S), with calculations similar to those of the

first part and to obtain the formula (9.2.36). This concludes the proof of Theorem
9.7 �

It is clear from formulas (9.2.35) and (9.2.36) that one can optimize S indepen-
dently of x. It is sufficient to minimize the function

(9.2.56) Zs(x) =
K +Hs(x)

Γ(x− s)
,

for x ≥ s. It is easy to check that there is a minimum, and we can always take the
smallest minimum. Indeed, one has Zs(s) = K and Zs(x) → +∞ as x → +∞,

since Γ(x−s)→ 1

1− α
, as x→ +∞. So in fact, there is only one remaining choice,

the value of s. We can then define the function us(x) by the formulas

us(x) = (h− c)x+Hs(x) +
g(s)

1− α
(9.2.57)

+
(1− (1− α)Γ(x− s))

1− α
inf
ξ≥s

K +Hs(ξ)

Γ(ξ − s)
, ∀x > s

us(x) = (h− c)x+
g(s)

1− α
(9.2.58)

+
1

1− α
inf
ξ≥s

K +Hs(ξ)

Γ(ξ − s)
, ∀x ≤ s

There is a discontinuity for x = s, unless

(9.2.59) inf
ξ≥s

K +Hs(ξ)

Γ(ξ − s)
= 0,

which is equivalent to the condition K + infξ≥sHs(ξ) = 0. We recover the pair
s, S obtained by the analytic theory of Impulse Control, Theorem 9.4. So the
choice of s is dictated by a continuity condition of the cost function, and not by
an optimization (unlike the choice of S). However, we have shown in Theorem 9.4,
that the function defined by this s, S control policy is the value function and is
solution of the Bellman equation.
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9.2.5. INVARIANT MEASURE. The inventory, controlled by an s, S pol-
icy, remains in the interval X = [0, S], if the initial state y1 = x ∈ X. This state
space being compact, the process is ergodic. The situation is very similar to that of
section 3.6.1 of Chapter 3. The example developed in that section was in fact the
case of s = 0. The controlled Markov chain is defined by the transition probability

(9.2.60) πs,S(x, dη) =

{
F̄ (x)δ(η) + f(x− η)1Iη<xdη, if x > s

F̄ (S)δ(η) + f(S − η)1Iη<Sdη, if x ≤ s

To simplify notation we shall omit to mention explicitly the indices s, S. The oper-
ator Φ = Φs,S associated to the Markov chain is (see Chapter 3)

Φϕ(x) = 1Ix>s

[
ϕ(0)F̄ (x) +

ˆ x

0

ϕ(η)f(x− η)dη

]
(9.2.61)

+1Ix≤s

[
ϕ(0)F̄ (S) +

ˆ S

0

ϕ(η)f(S − η)dη

]
.

Even if ϕ is continuous the image Φϕ(.) is discontinuous in s. Assuming for instance
F̄ (S) > 0, suffices to imply the ergodicity, see Chapter 3. An invariant measure
m(dx) on X, must satisfy the equation

(9.2.62)
ˆ S

0

ϕ(η)m(dη) =

ˆ S

0

ˆ S

0

m(dx)π(x; dη)ϕ(η), ∀ϕ(.) bounded.

From ergodic theory, we know that there exists one and only one measure solution
of (9.2.62). We postulate the form

(9.2.63) m(dx) = Aδ(x) +B(x)dx,

where δ(x) is the Dirac measure at 0. Since m(dx) is a probability, we must have
the relation

(9.2.64) A+

ˆ S

0

B(x)dx = 1.

We introduce the integral equation

(9.2.65) z(η) =
f(S − η)

f(0)
+

ˆ S

s

1Ix>ηf(x− η)z(x)dx,

and we look for solutions in the space B(0, S) of measurable bounded functions on
(0, S). We have the

Theorem 9.8. We assume F̄ (S) > 0. Then equation (9.2.65) has a unique solution
in B(0, S). Define next

(9.2.66) B(S) =
F (S)´ S

0
F̄ (x)z(x)dx+

´ s
0
F (x)z(x)dx+

´ S
s
F (S)z(x)dx

,

and B(x) = B(S)z(x), x ∈ (0, S). Then the measure m(dx) defined by (9.2.63) is
the unique invariant measure.

Proof. The map
z(.) =⇒ T (z)(.),

defined by

T (z)(η) =
f(S − η)

f(0)
+

ˆ S

s

1Ix>ηf(x− η)z(x)dx,
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satisfies
||T (z1)− T (z2)|| ≤ F (S)||z1 − z2||,

and from the assumption it is a contraction. Hence it has a fixed point. One checks
easily that the function B(x) satisfies

(9.2.67) B(η) +

ˆ S

s

B(x)[f(S − η)− f(x− η)1Ix>η]dx = f(S − η),

and we have

(9.2.68) A = F̄ (S) +

ˆ S

s

B(x)(F (S)− F (x))dx.

After rearrangements we have also

A =

´ S
s
F̄ (x)B(x)dx+ F̄ (S)

´ s
0
B(x)dx

F (S)
;

B(η) = f(S − η)

(
A+

ˆ s

0

B(x)dx

)
+

ˆ S

s

f(x− η)B(x)1Ix>ηdx,

and for any function ϕ(.) we can then check the relation (9.2.62). Hence m(dx) is
an invariant measure. It is the only one, by ergodicity property. �

Consider now the objective function (9.2.7), when we apply a control V = Vs,S

defined by an s, S policy. The inventory yn becomes ergodic so we have

(1− α)

ˆ S

0

Jx(Vs,S)ms,S(dx) =

ˆ S

0

[
hx+ (K + c(S − x))1Ix≤s

+p(E(S −D)−1Ix≤s + E(x−D)−1Ix>s)
]
ms,S(dx).

From the property (9.2.62) of the invariant measure, this expression is also equal
to

(1− α)

ˆ S

0

Jx(Vs,S)ms,S(dx) = pD̄ + h

ˆ S

0

xms,S(dx)(9.2.69)

+

ˆ s

0

(K + (c− p)(S − x))ms,S(dx).

We omit in the following the indices s, S to simplify notation. Using the definition
of the function g(x), see (9.2.13), we have also

(1− α)

ˆ S

0

Jx(V )m(dx) = (h− c)(1− α)

ˆ S

0

xm(dx) +K

ˆ s

0

m(dx)

+

ˆ S

0

(g(x)1Ix>s + g(S)1Ix≤s)m(dx).

Using now the function H(x) which satisfies

H(x) = (g(x)− g(s))1Ix>s + αEH((x−D)+),

we obtain also
(9.2.70)ˆ S

0

Jx(V )m(dx) =

ˆ S

0

((h− c)x+H(x))m(dx) +
g(s)

1− α
+

K +H(S)

1− α

ˆ s

0

m(dx).
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Exercise 9.4. Show directly formula (9.2.70) from the formulas giving Jx(V ),
formulas (9.2.35), (9.2.36). One needs to prove that the function Γ(x) satisfies the
relation

(9.2.71) Γ(S − s)

ˆ s

0

m(dx) + (1− α)

ˆ S

s

Γ(x− s)m(dx) = 1.

Indeed, from the equation of Γ, one can state

(Γ(x− s)− 1)1Ix>s = α1Ix>sEΓ(x− s−D)1Ix−s−D>0,

and also
Γ(S − s)− 1 = αEΓ(S − s−D)1IS−s−D>0.

Therefore

(Γ(x− s)− 1)1Ix>s + 1Ix≤s(Γ(S − s)− 1) = α[1Ix>sEΓ(x− s−D)1Ix−s−D>0

+1Ix≤sEΓ(S − s−D)1IS−s−D>0].

Integrating both sides with respect to the invariant measure yields
ˆ S

s

Γ(x− s)m(dx) + Γ(S − s)

ˆ s

0

m(dx)− 1 = α

ˆ S

s

Γ(x− s)m(dx),

where we have used the fundamental property of the invariant measure(9.2.62)
applied to the test function ϕ(x) = Γ(x− s)1Ix−s>0. This is the result (9.2.71).

9.2.6. PARTICULAR CASE. Consider the case f(x) = β exp−βx. We
can then obtain analytic formulas. We first have

(9.2.72) Γ(x) =
1

1− α
− α

1− α
exp−β(1− α)x,

then

(9.2.73) μ(x) = c(1− α) + αh− (p− α(c− h)) exp−βx;

(9.2.74) g(x) = pD̄ − p− α(c− h)

β
+ (c(1− α) + αh)x+

p− α(c− h)

β
exp−βx.

The value s̄ such that μ(s̄) = 0 is given by

(9.2.75) exp−βs̄ = c(1− α) + αh

p− α(c− h)
.

Next we have, for x ≥ s

H(x) =
c(1− α) + αh

1− α
(x− s)− 1− exp−β(1− α)(x− s)

β(1− α)
(9.2.76)

·
[

α

1− α
(c(1− α) + αh) + (p− α(c− h)) exp−βs

]
.

For s ≤ s̄, The number S is uniquely defined by the equation H ′(S) = 0, namely
(9.2.77)

exp−β(1− α)(S − s) =
c(1− α) + αh

α(c(1− α) + αh) + (1− α)(p− α(c− h)) exp−βs .
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We deduce

H(S) =
c(1− α) + αh

1− α
(S − s)(9.2.78)

− (p− α(c− h)) exp−βs− (c(1− α) + αh)

β(1− α)
,

and s is defined by the equation Hs(S(s)) = −K, assuming that H0(S(0)) < −K.
The number S0 = S(0) is defined by

(9.2.79) exp−β(1− α)S0 =
c(1− α) + αh

p(1− α) + αh
,

and the condition amounts to

(9.2.80)
c(1− α) + αh

1− α
S0 − p− c

β(1− α)
< −K.

Let us now turn to the invariant measure. The solution of (9.2.65) is

(9.2.81) z(η) =

{
1, if η > s

exp−β(s− η), if η ≤ s

Then B(S) =
β

1 + β(S − s)
and thus

(9.2.82) B(η) =

⎧⎪⎪⎨⎪⎪⎩
β

1 + β(S − s)
, if η > s

β exp−β(s− η)

1 + β(S − s)
, if η ≤ s

A =
exp−βs

1 + β(S − s)
.

9.3. INVENTORY CONTROL WITH FIXED COST AND BACKLOG

9.3.1. BELLMAN EQUATION. We consider the situation of section 5.2,
in which we add a fixed cost. The Bellman functional equation is given by

(9.3.1) u(x) = inf
v≥0

[l(x, v) + αEu(x+ v −D)],

with

(9.3.2) l(x, v) = K1Iv>0 + cv + hx+ + px−.

We write also (9.3.1) as

(9.3.3) u(x) = hx+ + px− + inf
v≥0

[K1Iv>0 + cv + αEu(x+ v −D)].

We define the ceiling function by the linear equation

(9.3.4) w0(x) = hx+ + px− + αEw0(x−D).

Recalling

(9.3.5) Φvϕ(x) = Eϕ(x+ v −D),

then

(9.3.6) w0(x) =

∞∑
n=1

αn−1(Φ0)n−1(hx+ + px−)(x),

and the series is well defined with

(9.3.7) w0(x) ≤ max(h, p)

[ |x|
1− α

+
D̄

(1− α)2

]
.
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Assumptions (4.3.1), (4.3.2), (4.3.6) are satisfied. So results of Theorems 4.3, 4.4,
4.5 are applicable. We can then state

Theorem 9.9. Under the assumptions (9.3.1), (9.3.5) the set of solutions of the
functional equation (9.3.3), in the interval 0 ≤ u ≤ w0 is not empty and has a
minimum and a maximum solution u and u. The minimum solution is l.s.c. It
coincides with the value function. There exists an optimal control policy, obtained
through a feedback v̂(x).

We can check an estimate for the optimal feedback as in the case without fixed
cost.

Proposition 9.4. The optimal feedback satisfies

(9.3.8) v̂(x) ≤ x− +
αD̄

c(1− α)2
[h+ (p+ c)(1− α)] +

αK

1− α
.

Proof. We begin by getting an estimate from below of the value function. It
is the same as in the case without fixed cost, with the same proof,

u(x) ≥ hx+

1− α
+ px− − hαD̄

(1− α)2
.

The next step is to majorize u(x) by a convenient function. We do not use w0(x)
but the function w(x) solution of

w(x) = K1Ix<0 + (c+ p)x− + hx+ + αEw(x+ −D).

We have that u(x) ≤ w(x). The following estimate holds

w(x) ≤ (c+ p)x− +
hx+

1− α
+

K + α(c+ p)D̄

1− α
.

Now, going back to the functional equation (9.3.3), we minorize the quantity within
brackets on the right hand side, by using

u(x) ≥ hx+

1− α
− hαD̄

(1− α)2
.

We see that it is minorized by

K + cv +
hx+

1− α
+ px− − hαD̄

(1− α)2
.

Therefore, looking for the infimum, we can restrict the controls v to the set

K + cv +
hx+

1− α
+ px− − hαD̄

(1− α)2
≤ w(x).

Using then the estimate on w(x), we deduce that we can restrict the set of v to be
bounded by the right hand side of (9.3.8). The optimal feedback must satisfy this
bound, hence the result (9.3.8).

We can then prove the uniqueness of the solution of (9.3.3) in the space B1,
where

u ∈ B1 ⇐⇒ |u(x)|
1 + |x| ≤ C.

�
Theorem 9.10. Under the assumptions (9.3.1), (9.3.5), the solution of (9.3.3) in
the space B1 is unique. The function u is l.s.c



116 9. INVENTORY CONTROL WITH SET UP COST

Proof. As usual, we are going to check that the minimum and the maximum
solution coincide. Define the optimal control associated with the optimal feedback.
If we denote the optimal control by V̂ = {v̂1, · · · , v̂n, · · · } and the optimal trajectory
by {ŷ1, · · · , ŷn, · · · } we must prove that V̂ belongs to V, which means that

αj−1E|ŷj | → 0,

as j →∞. However, from the estimate (9.3.8) and setting

C =
αD̄

c(1− α)2
[h+ (p+ c)(1− α)] +

αK

1− α
,

we can state that
ŷn+1 ≤ ŷ+n + C,

hence
ŷn+1 ≤ x+ + nC.

On the other hand
ŷn+1 ≥ x−D1 − · · · −Dn.

Therefore
x− nD̄ ≤ Eŷn+1 ≤ x+ + nC,

and the condition is satisfied, hence the result. �

9.3.2. s, S Policy. Our objective is now to obtain the optimal feedback. We
want to show that it is derived from an s, S policy.

First of all we introduce the operators

(9.3.9) T (u)(x) = hx+ + px− + αEu(x−D),

and

(9.3.10) M(u)(x) = inf
η≥x

[K1Iη>x + (c− h)(η+ − x+)− (p+ c)(η− − x−) + u(η)].

This operator is a little bit more involved than the one introduced for the case
without shortage (see (9.2.10). The variable cost from going to an inventory x to
an inventory η ≥ x is positive, if the assumption c > h holds, but is not a function
of the difference η−x, because the inventories do not have the same meaning when
they are positive or negative.

The functional equation (9.3.3) can be written as

u(x) = min[T (u)(x),M(T (u))(x)],

and we see as in (9.2.11) that this is equivalent to

u(x) = min[T (u)(x),M(u)(x)].

Define next

(9.3.11) g(x) = cx(1− α) + αcD̄ + αhE(x−D)+ + αpE(x−D)−,

and

(9.3.12) gs(x) = (g(x)− g(s))1Ix>s.

We then define the function Hs(x) by solving

(9.3.13) Hs(x) = gs(x) + αEHs(x−D).
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We know that the solution is given by

(9.3.14) Hs(x) = gs(x) + αgs � f +

∞∑
n=2

αngs � f

(n)(x),

and using

F (n)(x) =

ˆ x

0

f
(n)(ξ) dξ,

and

Γ(x) =
∞∑

n=0

αnF (n)(x),

then we can easily verify the formula

(9.3.15) Hs(x) =

ˆ x

s

Γ(x− ξ)μ(ξ)dξ,

with μ = g′. The function Γ(x) is the solution of the renewal equation (9.2.19).

Lemma 9.7. Assume

(9.3.16) h < c < p
α

1− α
,

then the function Hs(x) attains its minimum for x ≥ s. Taking the smallest mini-
mum, one defines a function S(s). If s̄ is the unique value such that μ(s) = 0, s̄ > 0,
then S(s) = s,∀s ≥ s̄. The equation

(9.3.17) Hs(S(s)) = inf
η≥s

Hs(η) = −K,

has a unique solution s < s̄.

Proof. It is similar to the proof of Lemma 9.4. We have

(9.3.18) g′(x) = μ(x) = c(1− α) + αh− α(h+ p)F̄ (x).

Thanks to the condition (9.3.16) we can define s̄ > 0 such that μ(s̄) = 0 and
μ(x) < 0, ∀x < s̄ and μ(x) > 0, ∀x > s̄. Since Γ is an increasing function, the
function Hs(x) is increasing in x, whenever s ≥ s̄. Therefore we can assert

S(s) = s, inf
η≥s

Hs(η) = 0, if s ≥ s̄.

So we limit the set of possible s to satisfy s < s̄. Clearly for s < s̄ < x

Hs(x) = Hs̄(x) +

ˆ s̄

s

Γ(x− ξ)μ(ξ)dξ.

We have again

Hs(x) ≥ 1

1− α
(g(s̄)− g(s)) + g(x)− g(s).

Therefore Hs(x) → ∞ as x ↑ ∞. Since H
′
s(s+) = μ(s) < 0 the function Hs(x)

attains a negative minimum on (s,∞). We call S(s) the smallest minimum if there
are many. We have

H ′s(S(s)) = 0.

We have next
d

ds
Hs(S(s)) =

∂

∂s
Hs(x)|S(s) = −Γ(S(s)− s)μ(s) > 0.
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Also

Hs(S(s)) ≤ Hs(s̄) =

ˆ s̄

s

Γ(s̄− ξ)μ(ξ)dξ

≤ 1

α

ˆ s̄

s

μ(ξ)dξ =
1

α
(g(s̄)− g(s)).

Since g(s)→ +∞, as s→ −∞, we have Hs(S(s))→ −∞, as s→ −∞.
Hence the function infη≥s Hs(η) increases from −∞ to 0, as s increases from

−∞ to s̄. Therefore there exists a unique s for which it is equal to −K. We can
find the pair s, S by solving the algebraic system

(9.3.19)
Γ(S − s)μ(s) +

ˆ S

s

Γ(S − ξ)μ′(ξ)dξ = 0;
ˆ S

s

Γ(S − ξ)μ(ξ)dξ = −K.

We can finally state the �

Theorem 9.11. Under the assumptions (9.3.2), (9.3.5) and (9.3.16) the functional
equation (9.3.3) has a unique solution in B1, which is continuous, tends to +∞ as
|x| tends to +∞. The optimal feedback is defined by an s, S policy, which is a
solution of the system (10.3.22).

Proof. Having defined s, S by solving (10.3.22), which defines uniquely s, and
then S, taking possibly the smallest value, we consider Hs(x) given by (9.3.15). We
will from now on drop the index s, and thus consider H(x). We then define

(9.3.20) u(x) = H(x) + hx+ + px− − cx+
g(s)

1− α
.

Then u(x) satisfies

(9.3.21) u(x) =

⎧⎨⎩hx+ + px− − cx+
g(s)

1− α
, x ≤ s

hx+ + px− + αEu(x−D), x ≥ s

This function is continuous and tend to +∞ as |x| → +∞.
And also, from the choice of s, for x ≤ s

u(x) = K + inf
η≥s

[u(η) + (c− h)(η+ − x+)− (c+ p)(η− − x−)]

= K + inf
η≥x

[u(η) + (c− h)(η+ − x+)− (c+ p)(η− − x−)].

Therefore the function u satisfies

u(x) =

{
M(u)(x), ∀x ≤ s

T (u)(x), ∀x ≥ s

So it remains to prove that

u(x) ≤ T (u)(x), ∀x ≤ s
u(x) ≤M(u)(x), ∀x ≥ s

In terms of H the first inequality amounts to gs(x) ≥ 0, ∀x ≤ s. This is true since
μ(ξ) < 0, ∀x ≤ ξ ≤ s < s̄. The second inequality in terms of H amounts to

(9.3.22) H(x) ≤ K + inf
η≥x

H(η), ∀x ≥ s.
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To prove (9.3.22) we first notice that for x ≥ s we have infη≥xH(η) ≥ infη≥s H(η) =
−K. So the inequality is certainly true whenever H(x) ≤ 0. Consider then the
smallest number called x0 for which H becomes positive. We have then

H(x0) = 0, H(x) < 0∀x, s < x < x0.

We can claim that gs(x0) > 0. This follows from the relation gs(x0) = −αEH(x0−
D) and the properties of x0 resulting from its definition.

Let ξ > 0. We shall consider the domain x ≥ x0−ξ. We can write the inequality

H(x) ≤ gs(x) + αE(H(x−D)1Ix−D≥x0−ξ), ∀x ≥ x0 − ξ,

which follows from the fact that

E(H(x−D)1Ix−D≤x0−ξ) ≤ 0.

Define next
M(x) = H(x+ ξ) +K.

Clearly M(x) ≥ 0. We can write thanks to this positivity

EM(x−D) ≥ E(M(x−D)1Ix−D≥x0−ξ).

Now for x ≥ x0 − ξ we have

H(x+ ξ)− αEH(x+ ξ −D) = gs(x+ ξ),

hence
M(x)− αEM(x−D) = gs(x+ ξ) +K(1− α).

Therefore we have

M(x) ≥ gs(x+ ξ) + αE(M(x−D)1Ix−D≥x0−ξ), ∀x ≥ x0 − ξ.

We can claim that
gs(x+ ξ) ≥ gs(x), ∀x ≥ x0 − ξ.

Indeed, note that gs(x + ξ) ≥ gs(x0) ≥ 0 since g is increasing on [s̄,∞). So
the inequality is obvious, whenever x < s. If x ≥ s the inequality amounts to
g(x + ξ) ≥ g(x). This is true whenever x ≥ s̄, by the monotonicity property. So
it remains the case s < x < s̄. But in this case gs(x) < 0 and the inequality is
satisfied.

Let us define Y (x) = H(x) −M(x). From the inequalities above we can state
that

Y (x) ≤ αE(Y (x−D)1Ix−D≥x0−ξ), ∀x ≥ x0 − ξ,

and Y (x0 − ξ) ≤ −K.
These two properties imply Y (x) ≤ 0, ∀x ≥ x0 − ξ Therefore we have obtained

(9.3.22) ∀x ≥ x0 − ξ and in particular for x > x0 as desired. So u is solution of the
functional equation (9.3.3) and thus is the value function. The feedback defined
from the s, S policy is optimal. �

Remark. Another proof of (9.3.22)
We will give another proof of (9.3.22), using an idea originated by [3].

Proof. We recall that

H(x) = gs(x) + αEH(x−D),

and we want to prove
H(x) ≤ K + inf

η≥x
H(η).
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Define
B(x) = H(x)− inf

η≥x
H(η).

So we want to prove
B(x) ≤ K.

For x ≤ s we have

B(x) = − inf
η≥x

H(η) = − inf
η≥s

H(η) = K.

Consider the first point x0 such that x0 > s and H(x0) = 0, H(x) ≤ 0, ∀x ≤ x0.
For s ≤ x ≤ x0 we have

B(x) ≤ − inf
η≥x

H(η) ≤ − inf
η≥s

H(η) = K.

It remains to consider the case x > x0. Assume that there exists a point x′ > x0

such that B(x′) ≥ K. Then there will exist a point x′ such that

s̄ < x0 ≤ x′, B(x′) = 0, B(x) < K, x < x′.

Define the point x3 such that

H(x3) = inf
η≥x′

H(η).

The point x3 is uniquely defined as the smallest infimum beyond x′. Moreover
x3 �= x′ since

B(x′) = H(x′)−H(x3) = K.

Next define x2 such that

H(x2) = max
η≤x3

H(η) = max
s≤η≤x3

H(η).

We take x2 the smallest maximum. Then we can assert that x2 ≥ x′. Indeed if
x2 < x′ then

inf
η≥x2

H(η) ≤ inf
η≥x′

H(η),

and
H(x2)− inf

η≥x2

H(η) ≥ H(x′)− inf
η≥x′

H(η) = K,

which will contradict the definition of x′. Hence x′ ≤ x2 ≤ x3. Moreover x2 �= x3

since
H(x2)−H(x3) ≥ H(x′)−H(x3) = B(x′) = K.

Let us check now that

(9.3.23) H(x)−H(y) ≤ H(x2)−H(x3), ∀x ≤ y ≤ x3.

Indeed if x < x′ then

H(x)−H(y) ≤ H(x)− inf
η≥x

H(η) < K ≤ H(x2)−H(x3).

Next if x′ ≤ x ≤ y ≤ x3 then

H(x)−H(y) ≤ H(x2)−H(x3).

Collecting results we note

s < s̄ < x0 ≤ x′ ≤ x2 < x3.
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Now

H(x2) = g(x2)− g(s) + αEH(x2 −D);

H(x3) = g(x3)− g(s) + αEH(x3 −D),

and we have

g(x2)− g(x3) < 0;

H(x2 −D)−H(x3 −D) < H(x2)−H(x3),

from which, subtracting the equations we get H(x2) < H(x3). This is a contradic-
tion from the definition of x2. �

We finally have the equivalent of Proposition 9.3

Proposition 9.5. The function S(s) is decreasing, hence S(s) ≥ s̄, if s ≤ s̄ and
S(s)→ S∗, as s→ −∞, with

(9.3.24) Γ(S∗) =
p− (c− h)(1− α)

(1− α)(h+ p)
.

Proof. The first property is proven as in Proposition 9.3. The second property
follows from the first equation (10.3.22), which defines S(s). From the monotonicity
we know that S(s) ↑ S∗. Then

Γ(S − s)μ(s) ↑ c(1− α)− αp

1− α
.

We can go to the limit in the first equation (10.3.22) and obtain

c(1− α)− αp

1− α
+ α(h+ p)

ˆ S∗

0

Γ(S∗ − ξ)f(ξ) dξ = 0,

then using the renewal equation, we get the formula (9.3.24). We can check directly
that S∗ ≥ s̄. Indeed using

1− α+ αF̄ (S∗) ≤ 1

Γ(S∗)
=

(1− α)(h+ p)

p− (c− h)(1− α)
.

Therefore

αF̄ (S∗) ≤ (1− α)
c(1− α) + hα

p− (c− h)(1− α)
.

But, from the assumption (9.3.16), we deduce
1− α

p− (c− h)(1− α)
≤ 1

h+ p
.

From the expression of F̄ (s̄), we obtain F̄ (S∗) ≤ F̄ (s̄), and the result follows. �

Finally we can check the K−convexity property

Proposition 9.6. The function u(x) is K-convex.

Proof. This is proven as in Theorem 9.6. One proves inductively that the
increasing sequence is K−convex, and thus this property holds for the limit. �

Remark. If one makes the technical assumption (9.2.33), then Eu(x−D) is contin-
uous, and the s, S property of the optimal feedback can be proven as a consequence
of the K−convexity theory, as in the proof of Theorem 9.6.
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Finally, consider the situation when

(9.3.25) c >
pα

1− α
,

then the function Hs(x) is always increasing in x. Therefore S(s) = s, ∀s. It follows
that the optimal feedback is v̂(x) = 0.

9.3.3. PROBABILISTIC APPROACH. As we have done in the case
without backlog, we are going to evaluate directly the cost corresponding to an
arbitrary s, S policy. We have the following

Theorem 9.12. Let Vs,S be the control corresponding to an s, S policy, defined by
the feedback

(9.3.26) Vs,S =

{
S − x, if x ≤ s

0, if x > s

The corresponding cost is: For x ≤ s

(9.3.27) Jx(Vs,S) = hx+ + px− − cx+
g(s)

1− α
+

K +Hs(S)

(1− α)Γ(S − s)
.

For x > s, one has

Jx(Vs,S) = hx+ + px− − cx+Hs(x) +
g(s)

1− α
(9.3.28)

+(1− (1− α)Γ(x− s))
K +Hs(S)

(1− α)Γ(S − s)
.

This function is continuous except for x = s.

Proof. The formulas are identical to the case without backlog, however the
functions g,H are those corresponding to the present case, see (9.3.11), (9.3.13).
The number s is real, and to simplify we take S > 0 and ≥ s.

Let Vs,S = (v1, · · · , vn · · · ) and y1, y2, · · · , yn · · · be the corresponding evolution
of stocks. We have y1 = x. We begin by considering the case

I- x ≤ s ≤ 0:

We then have v1 = S−x. We set τ1 = 1 and we define the sequence of stopping
times

(9.3.29) τk+1 = τk + 1 + inf{n ≥ 0 |Dτk + · · ·+Dτk+n ≥ S − s}.
Since S − s ≥ S, we will also need another sequence of stopping times

(9.3.30) θk+1 = τk + 1 + inf{n ≥ 0 |Dτk + · · ·+Dτk+n ≥ S},
and we have τk + 1 ≤ θk+1 ≤ τk+1.

From Lemma 9.5, simply changing S − s into S, we see that for k ≥ 2, θk is
a stopping time with respect to the filtration Fn−1. Moreover θk+1 − τk − 1 and
Dτk , · · · , Dτk+n, n ≥ 0, are mutually independent of Fτk . The ordering times of
the control Vs,S are the times τk. The inventory is then

yτk = S − (Dτk−1
+ · · ·+Dτk−1) ≤ s, ∀k ≥ 2

and the order is
vτk = S − yτk , ∀k ≥ 2
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Let us consider the inventory between the times τk+1 and τk+1−1, if τk+1−2 ≥ τk.
If τk+1 − 1 = τk, we have naturally yτk+1 = yτk+1

. Otherwise, it is important to
consider the position of θk+1. If θk+1 = τk + 1, then the first inventory yτk+1 is
negative and all the inventories till τk+1−1 are negative. If τk+1−1 ≥ θk+1 ≥ τk+2,
then we have

yτk+1 = S −Dτk > 0

· · ·
yθk+1−1 = S − (Dτk + · · ·+Dθk+1−2) > 0

s < yθk+1
= S − (Dτk + · · ·+Dθk+1−1) ≤ 0

s < yτk+1−1 = S − (Dτk + · · ·+Dτk+1−2) ≤ 0

If θk+1 = τk+1, the inventory is positive from τk + 1 to τk+1 − 1.
Therefore we can write

Jx(Vs,S) =
∞∑
k=1

Eατk−1(K + cS − (c+ p))yτk)

+
∞∑
k=1

1Iτk+1≥τk+2

τk+1−1∑
n=τk+1

αn−1(hy+n + py−n ).

We also can write

Jx(Vs,S) = K + cS − (p+ c)x(9.3.31)

+

∞∑
k=2

Eατk−1(K + cS − cyτk)

+(h+ p)E

∞∑
k=1

1Iθk+1≥τk+2

θk+1−1∑
n=τk+1

αn−1yn

−pE
∞∑
k=1

τk+1∑
n=τk+1

αn−1yn,

which we write as
Jx(Vs,S) = K + cS − (p+ c)x+ Z1.

Let us compute Z1. We first note that

E
∞∑
k=1

1Iθk+1≥τk+2

θk+1−1∑
n=τk+1

αn−1yn = E
∞∑
k=1

ατk−1

[
Sα

1− αθk+1−τk−1

1− α

−
θk+1−τk−1∑

l=0

Dτk+l α
αl − αθk+1−τk−1

1− α

]
.

Similarly one has

E

∞∑
k=1

τk+1∑
n=τk+1

αn−1yn = E

∞∑
k=1

ατk−1

[
Sα

1− αατk+1−τk−1

1− α

−
τk+1−τk−1∑

l=0

Dτk+l α
αl − αατk+1−τk−1

1− α

]
.
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We also write

∞∑
k=2

Eατk−1(K+cS−cyτk)=E
∞∑
k=1

ατk−1ατk+1−τk−1

(
αK+αc

τk+1−τk−1∑
l=0

Dτk+l

)
.

From the independence properties we can write

E

⎡⎣Sα1− αθk+1−τk−1

1− α
−

θk+1−τk−1∑
l=0

Dτk+l α
αl − αθk+1−τk−1

1− α
|Fτk

⎤⎦
= E

⎡⎣Sα1− αθ̃

1− α
−

θ̃∑
l=0

D1+l
αl − αθ̃

1− α

⎤⎦ ,

where θ̃ = θ2 − 2. Similarly

E

[
Sα

1− αατk+1−τk−1

1− α
−

τk+1−τk−1∑
l=0

Dτk+l α
αl − αατk+1−τk−1

1− α
|Fτk

]

= E

[
Sα

1− ααθ

1− α
−

θ∑
l=0

D1+l α
αl − ααθ

1− α

]
,

where θ = τ2 − 2. Finally

E

[
ατk+1−τk−1

(
αK+αc

τk+1−τk−1∑
l=0

Dτk+l

)∣∣∣∣Fτk

]
=E

[
αθ

(
αK+αc

θ∑
l=0

D1+l

)]
.

So we have

Z1 = EX1 E
∞∑
k=1

ατk−1,

and

E
∞∑
k=1

ατk−1 =
∞∑
k=1

(Eααθ)k−1,

and from Lemma 9.6

E
∞∑
k=1

ατk−1 =
1

(1− α)Γ(S − s)
.

Moreover

X1 = αθ

(
αK + αc

θ∑
l=0

D1+l

)
+ (h+ p)

⎛⎝Sα
1− αθ̃

1− α
−

θ̃∑
l=0

D1+l
αl − αθ̃

1− α

⎞⎠
−p

(
Sα

1− ααθ

1− α
−

θ∑
l=0

D1+l α
αl − ααθ

1− α

)
.
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We recall

E
θ∑

l=0

αlD1+l = D̄Γ(S − s),

and

Eαθ
θ∑

l=0

D1+l = D̄Γ(S − s) +
1− α

α

(ˆ S−s

0

Γ(x)dx− (S − s)Γ(S − s)

)
.

Therefore, collecting results we obtain

EX1 = K(1− (1− α)Γ(S − s))− cS(1− α)Γ(S − s)

+Γ(S − s)(αcD̄ + sc(1− α) + pαD̄ − pαs)

+(p+ h)

(ˆ S

0

Γ(ξ)dξ − S

)
+ (c(1− α)− pα)

ˆ S−s

0

Γ(ξ)dξ.

Note that
g(s) = αcD̄ + sc(1− α) + pαD̄ − pαs.

Moreover from the integral equation of Γ, (9.2.19) we have by integration

Γ(S)− S = α

ˆ S

0

Γ(S − ξ)F (ξ)dξ

= α

ˆ S

s

Γ(S − ξ)F (ξ)dξ.

since s ≤ 0 and F (ξ) = 0, for ξ ≤ 0. Alsoˆ S−s

0

Γ(ξ)dξ =

ˆ S

s

Γ(S − ξ)dξ.

Therefore

(p+ h)(

ˆ S

0

Γ(ξ)dξ − S) + (c(1− α)− pα)

ˆ S−s

0

Γ(ξ)dξ

=

ˆ S

s

Γ(S − ξ)[c(1− α)− pα+ α(p+ h)F (ξ)]dξ

=

ˆ S

s

Γ(S − ξ)μ(ξ)dξ

= H(S).

Hence

EX1 = K(1− (1− α)Γ(S − s))− cS(1− α)Γ(S − s) + Γ(S − s)g(s) +H(S).

It follows that

Z1 =
K +H(S)

(1− α)Γ(S − s)
+

g(s)

1− α
− (K + cS),

which implies

Jx(Vs,S) = −(p+ c)x+
g(s)

1− α
+

K +H(S)

(1− α)Γ(S − s)
,

and thus (9.3.27) is proved in this case.
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We now consider the case

II- s ≥ 0, x ≤ s:

The stopping times θk not relevant in this situation. However y(τk) can be
positive or negative. We can write

Jx(Vs,S) = K + c(S − x) + hx+ + px−

+
∞∑
k=1

Eατk+1−1(K + c(S − yτk+1
) + hy+τk+1

+ py−τk+1
)

+hE
∞∑
k=1

1Iτk+1≥τk+2

τk+1−1∑
n=τk+1

αn−1yn.

Operating as before we get
∞∑
k=1

1Iτk+1≥τk+2

τk+1−1∑
n=τk+1

αn−1yn =
∞∑
k=1

ατk−1

[
Sα

1− ατk+1−τk−1

1− α

−
τk+1−τk−1∑

l=0

Dτk+l α
αl − ατk+1−τk−1

1− α

]
,

and
∞∑
k=1

ατk+1−1(K + c(S − yτk+1
) + hy+τk+1

+ py−τk+1
) =

∞∑
k=1

ατk−1ατk+1−τk−1

[
αK + αc

τk+1−τk−1∑
l=0

Dτk+l

+αh

(
S −

τk+1−τk−1∑
l=0

Dτk+l

)+

+ αp

(
S −

τk+1−τk−1∑
l=0

Dτk+l

)−]
.

It follows that
Jx(Vs,S) = K + c(S − x) + hx+ + px− + Z2,

with
Z2 =

EX2

(1− α)Γ(S − s)
,

and

X2 = αθΦ

(
θ∑

l=0

D1+l

)
+ h

[
Sα

1− αθ

1− α
−

θ∑
l=0

D1+l α
αl − αθ

1− α

]
,

with
Φ(ξ) = αK + αcξ + αh(S − ξ)+ + αp(S − ξ)−.

To compute EX2 we need to use the formula (9.2.47) of Lemma 9.6. After rear-
rangements we obtain

EαθΦ

(
θ∑

l=0

D1+l

)
= K(1− (1− α)Γ(S − s))− cS(1− α)Γ(S − s)

−hsΓ(S − s) + Γ(S − s)g(s) +H(S) + hS − h

ˆ S

s

Γ(S − ξ)dξ,
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and from previous results

EhS

[
α
1− αθ

1− α
−

θ∑
l=0

D1+l α
αl − αθ

1− α

]
= shΓ(S − s)− hS + h

ˆ S

s

Γ(S − ξ)dξ.

Therefore

EX2 = K +H(S)− (K + cS)(1− α)Γ(S − s) + Γ(S − s)g(s) = EX1.

Hence Z2 = Z1 and we have again ((9.3.27).
We next turn to the case

III- x > 0 > s

Now τ1 ≥ 2. We have the definition

τ1 = 2 + inf{n ≥ 0|D1 + · · ·+D1+n ≥ x− s},
and we need to introduce

θ1 = 2 + inf{n ≥ 0|D1 + · · ·+D1+n ≥ x},
and θ1 ≤ τ1. We may write

Jx(Vs,S) = hx+E1Iτ1≥3

τ1−3∑
j=0

αj+1(hy+j+2+py−j+2)+Eατ1−1(K+cS−(c+p)yτ1)+Z̃1.

The number Z̃1 stems from the same definition as Z1, see (9.3.31), except for the
fact that τ1 is no more 1. Making use of independence properties one can check
that

Z̃1 = Z1Eατ1−1.

Now τ1 − 2 has the same distribution as θ, except that S must be relaxed for x. It
follows that

(9.3.32) Eατ1−1 = 1− (1− α)Γ(x− s).

We next write

E1Iτ1≥3

τ1−3∑
j=0

αj+1(hy+j+2 + py−j+2)

= (h+ p)E1Iθ1≥3

θ1−3∑
j=0

αj+1yj+2 − pE1Iτ1≥3

τ1−3∑
j=0

αj+1yj+2

= (h+ p)E

[
x
α− ααθ1−2

1− α
−

θ1−2∑
l=0

D1+lα
αl − αθ1−2

1− α

]

−pE
[
x
α− αατ1−2

1− α
−

τ1−2∑
l=0

D1+lα
αl − ατ1−2

1− α

]
.

Then

Eατ1−1(K + cS − (c+ p)yτ1) = Eατ1−1

[
K + cS − (p+ c)x+ (p+ c)

τ1−2∑
l=0

D1+l

]
.
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We obtain

Jx(Vs,S) = Y1 + (1− (1− α)Γ(x− s))

[
K +H(S)

(1− α)Γ(S − s)
− (K + cS) +

g(s)

1− α

]
,

with

Y1 = hx+ (h+ p)E

[
x
α− ααθ1−2

1− α
−

θ1−2∑
l=0

D1+lα
αl − αθ1−2

1− α

]

−pE
[
x
α− αατ1−2

1− α
−

τ1−2∑
l=0

D1+lα
αl − ατ1−2

1− α

]

+Eατ1−1

[
K + cS − (p+ c)x+ (p+ c)

τ1−2∑
l=0

D1+l

]
.

The expressions with τ1 − 2 and θ1 − 2 are expressed as similar ones before with θ
and θ̃, except that one replaces S with x. Therefore

Y1 = hx− cx+ (K + cS)(1− (1− α)Γ(x− s)) + g(s)Γ(x− s)

+(h+ p)

(ˆ x

0

Γ(ξ)dξ − x

)
+ (c(1− α)− pα)

ˆ x−s

0

Γ(ξ)dξ.

We then notice that

(h+ p)

(ˆ x

0

Γ(ξ)dξ − x

)
+ (c(1− α)− pα)

ˆ x−s

0

Γ(ξ)dξ = H(x),

using the fact that s < 0, as we have done for H(S) earlier. Collecting results we
obtain (9.3.28).

We turn to the case

IV- 0 > x > s.

We then have

Jx(Vs,S) = −px− pE

τ1−2∑
j=0

αj+1yj+2 + Eατ1−1(K + cS − cyτ1) + Z̃1.

We see again that

Jx(Vs,S) = −px− cx+H(x) + g(s)Γ(x− s)

+(K + cS)(1− (1− α)Γ(x− s)) + Z̃1,

and we again obtain (9.3.28).
It remains to consider the last case

V- x > s > 0.

With similar techniques we check that

Jx(Vs,S) = Y2 + Z̃2,
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with

Z̃2 = Z2(1− (1− α)Γ(x− s))

= Z1(1− (1− α)Γ(x− s))

= (1− (1− α)Γ(x− s))

[
K +H(S)

(1− α)Γ(S − s)
− (K + cS) +

g(s)

1− α

]
,

and

Y2 = hx+ hE

τ1−2∑
j=0

αj+1yj+2 + Eατ1−1(K + cS − cyτ1) + (h+ p)Eατ1−1y−τ1 ,

so

Y2 = hx+ hE

[
x
α− α2ατ1−2

1− α
−

τ1−2∑
l=0

D1+lα
αl − αατ1−2

1− α

]

+Eατ1−2Φx

(
τ1−2∑
l=0

D1+l

)
,

in which
Φx(ξ) = αK + αc(S − x) + αcξ + α(h+ p)(x− ξ)−.

Note that x is simply a parameter here (playing the role of S before). By using
familiar techniques we can check that

Y2 = hx− cx+H(x) + (K + cS)(1− (1− α)Γ(x− s)) + Γ(x− s)g(s),

and (9.3.28) is verified. This completes the proof. �
We have the same situation in the backlog case as in the case without backlog.

From formulas (9.3.27), (9.3.28) we see that one can optimize S independently of
x. It is sufficient to minimize the function

Zs(x) =
K +Hs(x)

Γ(x− s)
,

for x ≥ s. It is easy to check that there is a minimum, and we can always take the
smallest minimum. This is identical to the case without backlog. So in fact, there
is only one remaining choice, the value of s. We can then define the function us(x)
by the formulas

us(x) = −cx+ hx+ + px− +Hs(x) +
g(s)

1− α
(9.3.33)

+
(1− (1− α)Γ(x− s))

1− α
inf
ξ≥s

K +Hs(ξ)

Γ(ξ − s)
, ∀x > s

us(x) = (h− c)x+
g(s)

1− α
+(9.3.34)

+
1

1− α
inf
ξ≥s

K +Hs(ξ)

Γ(ξ − s)
, ∀x ≤ s

There is a discontinuity for x = s, unless

(9.3.35) inf
ξ≥s

K +Hs(ξ)

Γ(ξ − s)
= 0,

which is equivalent to the condition K + infξ≥s Hs(ξ) = 0. We recover the pair
s, S obtained by the analytic theory of Impulse Control, Theorem 9.11. So the
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choice of s is dictated by a continuity condition of the cost function, and not by
an optimization (unlike the choice of S). As for the case without backlog, we have
shown in Theorem 9.11, that the function defined by this s, S control policy is the
value function and is solution of the Bellman equation.

9.3.4. INVARIANT MEASURE. We have already obtained the invariant
measure in section 3.6.2 of Chapter 3. We recall the result. The state space is
X = (−∞, S] and the invariant measure has a density with respect to Lebesgue’s
measure given by

(9.3.36) m(η) =

⎧⎨⎩
f(S−η)+

´ S
s

z(x)f(x−η)dx

1+
´ S
s

z(y)dy
, if η ≤ s

z(η)

1+
´ S
s

z(y)dy
, if s ≤ η ≤ S

where the function z(η) is defined in s, S as the unique solution of the integral
equation

(9.3.37) z(η) = f(S − η) +

ˆ S

η

z(x)f(x− η)dx, s ≤ η ≤ S,

which has a unique solution in B(s, S), if F (S) < 1.
Consider now the objective function Jx(Vs,S), when we apply a control V = Vs,S

defined by an s, S policy. The inventory yn becomes ergodic so we have

(1−α)

ˆ S

−∞
Jx(Vs,S)ms,S(x)dx =

ˆ S

−∞
[hx++px−+(K+c(S−x))1Ix≤s]ms,S(x)dx.

Note that the integrals are well defined, in view of the fact that D̄ is finite, see also
(9.3.38) below.

Also

(1− α)

ˆ S

−∞
Jx(Vs,S)ms,S(x)dx =

ˆ S

−∞
[(1− α)(hx+ + px− − cx)

+(K + c(S − x))1Ix≤s]ms,S(x)dx

+

ˆ S

−∞
[c(1− α)x+ α(hx+ + px−)]ms,S(x)dx.

We omit the indices s, S to simplify notation. Recall that

g(x) = cx(1− α) + αcD̄ + αhE(x−D)+ + αpE(x−D)−.

It follows that

g(x)1Ix>s + g(S)1Ix≤s = c(1− α)x+ αcD̄ + c(1− α)(S − x)1Ix≤s

+αhE(x−D)+1Ix>s + αhE(S −D)+1Ix≤s

+αpE(x−D)−1Ix>s + αpE(S −D)−1Ix≤s.

On the other hand, from the equation giving H(x), see (9.3.13), we have

g(x)1Ix>s + g(S)1Ix≤s = H(x) +H(S)1Ix≤s + g(s)

−α[EH(x−D)1Ix>s + EH(S −D)1Ix≤s].
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Integrating with respect to the invariant measure, and making use of its fundamen-
tal property we getˆ S

−∞
(g(x)1Ix>s + g(S)1Ix≤s)m(x)dx

= αcD̄ +

ˆ S

−∞
[c(1− α)x+ αh+ + αp−]m(x)dx

+c(1− α)

ˆ s

−∞
(S − x)m(x)dx

= (1− α)

ˆ S

−∞
H(x)m(x)dx+ g(s) +H(S)

ˆ S

−∞
m(x)dx.

Therefore

(1− α)

ˆ S

−∞
Jx(V )m(x)dx =

ˆ S

−∞
(1− α)(hx+ + px− − cx+H(x))m(x)dx

+(K +H(S))

ˆ s

−∞
m(x)dx+ g(s) + cα

[ˆ s

−∞
(S − x)m(x)dx− D̄

]
.

Now we use the property

(9.3.38) D̄ =

ˆ s

−∞
(S − x)m(x)dx.

This follows from writingˆ S

−∞
xm(x)dx =

ˆ S

−∞
[1Ix>sE(x−D) + 1Ix≤sE(S −D)]m(x)dx,

which is a consequence of the fundamental property of the invariant measure.
Therefore, we obtainˆ S

−∞
Jx(V )m(x)dx =

ˆ S

−∞
(hx+ + px− − cx+H(x))m(x)dx(9.3.39)

+
g(s)

1− α
+

K +H(S)

1− α

ˆ s

0

m(x)dx.

We can show directly formula (9.3.39) from the formulas giving Jx(V ), formulas
(9.3.27), (9.3.28). One needs to prove that the function Γ(x) satisfies the relation

(9.3.40) Γ(S − s)

ˆ s

−∞
m(dx) + (1− α)

ˆ S

s

Γ(x− s)m(dx) = 1,

which is similar to (9.2.71).

9.3.5. PARTICULAR CASE. Consider the case f(x) = β exp−βx. We
recall that

(9.3.41) Γ(x) =
1

1− α
− α

1− α
exp−β(1− α)x,

then

(9.3.42) μ(x) = c(1− α) + αh− α(p+ h) exp−βx+,

and

(9.3.43) g(x) = c(1− α)x+ α(hx+ + px−) + α(c+ p)D̄+ α
h+ p

β
(exp−βx+ − 1).
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The value s̄ > 0 such that μ(s̄) = 0 is given by

(9.3.44) exp−βs̄ = c(1− α) + αh

α(p+ h)
,

thanks to the assumption (9.3.16).
Next we have, for x > s

H ′(x) = c(1− α) + αh− α(p+ h) exp−βx+

+
α

1− α
(c(1− α) + αh)[1− exp−β(1− α)(x− s)]

−α2β(p+ h) exp−β(1− α)x

{
exp−β(1− α)x− − exp−β(1− α)s−

β(1− α)

−exp−βαx+ − exp−βαs+
βα

}
.

For s ≤ s̄, The number S is uniquely defined by the equation H ′(S) = 0.
Let us now turn to the invariant measure. The solution of (9.3.37) is z(η) = β

and

(9.3.45) m(η) =

⎧⎪⎪⎨⎪⎪⎩
β

1 + β(S − s)
, if s ≤ η ≤ S

β exp−β(s− η)

1 + β(S − s)
, if η ≤ s



CHAPTER 10

ERGODIC CONTROL OF INVENTORIES WITH
SET UP COST

In this chapter, we shall consider the situations studied in the previous chapter,
in the case α→ 1.

10.1. DETERMINISTIC CASE

10.1.1. SETTING OF THE PROBLEM. We consider the functional equa-
tion

(10.1.1) uα(x) = hx+ inf
v≥(D−x)+

[K1Iv>0 + cv + αuα(x+ v −D)],

in which we have emphasized the dependence in α. We know that the optimal
feedback is given by

(10.1.2) v̂α(x) =

{
0, if x ≥ D

D(k̂α + 1)− x, if x < D

where k̂α minimizes

λα(k) =
K + c(k + 1)D + αhDFα(k)

1− αk+1
,

where

Fα(k) =
αk+1 − (k + 1)α+ k

(1− α)2
.

We want to study the behavior of uα(x) and v̂α(x) as α→ 1.

10.1.2. CONVERGENCE. We define the integer k̂ which minimizes

(10.1.3) λ1(k) =
K

k + 1
+ hD

k

2
,

over k ≥ 0. We next define

(10.1.4) ρ = cD + λ1(k̂),

then we can state the following convergence result

Theorem 10.1. We have the properties, as α→ 1

(10.1.5) �α = (1− α)uα(0)→ ρ;

(10.1.6) zα(x) = uα(x)− uα(0)→ z(x),

with

(10.1.7) z(x) =

{
(h− c)x, if x < D

hx− ρ+ z(x−D), if x ≥ D

133



134 10. ERGODIC CONTROL OF INVENTORIES WITH SET UP COST

We also can write

(10.1.8) z(x) + ρ = hx+ inf
v≥(D−x)+

[K1Iv>0 + cv + z(x+ v −D)],

and the pair z(x), ρ given by (10.1.11), (10.1.4) is the unique solution of (10.1.8).
Moreover the optimal feedback is

(10.1.9) v̂(x) =

{
0, if x ≥ D

D(k̂ + 1)− x, if x < D

Proof. The solution of (10.1.11) is simply

z(kD + ξ) = hD
k(k + 1)

2
+ ξh(k + 1)− kρ, ∀0 ≤ ξ < D;(10.1.10)

z(((k + 1)D)+) = hD
(k + 1)(k + 2)

2
− (k + 1)ρ,

where again z(((k+1)D)+) represents the limit to the right at point (k+1)D. We
know that

uα(0) = λ(k̂α),

and it is easy to check that

(1− α)λα(k)→ cD + λ1(k), ∀k.
This property carries over to the infimum,

k̂α → k̂,

which proves (10.1.5). By definition,

(10.1.11) zα(x) =

{
(h− c)x, if x < D

hx− ρα + zα(x−D), if x ≥ D

Thanks to (10.1.5), the convergence of zα(x) to z(x) follows easily. To prove
(10.1.8), one looks at (10.1.1), which can be written as

(10.1.12) zα(x) + ρα = hx+ inf
v≥(D−x)+

[K1Iv>0 + cv + αzα(x+ v −D)].

We note the relation

(10.1.13) ρα = K +Dc(k̂α + 1) + αzα(k̂αD).

Denote
Gα(x, v) = K1Iv>0 + c(v + x) + αzα(x+ v −D),

and
Gα(x) = inf

v≥(D−x)+
Gα(x, v) = Gα(x, v̂α(x)),

and similarly
G(x, v) = K1Iv>0 + c(v + x) + z(x+ v −D);

G(x) = inf
v≥(D−x)+

G(x, v) = G(x, v̂(x)).

We claim that

(10.1.14) Gα(x)→ G(x).

Indeed, when x ≥ D, Gα(x) = Gα(x, 0) → G(x, 0) = G(x). When x < D, then
from (10.1.13) and the expression of v̂α(x)

Gα(x) = ρα → ρ = G(x).
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We can pass to the limit in (10.1.12) and obtain (10.1.8) and (10.1.9). The proof
has been completed. �

10.1.3. INTERPRETATION. The interpretation of ρ is easy. Consider an
inventory evolution

yn+1 = yn + vn −D, y1 = 0,

and use the following policy. Order at time 1, v1 = (k+1)D (we must put an order
otherwise the inventory will become negative, which is forbidden). We then order
nothing till the inventory becomes 0. This occurs at time k + 1. The cost of this
policy is

K + cD(k + 1) + hD
k(k + 1)

2
,

and the cost per unit of time is
K

k + 1
+ cD +

hDk

2
.

So ρ is the minimum average cost. Concerning z(x), we can refer to (10.1.8) and
interpret it as a Bellman equation. Considering the evolution

yn+1 = yn + vn −D, y1 = x

vn ≥ (D − yn)
+

and the cost functional

(10.1.15) Jx(V ) =

∞∑
n=1

[K1Ivn>0 + cvn + hyn − ρ],

then one has
z(x) = inf

V
Jx(V ).

Remark. If we consider the equation (10.1.3) which defines λ1(k) and make the
change of variable q = Dk, we obtain, making the approximation D(k + 1) ∼ q,

λ1(k) = λ̃1(q) =
KD

q
+

hq

2
,

and we recover the cost which has led to the EOQ formula, see section 2.2.1.

10.2. ERGODIC INVENTORY CONTROL WITH FIXED COST
AND NO SHORTAGE

10.2.1. STATEMENT OF THE PROBLEM. We consider the Bellman
equation

(10.2.1) uα(x) = (h− c)x+ inf
η≥x
{K1Iη>x+ cη+ pE((η−D)−)+αEuα((η−D)+)},

studied in section 9.2. Define

(10.2.2) gα(x) = (p− α(c− h))E(x−D)+ − (p− c)x+ pD̄,

and

(10.2.3) gα,s(x) = (gα(x)− gα(s))1Ix≥s,

(10.2.4) Hα,s(x) =

∞∑
n=1

αn−1gα,s � f

(n−1)(x).
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Let μα(x) = g′α(x), then

(10.2.5) Hα,s(x) =

ˆ x

s

Γα(x− ξ)μα(ξ)dξ,

where Γα(x) is the solution of the renewal equation

(10.2.6) Γα(x) = 1 + α

ˆ x

0

f(x− ξ)Γα(ξ) dξ.

We define the function Sα(s) such that

(10.2.7) inf
η≥s

Hα,s(η) = Hα,s(Sα(s)),

and the pair sα, Sα is defined by the relations

(10.2.8) inf
η≥sα

Hα,sα(η) +K = 0, Sα = Sα(sα).

We know that

(10.2.9) 0 ≤ sα ≤ s̄α,

with

(10.2.10) c(1− α) + αh− (p− α(c− h))F̄ (s̄α) = 0.

Finally

(10.2.11) uα(x) = Hα,sα(x) + (h− c)x+
gα(sα)

1− α
.

We want to study the behavior of uα(x) as α ↑ 1.
10.2.2. CONVERGENCE. We shall make the assumption

(10.2.12) F (x) < 1, ∀x.
Thanks to the assumption (10.2.12) the function Γα(x) converges to Γ(x) where

Γ(x) =
∞∑

n=0

F (n)(x).

We note that
Γ(x) ≤ 1

1− F (x)
,

and Γ(x) is the solution of the renewal equation

(10.2.13) Γ(x) = 1 +

ˆ x

0

f(x− ξ)Γ(ξ)dξ.

We have next

(10.2.14) μα(x)→ μ(x) = h− (p− c+ h)F̄ (x).

Similarly

gα(x) → g(x) = hx+ pD̄ − (p− c+ h)

ˆ x

0

F̄ (ξ)dξ

= hx+ (c− h)D̄ + (p− c+ h)E(x−D)−(10.2.15)

The function

(10.2.16) Hα,s(x)→ Hs(x) =

ˆ x

s

Γ(x− ξ)μ(ξ)dξ.
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Assuming (9.2.12) we define s̄ such that μ(s̄) = 0, and μ(s) < 0, ∀0 ≤ s < s̄,
μ(s) > 0, ∀s > s̄.

Lemma 10.1. The minimum of Hs(x) for x ≥ s is attained in points strictly larger
than s̄. Moreover minx≥s Hs(x) < 0.

Proof. Unlike what has been done for Hα,s(x), we cannot rely on the fact
that Hα,s(x)→ +∞ as x→ +∞. This is because Γ(x) is not a priori bounded like
Γα(x). For s < s̄, we can assume that s ≤ s̄α. Therefore we have

s ≤ s̄α < Sα(s) < Sα(0).

Recalling that

Γα(Sα(0)) =
p− α(c− h)

p− α(p− h)
,

we can assert that Sα(0)→ S(0) solution of

(10.2.17) Γ(S(0)) =
p− c+ h

h
.

Therefore we can extract a subsequence of Sα(s) which converges to S∗s . Clearly

s < s̄ ≤ S∗s ≤ S(0).

Clearly Hα,s(Sα(s)) → Hs(S
∗
s ). Since Hα,s(Sα(s)) ≤ Hα,s(x), ∀x ≥ s, we get

also Hs(S
∗
s ) ≤ Hs(x),∀x ≥ s. Therefore Hs(S

∗
s ) = infx≥s Hs(x). So the infimum

is attained. Since H ′
s(s+) < 0, the infimum is not attained in s and is strictly

negative. Note that S∗s is solution of the equation

(10.2.18) Γ(S − s)μ(s) + (p− c+ h)

ˆ S∗s

s

Γ(S − ξ)f(ξ) dξ = 0,

and thus we cannot have S∗s = s̄, if s < s̄. �

We then define in a unique way the smallest minimum, called S(s) and S(s) > s̄.
Moreover S(s) = s,∀s ≥ s̄.

We have again
d

ds
Hs(S(s)) = −Γ(S(s)− s)μ(s) > 0, 0 ≤ s < s̄.

The function Hs(S(s)) increases from H0(S(0)) to 0 when s goes from 0 to s̄.
Assume

(10.2.19) H0(S(0)) < −K,

then there exists a unique s such

(10.2.20) Hs(S(s)) = −K.

Theorem 10.2. We assume (9.2.12), (10.2.12), (10.2.19), then we have

(10.2.21) sα → s, Sα → S;

(10.2.22) uα(x)− gα(sα)

1− α
→ u(x) = H(x) + (h− c)x.

Set ρ = g(s), then ρ > 0 and one has

(10.2.23) u(x) = (h− c)x− ρ+ inf
η≥x

[K1Iη>x + cη + pE(η −D)− +Eu((η −D)+)].
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Proof. We use again the fact that Sα(s) is decreasing, see Proposition 9.3.
Hence Sα = Sα(sα) ≤ Sα(0), which remains bounded. We have Sα(0)→ S(0) = S0

(to shorten the notation). Also Hα,0(Sα(0)) → H0(S0). Therefore, from the as-
sumption (10.2.19), we can assume that, for α sufficiently close to 1, Hα,0(Sα(0)) <
−K. Therefore the pair sα,Sα is well defined, and these numbers remain bounded.
So we can extract a subsequence which converges to s∗, S∗. From the expression of
Hα,s(x), we easily deduce that Hα,sα(Sα) = −K → Hs∗(S

∗). From this one obtains
that s∗ = s, S∗ = S, defined by equations (10.2.20), (10.2.18).

Note that

(10.2.24) g(x) = hx+ p

ˆ ∞
x

F̄ (ξ) dξ + (c− h)

ˆ x

0

F̄ (ξ) dξ,

so it is a positive function, thanks to the assumption (9.2.12). Hence ρ > 0. Clearly

(1− α)uα(x)− gα(sα)→ 0, as α ↑ 1,
hence

(1− α)uα(x)→ ρ = g(s).

We recall that we have also

H(x) + ρ = g(x) + EH((x−D)+), ∀x ≥ s;

H(x) = 0, ∀x ≤ s,

where H(x) = Hs(x), defined by (10.2.16), for the specific s, limit of sα.
Let us check that these conditions can be summarized into

(10.2.25) H(x) + ρ = + inf
η≥x

[K1Iη>x + g(η) + EH((η −D)+)].

If (10.2.25) is satisfied, then the equation for u (10.2.23) follows immediately, using
the definition of g(x).

Let us check (10.2.25). Take first x ≤ s. Then H(x) = 0. If we express the
right hand side of (10.2.25), then we have to consider the case η = x and η > x.
For η = x we have

−ρ+ g(x) + EH((x−D)+) = g(x)− g(s) > 0,

since x < s < s̄. On the other hand for x < η < s we have

−ρ+K + g(η) + EH((η −D)+) = −ρ+K + g(η),

which is decreasing. Therefore

−ρ+K + inf
η>x

[g(η) + EH((η −D)+)]

= −ρ+K + inf
η≥s

[g(η) + EH((η −D)+)]

= −ρ+K + inf
η≥s

[H(η) + g(s)] = 0.

Hence (10.2.25) is verified for x ≤ s Assume x > s. Then

(10.2.26) − ρ+ inf
η≥x

[K1Iη>x + g(η) + EH((η −D)+)] = inf
η≥x

[K1Iη>x +H(η)].

But, from (12.5.3) we have, denoting Hα(x) = Hα,sα(x)

Hα(x) ≤ K + inf
η≥x

Hα(η), ∀x ≥ sα.
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But Hα,sα(x)→ H(x), We pass to the limit and obtain

H(x) ≤ K + inf
η≥x

H(η), ∀x ≥ s

and the right hand side of (10.2.26) is H(x). This completes the proof of the
Theorem. �

10.2.3. PROBABILISTIC INTERPRETATION. We give now the in-
terpretation of ρ and of the solution u(x) of (10.2.23). We first associate to an s, S
policy an invariant measure ms,S(dx). Moreover the infimum in equations (10.2.23),
(10.2.25) is attained by a feedback v̂(x) associated to an s, S policy. We still denote
it s, S to save notation.

It is convenient to notice that

(10.2.27) l(x, v) = pD̄ + (h− p)x+ 1Iv>0(K + (c− p)v) + pE(x+ v −D)+,

and

l(x, v̂(x)) = pD̄ + (h− p)x+ 1Ix≤s(K + (c− p)(S − x))(10.2.28)
+p[1Ix≤sE(S −D)+ + 1Ix>sE(x−D)+],

and (10.2.23) reads

(10.2.29) u(x) = l(x, v̂(x))− ρ+ Eu(x+ v̂(x)−D).

Let us denote by mv̂(.)(dx) the invariant measure ms,S(dx), for consistency of no-
tation. It follows from (10.2.29) that

(10.2.30) ρ =

ˆ
l(x, v̂(x))mv̂(.)(dx).

Note that the state space of mv̂(.)(dx) is [0, S] but can be taken as [0,∞) to work
with a fixed state space. Now define the set Ub of feedbacks such that

(10.2.31) Ub = {v(.) ≥ 0|∃M such that x+ v(x) ≤ max(x,M)}.
If v(.) ∈ Ub, necessarily v(x) = 0, if x ≥ M. The Markov chain, controlled with
the feedback v(.) is ergodic with state space [0,M ]. We denote the corresponding
invariant measure by mv(.)(dx). Note that a feedback defined by an s, S policy
belongs to Ub. We then have

Theorem 10.3. We make the assumptions of Theorem 10.2. We have

(10.2.32) ρ = inf
v(.)∈Ub

ˆ
l(x, v(x))mv(.)(dx),

and there exists an optimal feedback, defined by an s, S policy. This s, S policy has
been defined in Theorem 10.2.

Proof. Consider a feedback v(.) in Ub. From (10.2.23) we can state

(10.2.33) u(x) + ρ ≤ l(x, v(x)) + Eu((x+ v(x)−D)+).

Integrating with respect to the invariant measure mv(.)(dx) yields

ρ ≤
ˆ

l(x, v(x))mv(.)(dx).

Taking account of (10.2.30) the result follows immediately. �



140 10. ERGODIC CONTROL OF INVENTORIES WITH SET UP COST

Remark 10.1. Let Jα,x(v(.)) be the cost functional with discount α for a controlled
Markov chain, with control defined by a feedback v(.) belonging to Ub. From
Ergodic Theory we can claim that

(10.2.34) (1− α)Jα,x(v(.))→
ˆ

l(ξ, v(ξ))mv(.)(dξ).

Therefore we have also

(10.2.35) ρ = inf
v(.)∈Ub

lim
α→1

(1− α)Jα,x(v(.)).

Let us also give the interpretation of the function u(x). Let us pick a feedback in
Ub. Let us denote by yn, vn the corresponding trajectory, with

yn+1 = (yn + vn −Dn)
+ vn = v(yn); y1 = x.

Lemma 10.2. We have the property

(10.2.36) Eu(yn)→
ˆ

u(x)mv(.)(dx).

Proof. The integral is well defined because the function u(x) is continuous
and the range of mv(.)(dx) is [0,M ]. In fact (10.2.36) will hold for any continuous
function. By taking positive and negative parts of u(x) we may as well assume

that u(x) ≥ 0. Consider the sequence uε(x) =
u(x)

1 + εu(x)
. We note that 0 ≤ yn ≤

max(x,M). So Eu(yn) <∞ and we can write

(10.2.37) Eu(yn) = Euε(yn) + εE
u2(yn)

1 + εu(yn)
,

and
u2(yn)

1 + εu(yn)
≤ C = maxξ∈[0,max(x,M)] u

2(ξ). If the initial inventory x > M, we

note that
{yn+1 > M} = {D1 + · · ·+Dn < x−M}.

Therefore
P ({yn+1 > M}) = F (n)(x−M) ≤ Fn(x−M).

Now

lim sup
n→∞

Euε(yn) = lim sup
n→∞

Euε(yn+n0) ≤
1

ε
P (yn0 > M)+lim sup

n→∞
E1Iyn0≤M

uε(yn+n0).

From Ergodic Theory, using the fact that uε(x) is bounded (by
1

ε
) we have

E1Iyn0≤M
uε(yn+n0

)→
ˆ

uε(x)mv(.)(dx), as n→∞.

Therefore
lim sup
n→∞

Euε(yn) ≤
ˆ

uε(x)mv(.)(dx) +
1

ε
P (yn0 > M).

Letting n0 →∞ we obtain

lim sup
n→∞

Euε(yn) ≤
ˆ

uε(x)mv(.)(dx).

On the other hand, we have also

lim inf
n→∞ Euε(yn) = lim inf

n→∞ Euε(yn+n0
) ≥ lim inf

n→∞ E1Iyn0≤M
uε(yn+n0

).
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Therefore
lim inf
n→∞ Euε(yn) ≥

ˆ
uε(x)mv(.)(dx).

Hence
Euε(yn)→

ˆ
uε(x)mv(.)(dx),

as n→∞. Letting now ε→ 0 and using Fatou’s Lemma we deduceˆ
uε(x)mv(.)(dx)→

ˆ
u(x)mv(.)(dx).

On the other hand, from (10.2.37), we have

|Eu(yn)− Euε(yn)| ≤ Cε,

hence
lim sup
n→∞

Eu(yn) ≤
ˆ

uε(x)mv(.)(dx) + Cε.

Letting ε→ 0, we get

lim sup
n→∞

Eu(yn) ≤
ˆ

u(x)mv(.)(dx).

Now,

lim inf
n→∞ Eu(yn) ≥ lim inf

n→∞ Euε(yn) =

ˆ
uε(x)mv(.)(dx).

Letting ε→ 0, and using Lebesgue’s Theorem we obtain

lim inf
n→∞ Eu(yn) ≥

ˆ
u(x)mv(.)(dx),

and the result follows. �

Let us consider a feedback v(.) ∈ Ub and let us consider yn,vn the corresponding
trajectory

Define

(10.2.38) Jn
x (v(.)) =

n∑
j=1

E(l(yj , vj)− nρ.

We then assert

Theorem 10.4. We make the assumptions of Theorem 10.2. Then Jn
x (v̂(.)) has a

limit as n→∞ and

(10.2.39) u(x) = lim
n→∞Jn

x (v̂(.)) +

ˆ
u(x)mv̂(.)(dx).

Moreover, for v(.) ∈ Ub, Jn
x (v(.)) is bounded below, and on has

(10.2.40) u(x) = inf
v(.)∈Ub

[
lim inf
n→∞ Jn

x (v(.)) +

ˆ
u(x)mv(.)(dx)

]
.

Proof. From equation (10.2.29) we check easily

u(x) = Jn
x (v̂(.)) + Eu(ŷn+1),

and from (10.2.36) we deduce easily the property (10.2.39). Similarly, considering
any feedback, which belongs to Ub, we can write using (10.2.31)

u(x) ≤ Jn
x (v(.)) + Eu(yn+1).
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Using again (10.2.36), we obtain that

u(x) ≤ lim inf
n→∞ Jn

x (v(.)) +

ˆ
u(x)mv(.)(dx),

and the property (10.2.40) follows. �

We see that the function u(.) enters in the definition of the objective function.

10.2.4. PARTICULAR CASE. We consider the particular case of an ex-
ponential distribution f(x) = β exp−βx. The solution Γ(x) of the renewal equation
(10.2.13) is easily seen to be

(10.2.41) Γ(x) = 1 + βx.

Next we have

(10.2.42) μ(x) = h− (p− c+ h) exp−βx,
and

(10.2.43) g(x) = hx+
p

β
− p− c+ h

β
(1− exp−βx).

We then compute, for x > s

H(x) =

ˆ x

s

Γ(x− ξ)μ(ξ)dξ(10.2.44)

= h(x− s) +
βh

2
(x− s)2 − (p− c+ h)(x− s) exp−βs

The number s̄ satisfies μ(s̄)=0, hence

(10.2.45) exp−βs̄ = h

p− c+ h
.

We thus consider 0 ≤ s ≤ s̄. We define S(s) by H ′(S) = 0, hence

(10.2.46) h+ βh(S − s)− (p− c+ h) exp−βs = 0.

This equation has a unique solution S = S(s), for s ≤ s̄, and one easily checks
that S ≥ s̄. We next define the value of s. We need a condition, see (10.2.19). Let

S0 = S(0). From (10.2.46) applied with s = 0, we obtain S0 =
p− c

βh
and next, from

formula (10.2.44), with s = 0, we see that H0(S0) = − (p− c)2

2βh
and the condition

on K is

(10.2.47) K <
(p− c)2

2βh
.

To define s, we must write the equation Hs(S(s)) = −K. Using formula (10.2.44)
and (10.2.46) we check that

Hs(S(s)) = − [(p− c+ h) exp−βs− h]2

2βh
,

and we obtain easily the value of s, by

(10.2.48) exp−βs = h+
√
2βhK

p− c+ h
.
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Thanks the condition (10.2.47) the right hand side of (10.2.48) is less than one, so
s < s̄ is well defined. Using (10.2.48) in (10.2.46), we can check the formula

(10.2.49) S − s =

√
2K

βh
=

√
2KD̄

h
.

Remark 10.2. If we compare with the deterministic case (10.1.3) where we had an
s, S policy with s = D and S = D(k̂ + 1), so S − s = Dk̂. The integer k̂ minimizes
K

k + 1
+ hD

k

2
. Assimilating k and k + 1 to the same real number, we obtain

k̂ =

√
2K

hD
and thus S − s =

√
2KD

h
, which is exactly (10.2.49) with of course

D̄ = D. So the ordering quantity is the same as in the deterministic equivalent, but
the ordering point s is not D̄. It takes into account the randomness, and also the
penalty when some demand is not satisfied. This cannot occur in the deterministic
case.

We can next obtain the number ρ = g(s). Using (10.2.48) we obtain

ρ = hs+
c

β
+

√
2βhK

β
,

and thus also

(10.2.50) ρ =
c

β
+ hS,

which is also equivalent to the deterministic case, see(10.1.4). Let us recover this
formula, by the probabilistic interpretation, Theorem 10.3. We will not take any
feedback in Ub, but only those defined by an s, S policy. So consider a feedback
defined by an s, S policy. We call it vs,S . We consider the invariant measure of the
corresponding controlled Markov chain. We call it ms,S(dx), see (9.2.82)

(10.2.51) ms,S(dx) =
exp−βs

1 + β(S − s)
δ(x) +

β exp−β(x− s)−

1 + β(S − s)
dx.

Let us call ls,S(x) = l(x, vs,S(x)). We check easily the formula

ls,S(x) = (K − (p− c)(S − x))1Ix≤s + pD̄ + (h− p)x(10.2.52)
+p1Ix>sE(x−D)+ + p1Ix≤sE(S −D)+.(10.2.53)

This formula is general and is not limited to the particular case of exponential
distribution. We then compute the ergodic cost

Js,S =

ˆ S

0

ls,S(x)ms,S(dx).

Making use of the property of the invariant measure, when integrating the last part
of relation (10.2.52), we obtain

Js,S = pD̄ + (K − (p− c)S)

ˆ s

0

ms,S(dx)(10.2.54)

+(p− c)

ˆ s

0

xms,S(dx) + h

ˆ S

0

xms,S(dx).
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We now use the particular case, in which the invariant measure is given by (10.2.51)

and D̄ =
1

β
. After some lengthy but easy calculations we get the formula

(10.2.55) Js,S =
c− h

2
β

+

K +
p− c+ h

β
exp−βs− h

2β

1 + β(S − s)
+ h(

1

2
(S − s) + s).

We can try now to minimize this expression in the two arguments s, S− s. We first
consider s fixed and minimize in S − s. We obtain the condition

(10.2.56)
K +

p− c+ h

β
exp−βs− h

2β

(1 + β(S − s))2
=

h

2β
,

which defines S(s). We can then compute Js = Js,S(s). We obtain the simple ex-
pression

(10.2.57) Js =
c

β
+ hS(s).

Since we want to minimize Js, we find s such that S′(s) = 0. Now writing (10.2.56)
as

(1 + β(S − s))2 =
2β

h
K + 2

p− c+ h

h
exp−βs− 1.

We differentiate this expression in s, and we take into account that S′(s) = 0. We
check easily that this implies

1 + β(S − s) =
p− c+ h

h
exp−βs,

which is exactly (10.2.46). Using this relation in (10.2.56) and rearranging we
obtain

K =
hβ

2
(S − s)2,

which is (10.2.49). So the number ρ is the minimum of the ergodic cost, over all
possible s, S policies.

10.3. ERGODIC INVENTORY CONTROL WITH FIXED COST
AND BACKLOG

10.3.1. STATEMENT OF THE PROBLEM. We consider the Bellman
equation

(10.3.1) uα(x) = −cx+ hx+ + px− + inf
η≥x
{K1Iη>x + cη + αEuα(η −D)},

studied in section 9.3. Define

(10.3.2) gα(x) = cx(1− α) + αcD̄ + αhE(x−D)+ + αpE(x−D)−,

and

(10.3.3) μα(x) = g′α(x) = c(1− α) + αh− α(h+ p)F̄ (x).

Then

(10.3.4) Hα,s(x) =

ˆ x

s

Γα(x− ξ)μα(ξ)dξ,
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where Γα(x) is the solution of the renewal equation

(10.3.5) Γα(x) = 1 + α

ˆ x

0

f(x− ξ)Γα(ξ) dξ.

We define the function Sα(s) such that

(10.3.6) inf
η≥s

Hα,s(η) = Hα,s(Sα(s)),

and the pair sα, Sα is defined by the relations

(10.3.7) inf
η≥sα

Hα,sα(η) +K = 0, Sα = Sα(sα).

We know that

(10.3.8) sα ≤ s̄α,

with

(10.3.9) c(1− α) + αh− α(p+ h)F̄ (s̄α) = 0.

Then

(10.3.10) uα(x) = Hα,sα(x)− cx+ hx+ + px− +
gα(sα)

1− α
.

We want to study the behavior of uα(x) as α ↑ 1.
10.3.2. CONVERGENCE. We shall make the assumption

(10.3.11) f(x) is continuous, f(x) > 0, ∀x.
We recall that D̄ =

´ +∞
0

xf(x)dx <∞. Also F (x) < 1, ∀x.
The function Γα(x) converges to Γ(x) where

(10.3.12) Γ(x) = 1 +

ˆ x

0

f(x− ξ)Γ(ξ)dξ.

We have next

(10.3.13) μα(x)→ μ(x) = h− (p+ h)F̄ (x).

Similarly

gα(x) → g(x) = cD̄ + hE(x−D)+ + pE(x−D)−.(10.3.14)

The function

(10.3.15) Hα,s(x)→ Hs(x) =

ˆ x

s

Γ(x− ξ)μ(ξ)dξ.

We can define s̄ > 0 such that μ(s̄) = 0 and μ(x) < 0, ∀x < s̄ and μ(x) > 0, ∀x > s̄.
Since Γ is an increasing function, the function Hs(x) is increasing in x, whenever
s ≥ s̄. Therefore we can assert

S(s) = s, inf
η≥s

Hs(η) = 0, if s ≥ s̄.

So we limit the set of possible s to satisfy s < s̄.

Lemma 10.3. For s < s̄, the infimum of Hs(x) for x ≥ s is attained in points
strictly larger that s̄. Moreover infx≥s Hs(x) < 0.
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Proof. We cannot argue as in Lemma 10.1. The reason is that we do not have
anymore the a priori bound provided by Sα(0). The equivalent would be Sα(−∞).
However, from formula (9.3.24) we see that Sα(−∞) is not bounded as α ↑ 1. We
shall instead rely on the estimates

(10.3.16) 1 +B1x ≤ Γ(x) ≤ 1 +B2x, B2 = sup
x≥0

F (x)´ x
0
F̄ (ξ)dξ

, B1 = inf
x≥0

F (x)´ x
0
F̄ (ξ)dξ

.

Note that the numbers B1, B2 are well defined. Indeed the function G(x) =
F (x)´ x

0
F̄ (ξ)dξ

converges to f(0) > 0 as x → 0 and to
1

D̄
as x → ∞. Moreover it

is continuous. Call
z(x) = Γ(x)− 1−Bx,

then z is the solution of

z(x) = F (x)−B

ˆ x

0

F̄ (ξ)dξ +

ˆ x

0

z(x− ξ)f(ξ)dξ.

If F (x)− B
´ x
0
F̄ (ξ)dξ ≤ 0, the function z(x) is also negative. Similarly, if F (x)−

B
´ x
0
F̄ (ξ)dξ ≥ 0, it is positive. The estimates (10.3.16) follow easily. We next

express

Hs(x) =

ˆ x

s

Γ(x− ξ)μ(ξ)dξ

= h

ˆ x

s

Γ(x− ξ)dξ − (p+ h)

ˆ x

s

Γ(x− ξ)F̄ (ξ)dξ.

If s > 0, we get

Hs(x) ≥ h

ˆ x

s

Γ(x− ξ)dξ − (p+ h)

ˆ x

0

Γ(x− ξ)F̄ (ξ)dξ.

However

(10.3.17)
ˆ x

0

Γ(x− ξ)F̄ (ξ)dξ = x,

which can be seen simply by differentiating the left hand side and showing that the
derivative is 1. So, we have, from (10.3.16) and (10.3.17),

Hs(x) ≥ h(x− s) +
hB1

2
(x− s)2 − (p+ h)x

=
hB1

2
(x− s)2 − px− hs, x > s > 0(10.3.18)

Now if s < 0, we have

Hs(x) = −p
ˆ 0

s

Γ(x− ξ)dξ + h

ˆ x

0

Γ(x− ξ)dξ − (p+ h)x,

and using (10.3.16) we get easily

(10.3.19) Hs(x) ≥ ps+ p
B2

2
(−s2 + 2sx)− px+ h

B1

2
x2, s < 0 < x.

Therefore, in both cases, Hs(x) → ∞ as x ↑ ∞. Also H
′
s(s+) = μ(s) < 0. Hence

the function Hs(x) attains a negative minimum on (s,∞). We call S(s) the smallest
minimum if there are many. �
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We have
H ′s(S(s)) = 0.

We have next
d

ds
Hs(S(s)) =

∂

∂s
Hs(x)|S(s) = −Γ(S(s)− s)μ(s) > 0.

Moreover S(s) > s̄ > 0. For s < 0, x > 0 we have

(10.3.20) Hs(x) = −p
ˆ 0

s

Γ(x− ξ)dξ + h

ˆ x

0

Γ(ξ)dξ − (p+ h)x, ∀s < 0 < x.

It follows that
H ′

s(x) = (p+ h)Γ(x)− pΓ(x− s)− (p+ h),

therefore S(s) is solution of the equation

(10.3.21) (p+ h)Γ(S)− pΓ(S − s)− (p+ h) = 0.

It follows that as s → −∞, S(s) → +∞. Otherwise, there will be a contradiction
with (10.3.21). Furthermore, for s < 0 one has

Hs(S(s)) ≤ Hs(0) = −p
ˆ −s

0

Γ(ξ)dξ ≤ ps,

from which it follows that Hs(S(s))→ −∞ as s→ −∞.
Hence the function infη≥s Hs(η) increases from −∞ to 0, as s increases from

−∞ to s̄. Therefore there exists a unique s for which it is equal to −K. We can
find the pair s, S by solving the algebraic system

(10.3.22)
Γ(S − s)μ(s) +

ˆ S

s

Γ(S − ξ)μ′(ξ)dξ = 0
ˆ S

s

Γ(S − ξ)μ(ξ)dξ = −K

Theorem 10.5. We assume h < c and (10.3.11), then we have

(10.3.23) sα → s, Sα → S,

where the pair s, S is solution of (10.3.22). Let H(x) = Hs(x). Then

(10.3.24) uα(x)− gα(sα)

1− α
→ u(x) = H(x)− cx+ hx+ + px−.

Set ρ = g(s), then ρ > 0 and one has

(10.3.25) u(x) + ρ = −cx+ hx+ + px− + inf
η≥x
{K1Iη>x + cη + Eu(η −D)}.

Proof. Let us check that sα is bounded. Since sα < s̄α → s̄, it is sufficient to
assume sα < 0. We have Sα > 0. We can write

−K = Hα,sα(Sα) ≤ Hα,sα(0)

= (c(1− α)− αp)

ˆ 0

sα

Γα(−ξ)dξ ≤ −sα(c(1− α)− αp)

which implies

s−α ≤
K

αp− c(1− α)
,

and thus sα remains bounded. But then, using estimates (10.3.18), (10.3.19) we
get immediately that Sα remains also bounded. So we can extract a subsequence
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which converges to s∗, S∗. From the expression of Hα,s(x), we easily deduce that
Hα,sα(Sα) = −K → Hs∗(S

∗). From this one obtains that s∗ = s, S∗ = S, solutions
of equations (10.3.22). The value s is uniquely defined, and since Sα is the smallest
infimum, we obtain also that S is the smallest minimum.

Note that
g(x) = cD̄ + hE(x−D)+ + pE(x−D)−,

so it is a positive function. Hence ρ > 0. Clearly

(1− α)uα(x)− gα(sα)→ 0, as α ↑ 1,
hence

(1− α)uα(x)→ ρ = g(s).

We recall that we have also

H(x) + ρ = g(x) + EH(x−D), ∀x ≥ s

H(x) = 0, ∀x ≤ s

where H(x) = Hs(x), defined by (10.3.15), for the specific s, limit of sα.
We can check that these conditions can be summarized into

(10.3.26) H(x) + ρ = + inf
η≥x

[K1Iη>x + g(η) + EH(η −D)].

If (10.3.26) is satisfied, then the equation for u (10.3.25) follows immediately, using
the definition of g(x).

The proof of (10.3.26) is identical to that of (10.2.25) in Theorem 10.2.
This completes the proof of the Theorem. �

10.3.3. PROBABILISTIC INTERPRETATION. We give now the in-
terpretation of ρ and of the solution u(x) of (10.3.25). We first associate to an s, S
policy an invariant measure ms,S(dx). Moreover the infimum in equations (10.3.25),
(10.3.26) is attained by a feedback v̂(x) associated to an s, S policy. We still denote
it s, S to save notation.

We recall that

(10.3.27) l(x, v) = K1Iv>0 + cv + hx+ + px−,

and

(10.3.28) l(x, v̂(x)) = 1Ix≤s(K + c(S − x)) + hx+ + px−,

and (10.3.25) reads

(10.3.29) u(x) = l(x, v̂(x))− ρ+ Eu(x+ v̂(x)−D).

Let us denote by mv̂(.)(dx) the invariant measure ms,S(dx), for consistency of no-
tation. It follows from (10.3.29) that

(10.3.30) ρ =

ˆ
l(x, v̂(x))mv̂(.)(dx).

Note that the state space of mv̂(.)(dx) is (−∞, S] but can be taken as (−∞,∞)
to work with a fixed state space (independent of S). We next define the set Ub of
feedbacks such that

(10.3.31) Ub = {v(.) ≥ 0|∃M such that −M ≤ x+ v(x) ≤ max(x,M)}.
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If v(.) ∈ Ub, necessarily v(x) = 0, if x ≥M. The Markov chain, controlled with the
feedback v(.) is ergodic with state space (−∞,M ]. Indeed, the transition probability
is

π(x; dη) = 1Iη<x+v(x)f(x+ v(x)− η)dη.

If we take X0 = [−M − 2,−M − 1], then for η ∈ X0, we have

1Iη<x+v(x)f(x+ v(x)− η) ≥ min
y∈[1,2M+2]

f(y) > 0.

We denote the corresponding invariant measure by mv(.)(dx). Note that a feedback
defined by an s, S policy belongs to Ub. We then have

Theorem 10.6. We make the assumptions of Theorem 10.5. We have

(10.3.32) ρ = inf
v(.)∈Ub

ˆ
l(x, v(x))mv(.)(dx),

and there exists an optimal feedback, defined by an s, S policy. This s, S policy has
been defined in Theorem 10.5.

Proof. Consider a feedback v(.) in Ub. From (10.3.25) we can state

(10.3.33) u(x) + ρ ≤ l(x, v(x)) + Eu(x+ v(x)−D).

Integrating with respect to the invariant measure mv(.)(dx) yields

ρ ≤
ˆ

l(x, v(x))mv(.)(dx).

The integral is finite. Indeed, one hasˆ
|x|mv(.)(dx) =

ˆ
E|x+ v(x)−D|mv(.)(dx) ≤M + D̄.

Since
l(x, v(x)) = K1Iv(x)>0 + c(x+ v(x))− cx+ hx+ + px−,

it has a finite integral with respect to mv(.)(dx). Recalling also that

u(x) = H(x)− cx+ hx+ + px−,

and noting that ˆ
|H(x)|mv(.)(dx) =

ˆ M

s

|H(x)|mv(.)(dx) <∞,

we see also that |u(.)| is integrable with respect to mv(.)(dx).
Taking account of (10.3.30) the result follows immediately. �

Remark 10.3. Let Jα,x(v(.)) be the cost functional with discount α for a controlled
Markov chain, with control defined by a feedback v(.) belonging to Ub. From
Ergodic Theory we can claim that

(10.3.34) (1− α)Jα,x(v(.))→
ˆ

l(ξ, v(ξ))mv(.)(dξ).

Therefore we have also

(10.3.35) ρ = inf
v(.)∈Ub

lim
α→1

(1− α)Jα,x(v(.)).

Let us also give the interpretation of the function u(x). Let us pick a feedback in
Ub. Let us denote by yn, vn the corresponding trajectory, with

yn+1 = yn + vn −Dn vn = v(yn); y1 = x
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Lemma 10.4. We have the property

(10.3.36) Eu(yn)→
ˆ

u(x)mv(.)(dx).

Proof. The integral is well defined, as it has been seen in the proof of Theorem
10.6. However, we cannot proceed as in the proof of Lemma 10.2, because yn does
not remain in a compact interval. However we have

(10.3.37) Eϕ(yn)→
ˆ

ϕ(x)mv(.)(dx),

for any function ϕ(x) continuous and bounded on the state space (−∞,M ]. This
is done as in Lemma 10.2, using ergodic theory and the procedure to address the
situation of an initial value x > M. Recalling that

u(x) = H(x)− cx+ hx+ + px−,

and noting that H(x) is continuous and bounded on (−∞,M ], it remains to prove
the property (10.3.37) with ϕ(x) = x+ or x−. For x+ it is immediate, since it is
continuous and bounded on (−∞,M ]. For x−, one notices that,

Ey−n+1 = EG(yn),

where

G(x) = E(x+ v(x)−D)−,

and one notices that

G(x) ≤M + D̄,

therefore it is continuous and bounded. The proof has been completed. �

Let us consider a feedback v(.) ∈ Ub and let us consider yn,vn the corresponding
trajectory

Define

(10.3.38) Jn
x (v(.)) =

n∑
j=1

E(l(yj , vj)− nρ.

We then assert

Theorem 10.7. We make the assumptions of Theorem 10.5. Then Jn
x (v̂(.)) has a

limit as n→∞ and

(10.3.39) u(x) = lim
n→∞Jn

x (v̂(.)) +

ˆ
u(x)mv̂(.)(dx).

Moreover, for v(.) ∈ Ub, Jn
x (v(.)) is bounded below, and on has

(10.3.40) u(x) = inf
v(.)∈Ub

[
lim inf
n→∞ Jn

x (v(.)) +

ˆ
u(x)mv(.)(dx)

]
.

Proof. The proof is the same as that of Theorem 10.4 �
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10.3.4. PARTICULAR CASE. We consider the particular case of an ex-
ponential distribution f(x) = β exp−βx. We recall that

Γ(x) = 1 + βx.

Next we have

(10.3.41) μ(x) = h− (p+ h) exp−βx+,

and

(10.3.42) g(x) = hx+ + px− + (c+ p)D̄ − p+ h

β
(1− exp−βx+).

We next compute the function H(x), for x > s. We use the formulas

H ′(x) =

⎧⎪⎨⎪⎩
−pΓ(x− s), if x < 0

−pΓ(x− s) + (p+ h)(Γ(x)− 1), if s < 0 < x

hΓ(x− s)− (p+ h)F̄ (x)− (p+ h)
´ x
s
Γ′(x− ξ)F̄ (ξ)dξ if 0 < s < x

hence

H ′(x) =

⎧⎪⎨⎪⎩
−p(1 + β(x− s)), if x < 0

−p(1 + β(x− s)) + (p+ h)βx, if s < 0 < x

h(1 + β(x− s))− (p+ h) exp−βs if 0 < s < x

We then obtain, for x > s

H(x) = −p
(
x− s+

β

2
(x− s)2

)
(10.3.43)

+(h+ p)

[
(x+ − s+)(1− exp−βs+) + β

2
(x+ − s+)2

]
.

The number s̄ satisfies μ(s̄)=0, hence

(10.3.44) exp−βs̄ = h

p+ h
.

We thus consider s ≤ s̄. We define S(s) by H ′(S) = 0, hence

(10.3.45) S(s) =
pβs− − h(1− βs+) + (h+ p) exp−βs+

hβ
.

We can see that S(s̄) = s̄, and S(s) is decreasing for s ≤ s̄. Moreover S(−∞) = +∞.
We next define the value of s. We first obtain the formula

(10.3.46) Hs(S(s)) = − 1

2hβ
[(h+p) exp−βs+−h]2− βp

2h
(p+h)(s−)2− p(p+ h)

h
s−.

We can check directly on this formula that Hs(S(s)) increases from −∞ to 0, as s
grows from −∞ to s̄. So there exists a unique s such that

Hs(S(s)) = −K.

Exercise 10.1. Check that

(10.3.47) K <
p2

2hβ
=⇒ (p+ h) exp−βs = h+

√
2hβK, s > 0,

and for K >
p2

2hβ
then s is the negative root of

(10.3.48)
s2βp(p+ h)

2h
− sp(p+ h)

h
+

p2

2hβ
−K = 0.
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We can next obtain the number ρ = g(s). We first have, from (10.3.46)

(h+ p) exp−βs+ = h+
√

2hβ

√
K − p(p+ h)

h
s−
(
1 + β

s−

2

)
,

and then using (10.3.42), we obtain

(10.3.49) ρ = hs+ + ps− +
c

β
+

√
2hβ

β

√
K − p(p+ h)

h
s−
(
1 + β

s−

2

)
,

and using the formula for S, we get again (10.2.50), namely

(10.3.50) ρ =
c

β
+ hS.

Let us recover this formula, by the probabilistic interpretation, Theorem 10.6. We
will consider only s, S policies.

So consider a feedback defined by an s, S policy. We call it vs,S . We consider
the invariant measure of the corresponding controlled Markov chain. We call it
ms,S(dx), see (9.3.45)

(10.3.51) ms,S(dx) =
β exp−β(x− s)−

1 + β(S − s)
dx.

Let us call ls,S(x) = l(x, vs,S(x)). We recall formula (10.3.28) and we compute the
ergodic cost

Js,S =

ˆ S

0

ls,S(x)ms,S(dx).

We obtain
(10.3.52)

Js,S = K

ˆ s

0

ms,S(dx)+c

ˆ s

0

(S−x)ms,S(dx)+h

ˆ S

0

xms,S(dx)−p

ˆ 0

−∞
xmsS(dx).

Using the invariant measure given by (10.3.51) we get the formula
(10.3.53)

Js,S =
c

β
+

K − h

β
+

h+ p

β
exp−βs+ + hβ

S2

2
+ hs+ + ps− +

pβ

2
(s−)2 − hβ

2
(s+)2

1 + β(S − s)
.

We can try now to minimize this expression in the two arguments s, S− s. We first
consider s fixed and minimize in S. We obtain the condition
(10.3.54)

K − h

β
+

h+ p

β
exp−βs+ + hβ

S2

2
+ hs+ + ps− +

pβ

2
(s−)2 − hβ

2
(s+)2

1 + β(S − s)
= hS,

which defines S(s). We can then compute Js = Js,S(s). We obtain the simple ex-
pression

(10.3.55) Js =
c

β
+ hS(s).
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Since we want to minimize Js, we find s such that S′(s) = 0. Now writing (10.3.54)
as
(10.3.56)

K− h

β
+
h+ p

β
exp−βs+−hβ

S2

2
+hs++ps−+

pβ

2
(s−)2− hβ

2
(s+)2−hS+hβSs = 0.

We differentiate this expression in s, and we take into account that S′(s) = 0. We
check easily that this implies

hβS = −h+ β(hs+ + ps−) + (h+ p) exp−βs+,
which is exactly (10.3.45). Using this relation in (10.3.56) and rearranging we
obtain

K − 1

2hβ
[(h+ p) exp−βs+ − h]2 − βp

2h
(p+ h)(s−)2 − p(p+ h)

h
s− = 0,

which is Hs(S(s)) = −K. So the number ρ is the minimum of the ergodic cost,
over all possible s, S policies.
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CHAPTER 11

DYNAMIC INVENTORY MODELS WITH
EXTENSIONS

11.1. CAPACITATED INVENTORY MANAGEMENT

We consider the dynamic inventory model, without set-up cost, see Chapter
5. To fix the ideas we study only the case with backlog, see section 5.2. By
capacitated inventory management, we mean that there is a limit in the size of the
order. Therefore, if x denotes the stock before the order, and η the stock just after
the order, then we have the constraints

x ≤ η ≤ x+Q,

where Q represents the bound on the size of the order. We adapt the Bellman
equation (5.2.5), as follows

(11.1.1) u(x) = inf
0≤v≤Q

[l(x, v) + αEu(x+ v −D)],

with

(11.1.2) l(x, v) = hx+ + px− + cv,

so

(11.1.3) u(x) = hx+ + px− − cx+ inf
x≤η≤x+Q

[cη + αEu(η −D)].

We first state

Theorem 11.1. Under the assumption (11.1.2), the solution of (11.1.1) in the
space B1 is unique. Moreover u is continuous. There exists an optimal feedback
v̂(x,Q).

Proof. The proof is similar to that of Theorem 5.5 and even simpler, since
the control v is bounded. We omit details. �

We want to investigate the modifications with respect to the base stock policy.
Let us denote by u(x,Q) the solution of (11.1.1). We state

Theorem 11.2. Assume,

(11.1.4) c(1− α)− pα < 0, f(x) continuous, bounded.

The solution u(x,Q) of (11.1.1) is convex, C1 in x, except in 0, where it has a left
and right derivative and u(x,Q)→ +∞, as |x| → +∞. Let

(11.1.5) G(x,Q) = cx+ αEu(x−D,Q).

155
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Then G(x,Q) is convex, C1,G(x,Q) → +∞ as |x| → +∞. Let S(Q) be the mini-
mum of G(x,Q), then the feedback v̂(x,Q) is given by the formula

(11.1.6) v̂(x,Q) =

⎧⎪⎨⎪⎩
Q, if x < S(Q)−Q

S(Q)− x, if S(Q)−Q < x < S(Q)

0, if x > S(Q)

S(Q) is decreasing in Q and strictly positive. The derivative u′x(x,Q) increases in
Q, except in 0. In 0, the property applies for the left and right derivatives.

Proof. We consider the monotone increasing process un(x). We start with
u0(x) = 0, u1(x,Q) = hx+ + px− and

(11.1.7) un+1(x,Q) = hx+ + px− − cx+ inf
{x≤η≤x+Q}

[cη + αEun(η −D,Q)].

As we have seen in the case Q = +∞, see Chapter 5, section 5.2, for 1 ≤ n ≤ n0+1
with

αp

1− α
(1− αn0+1) > c ≥ αp

1− α
(1− αn0),

we have un(x,Q) = un(x), with

(11.1.8) un+1(x) = hx+ + px− + αEun(x−D), 0 ≤ n ≤ n0.

This is obvious, when n0 = 0, which corresponds to αp > c. So we can assume that
c ≥ αp. We have n0 ≥ 1.

The functions un(x) defined by the sequence (11.1.8) are convex and

u′n(x) = −p
1− αn

1− α
, x < 0, 1 ≤ n ≤ n0 + 1,

therefore
Gn(x) = cx+ αEun(x−D),

is also convex and monotone increasing, for 0 ≤ n ≤ n0. Note that Gn(x) is C1

since

G′n(x) = c+ α

ˆ x

−∞
u′n(z)f(x− z)dz,

and

G′n(x) = c− αp
1− αn

1− α
≥ 0, ∀x ≤ 0, 0 ≤ n ≤ n0

It follows that un(x) satisfies (11.1.7), and therefore un(x,Q) = un(x), ∀1 ≤ n ≤
n0 + 1. Clearly un(x)→ +∞, as |x| → +∞, and un(x) is C1 except in 0. One has

u′n(0+) = h− αp
1− αn−1

1− α
, 1 ≤ n ≤ n0 + 1

Consider now un0+2(x,Q). Note that

G′n0+1(x) = c− αp
1− αn0+1

1− α
, x ≤ 0

Therefore the function Gn0+1(x) is strictly decreasing for x negative and → +∞,
as x→ +∞. Hence it has a minimum.
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Also the minimum is strictly positive. Taking the smallest minimum, we define
it in a unique way and call it Sn0+1. We then have

un0+2(x,Q) =

⎧⎪⎨⎪⎩
hx+ + px− − cx+Gn0+1(x+Q), if x < Sn0+1 −Q

hx+ + px− − cx+Gn0+1(Sn0+1), if Sn0+1 −Q < x < Sn0+1

hx+ + px− − cx+Gn0+1(x) if x > Sn0+1

We first see that this function is convex. This follows from the property

(11.1.9) gn0+1(x) = inf
x≤η≤x+Q

Gn0+1(η),

is convex, since Gn0+1(x) is convex. The function is clearly continuous. It is
C1 except in 0. Also Gn0+1(x) → +∞, as |x| → +∞, and un0+2(x,Q) → +∞,
as |x| → +∞. We can also check that u′n0+2(x,Q) is monotone increasing in Q,
∀x �= 0, and the same is true for the left and right derivatives in 0. Then

Gn0+2(x,Q) = cx+ αEun0+2(x−D,Q),

is convex, C1 and

Gn0+2(x,Q) ≥ cx+ α[hE(x−D)+ + pE(x−D)− − c(x− D̄)]

≥ [c(1− α)− αp]x→ +∞, as x→ −∞
So Gn0+2(x,Q) → +∞, as |x| → +∞. Also G′n0+2(x,Q) is monotone increasing
in Q. Moreover, for x < 0, from the expression above of un0+2(x,Q) we have
u′n0+2(x,Q) ≤ −p− c, and thus

G′n0+2(x,Q) ≤ c(1− α)− αp < 0, ∀x ≤ 0

Therefore Gn0+2(x,Q) attains its minimum in a point Sn0+2(Q) > 0. By taking
the smallest minimum, one can define in a unique way Sn0+2(Q). The function
Sn0+2(Q) is monotone decreasing. Indeed, if Q1 ≤ Q2, then writing

G′n0+2(Sn0+2(Q1), Q1) = G′n0+2(Sn0+2(Q2), Q2) = 0,

hence
G′n0+2(Sn0+2(Q1), Q2) ≥ 0,

from which it follows that Sn0+2(Q1) ≥ Sn0+2(Q2).
We now assume that, for n ≥ n0 + 2, one has

un(x,Q) is convex C1, except x = 0,

u′n(x,Q) is increasing in Q, ∀x �= 0, un(x,Q)→ +∞, as |x| → +∞
In 0, u′n(x,Q) has left and right limits, and both limits increase in Q. We also
assume

u′n(x,Q) ≤ −c− p, ∀x < 0.

The function
Gn(x,Q) = cx+ αEun(x−D),

is convex, C1 and

Gn(x,Q) ≥ cx+ α[hE(x−D)+ + pE(x−D)− − c(x− D̄)],

therefore again, from the assumption (11.1.4) we obtain Gn(x,Q)→ +∞ as |x| →
+∞. Moreover G′n(x,Q) is monotone increasing in Q. It follows that Gn(x,Q)
attains its minimum, in a point Sn(Q). Taking the smallest minimum, we can
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define in a unique way this point. This point is strictly positive, since G′n(x,Q) ≤
c(1− α)− αp < 0, ∀x ≤ 0. It follows that we can write un+1(x,Q) as follows

un+1(x,Q) =

⎧⎪⎨⎪⎩
hx+ + px− − cx+Gn(x+Q,Q), if x < Sn(Q)−Q

hx+ + px− − cx+Gn(Sn(Q), Q), if Sn(Q)−Q < x < Sn(Q)

hx+ + px− − cx+Gn(x,Q) if x > Sn(Q)

We then check that un+1(x,Q) has the same properties as un(x,Q). Note that
Sn(Q) is decreasing in Q.

From the convexity of un(x,Q) we deduce that the limit u(x,Q) is convex.
Since u(x,Q) ≥ un(x,Q), we obtain that u(x,Q) → +∞ as |x| → +∞. Also
G(x,Q) defined by (11.1.5) is convex, continuous and → +∞ as |x| → +∞. The
function G(x,Q) attains its minimum in a point S(Q) and by taking the smallest
minimum, we can define S(Q) in a unique way. The formulas (11.1.6) define an
optimal feedback. Let us now prove that u(x,Q) is C1, except in 0. We first notice
the estimate

|u′n(x,Q)| ≤ max(h, p) + c

1− α
.

Therefore, the limit u(x,Q) is Lipschitz continuous. But then G(x,Q) is C1, since

G′(x,Q) = c+ α

ˆ x

−∞
u′(z,Q)f(x− z)dz,

and G′(S(Q), Q) = 0. The function

g(x,Q) = inf
x≤η≤x+Q

G(η,Q),

is also C1. Therefore

u(x,Q) = hx+ + px− − cx+ g(x,Q),

is also C1, except of 0. Since G′(0, Q) ≤ c(1− α)− αp < 0, S(Q) > 0. We can also
check that S(Q) is decreasing and that u′(x,Q) is monotone increasing in Q.

The proof has been completed. �

Remark 11.1. There is no explicit formula for S(Q). It satisfies

c+ αEu′(S(Q)−D) = 0.

However, unlike the case Q = +∞, one cannot express explicitly Eu′(S(Q) −D).
Define

z(x) = u′(x)− h1Ix>0 + p1Ix<0 + c;

g(x) = c(1− α) + αh− α(p+ h)F̄ (x),

then the condition becomes

(11.1.10) g(S(Q)) + αEz(S(Q)−D) = 0.

When Q = +∞,z(x) = 0, ∀x ≤ S, but it is not true when Q is finite. The function
z(x) is the solution of the problem

(11.1.11) z(x) =

{
g(x+Q) + αEz(x+Q−D), if x < S(Q)−Q

0 if S(Q)−Q < x < S(Q)

It suffices to define z(x) for x ≤ S(Q)−Q. We get the problem

z(x) = g(x+Q) + αEz(x+Q−D)1ID>(x+2Q−S(Q))+ ,
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which is equivalent to the integral equation

(11.1.12) z(x) = g(x+Q) + α

ˆ min(x+Q,S(Q)−Q)

−∞
z(η)f(x+Q− η)dη.

For each S > 0, we solve the integral equation (11.1.12). We then define S(Q) by
the algebraic equation (11.1.10).

The case of a set -up cost is open. It is unlikely that the optimal feedback is
given by an s(Q), S(Q) policy.

11.2. MULTI SUPPLIER PROBLEM

11.2.1. DESCRIPTION OF THE PROBLEM. We present here a prob-
lem considered by E. Porteus, [33]. It generalizes the problem of inventory control
with set-up cost developed in Chapter 9. For ordering, one supposes now that there
are multiple supplier sources. More precisely the ordering cost function is given by

(11.2.1) C(z) =

{
0, if z = 0

mini(Ki + ciz) if z > 0
,

with

(11.2.2) c1 > c2 > · · · > cM > 0, 0 < K1 < K2 < · · · < KM .

The variable costs and the fixed costs vary in the opposite way. So there is not a
single supplier which combines the cheapest variable and fixed costs. A trade off is
possible. This is, of course, the source of the difficulty.

Exercise 11.1. Show that C(z) is a concave function on z ≥ 0 and C(0) = 0.
Show that a function C(z), which is concave on R+ and vanishes at 0, verifies the
sub additivity property

(11.2.3) C(z1 + z2) ≤ C(z1) + C(z2).

Exercise 11.2. Show the following property

C(z) = min⎧⎨
⎩

v1 + · · ·+ vM = z
vi ≥ 0

⎫⎬
⎭

M∑
i=1

(Ki1Ivi>0 + civi).

This is proven by recurrence on M. It can be interpreted as the fact that there is no
point splitting the order among the suppliers. One needs to select a single supplier.

We consider the dynamic inventory control problem with backlog. We can
easily write the DP equation.

(11.2.4) u(x) = hx+ + px− + inf
i = 1, · · · ,M

η ≥ x

[Ki1Iη>x + ci(η − x) + αEu(η −D)].

If we set

(11.2.5) w(x) = u(x)− hx+ − px−,

the D.P. equation is equivalent to

(11.2.6) w(x) = inf
η≥x

[C(η − x) + αE(h(η −D)+ + p(η −D)− + w(η −D))].
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It is convenient to introduce the following notation. Define

gi(x) = ci(x+D) + α(w(x) + hx+ + px−),

and
Gi(x) = Egi(x−D).

Let also

G∗i (x) = min

[
Gi(x), inf

y>x
(Ki +Gi(y))

]
= inf

y≥x
(Ki1Iy>x +Gi(y)),

and
wi(x) = −cix+G∗i (x).

Finally the DP equation (11.2.6) becomes

w(x) = min
1≤i≤M

wi(x).

The objective is to prove the following result

Theorem 11.3. . Assume (11.1.1), (11.1.2) and

(11.2.7) c1 − αcM − αp < 0,

and a restriction on the probability density of the demand, namely property P, below
(f is Poisson or a convolution of Poisson). Then the feedback δ(x) in the right hand
side of (11.2.4), is given by a generalized s, S policy. This means that there exists
a double sequence

(11.2.8) s∗m < s∗m−1 · · · < s∗1 < S1 < S2 · · · < Sm, 1 ≤ m ≤M,

with the feedback

(11.2.9) δ(x) =

⎧⎨⎩
Sm if x ≤ s∗m
Si if s∗i+1 < x ≤ s∗i , i = 1, · · · ,m− 1
x if x > s∗1

11.2.2. AUXILIARY RESULTS. We will need some extension of the K
convexity theory. We start with functions Gi(x), satisfying algebraic properties.
Later on, we will show that the functions, with the same notation, defined in the
previous section satisfy these properties.

Consider functions Gi(x), i = 1, · · · ,M , which are continuous, Gi(x) → ∞
as |x| → +∞. We assume that there exists ai such that Gi(x) is decreasing on
(−∞, ai], and verifies

Gi(x) < Ki +Gi(y), ∀ai < x < y.

We say that Gi(x) is Ki nondecreasing on [ai,+∞). We also assume the relations

Gi+1(x)−Gi(x) = (ci+1 − ci)x.

We set
G∗i (x) = inf

y≥x
(Ki1Iy>x +Gi(y)),

and
wi(x) = −cix+G∗i (x).

Finally, we are interested in computing

(11.2.10) w(x) = min
1≤i≤M

wi(x).
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The optimization problem is in two steps. For each i find the optimal

ŷi = δi(x),

which achieves the minimum in y in the definition of G∗i (x). Then find the right
index i(x) in the definition of w(x). The feedback function, which expresses the
order as a function of the inventory is given by

ŷ = δ(x) = δi(x)(x).

Beyond the indexing, the framework is reminiscent of K convexity. However, the
functions Gi(x) are not Ki convex, but they enjoy a close property, the quasi Ki

convexity. Dropping the index, we define the K quasi convexity by

G(θx+ (1− θ)y) ≤ max[G(x),K +G(y)], ∀x ≤ y

Exercise 11.3. Show the K quasi convexity property of the functions Gi(x). Show
also that a K convex function is K quasi-convex.

Exercise 11.4. Give an example a function which is decreasing in (−∞, a], K
nondecreasing in [a,∞), and which is not K convex.

The first easy thing is to check that the δi(x) are given by a si, Si policy. Indeed
there exist

si ≤ ai ≤ Si,

such that
Gi(Si) = min

y
Gi(y),

and
Gi(si) = Ki +Gi(Si).

Then clearly

δi(x) =

{
Si, if x ≤ si

x, if x > si

Note also the property

Gi(x) ≤ Gi(si), for si ≤ x ≤ Si

Remark 11.2. If the function Gi(x) is Ki convex, then we can associate to it,
si, Si satisfying the properties above. By taking ai = si, we see that the properties
of decreasing on (−∞, ai] and Ki nondecreasing on [ai =∞) are satisfied.

We note that

G∗i (x) =

{
Gi(si), if x ≤ si

Gi(x), if x ≥ si

So it is a continuous function and wi(x) is also continuous.

Exercise 11.5. Show that w(x) is also continuous.

One has the property

Lemma 11.1.
a1 ≤ S1 ≤ S2 ≤ · · · ≤ SM .
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Proof. Note that, by the definition of the Si one has

Gi+1(Si)−Gi(Si) ≥ Gi+1(Si+1)−Gi(Si+1),

hence
(ci+1 − ci)Si ≥ (ci+1 − ci)Si+1,

and thus
Si ≤ Si+1.

�

One has also the property

Lemma 11.2.
If si ≤ sj , for i ≤ j then wi(x) ≥ wj(x)∀x

Proof. If x ≤ si then

wi(x) = −cix+Gi(si)

= −cix+ (ci − cj)si +Gj(si)

≥ −cix+ (ci − cj)si +Gj(sj)

= −cix+ (ci − cj)si + wj(x) + cjx

≥ wj(x)

If si ≤ x ≤ sj , then

wi(x) = −cix+Gi(x)

= −cjx+Gj(x)

≥ −cjx+Gj(sj)

= wj(x)

Finally
If x ≥ sj , wi(x) = wj(x)

This concludes the proof. �

It follows that the supplier i can be discarded. So there remains a number
m ≤M of suppliers with the following configuration

sm < sm−1 < · · · < s1 < S1 ≤ · · · ≤ Sm.

We now define the concept of generalized s, S policy (see statement of Theorem. It
consists in a double sequence

s∗m < s∗m−1 · · · < s∗1 < S1 < S2 · · · < Sm,

with the feedback

δ(x) =

⎧⎨⎩
Sm, if x ≤ s∗m
Si, if s∗i+1 < x ≤ s∗i , i = 1, · · · ,m− 1
x, if x > s∗1

Recalling that δ(x) = δi(x)(x), we see that a generalized s, S policy is possible only
if

s∗i ≤ si, s
∗
1 = s1.

We can formulate the main result of the optimization problem as follows
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Theorem 11.4. The function w(x) in (11.2.10) is obtained through a generalized
s, S policy. Namely, there exists m ≤ M , and a subset of [1, · · · ,M ], which we
can renumber in increasing order as [1, · · · ,m], and an associated sequence s∗i , with
s∗i > s∗i+1, s∗i ≤ si, s∗1 = s1, such that

w(x) =

⎧⎨⎩
−cmx+Gm(sm), if x ≤ s∗m, i(x) = m
−cix+Gi(si), if s∗i+1 < x ≤ s∗i , i = 1, · · · ,m− 1, i(x) = i
−c1x+G1(x), if x > s∗1 = s1, no order

Proof. Define
sij =

Gi(si)−Gj(sj)

ci − cj
;

s∗j = min

(
sj , min

i=1,··· ,j−1
sij

)
.

We shall prove that

(11.2.11)
i(x) may be chosen ≥ j if x ≤ s∗j
i(x) may be chosen ≤ j − 1if x > s∗j

.

Indeed, if x ≤ s∗j , then
wj(x) = −cjx+Gj(sj),

and for i ≤ j − 1, x ≤ sij implies

x ≤ Gi(si)−Gj(sj)

ci − cj
.

Therefore
wj(x) ≤ −cix+Gi(si), ∀i ≤ j − 1.

However

wi(x) =

{ −cix+Gi(si), if x ≤ si
−cix+Gi(x), if x > si

Note also
wi(x) ≤ −cix+Gi(x), ∀x.

Hence if x ≤ si, we can assert that wi(x) ≥ wj(x). On the other hand, if x > si,
then wi(x) = −cjx+Gj(x) ≥ wj(x). So the first part is proven.

Suppose now that x > s∗j , we show that there is some i ≤ j − 1, such that
wi(x) ≤ wj(x). There are several cases. If s∗j = sj , then wj(x) = −cjx + Gj(x),
hence

wj(x) = −cix+Gi(x) ≥ wi(x)∀i �= j.

Suppose s∗j = mini=1,··· ,j−1 sij < sj , then if x ≥ sj , we have the same situation
as before. There remains the case when s∗j < x < sj . In that case, wj(x) =
−cjx + Gj(sj), and there exists i ≤ j − 1, such that sij = s∗j < x, which implies
wj(x) > −cix + Gi(si), Moreover si > sj , since i ≤ j − 1. Hence x < si, and
wi(x) = −cix + Gi(si). We get immediately wi(x) < wj(x). So we have proven
that there exists i ≤ j − 1, better or equivalent to j.

It follows that
if s∗i ≤ s∗j , i < j,

then the supplier i can never be chosen. Indeed, we know that if x ≤ s∗j , we can
chose among the suppliers j, · · · ,M , hence i may be out. On the other hand if
x > s∗j ≥ s∗i , then i as well as j may be excluded. So we eliminate all the indices i,
such that there exists j > i, with s∗i ≤ s∗j . There remains m indices, with decreasing
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s∗i . We may renumber them and define in this way the sequence s∗1 > s∗2 · · · > s∗m.
It follows that if s∗i+1 < x ≤ s∗i , then i(x) can be chosen among the indices larger
or equal to i, but we may exclude i+ 1, · · · ,m, hence i is optimal. If x > s∗1 = s1,
we may eliminate all indices, hence it is optimal not to order.

The proof has been completed. �

We now prove some properties of the function w

Corollary 11.1. The function w(x) is decreasing on (−∞, a1], and w(x) + c1x is
K1 non decreasing on [a1,+∞).

Proof. Recall that w(x) is continuous. From the formula proved in Lemma
11.4 it follows that w(x) decreases on (−∞, s1) and from the properties of G1 also
decreasing on (s1, a1). The second part is obvious. �

Let us check additional properties of w.

Corollary 11.2. w(x) + cix is Ki nondecreasing on the whole line R. Assume
am ≥ 0, then w(x) + cmx is decreasing on (−∞, 0].

Proof. Noting that

Gi(x) = G1(x) + (ci − c1)x.

We can write
G∗i (x) = inf

y≥x
(Ki1Iy>x +G1(y)− c1y + ciy).

Since
wi(x) = −cix+G∗i (x),

it follows that

wi(x) = infy≥x[Ki1Iy>x + ci(y − x) +G1(y)− c1y)].

It follows that
w(x) = infz≥x(C(z − x) +G1(z)− c1z),

where
C(z) =

m
min
i=1

[Ki1Iz>0 + ciz].

Take y ≥ x, then
w(x) ≤ inf

z≥y
[C(z − x) +G1(z)− c1z)],

and from the subadditivity of C(z), and z ≥ y ≥ x, it follows

w(x) ≤ w(y) + C(y − x),

from which we deduce

w(x) ≤ w(y) +Ki + ci(yi − xi), ∀i.
Hence w(x) + cix is Ki nondecreasing on the whole line R. Next

w(x) + cmx =

⎧⎪⎨⎪⎩
Gm(sm), if x ≤ s∗m
(cm − ci)x+Gi(si), if s∗i+1 < x ≤ s∗i
(cm − c1)x+G1(x), if x > s∗1

In fact, one observes that

w(x) + cmx = Gm(x), if x > s∗1.
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From the above expression, using cm ≤ ci, ∀i, and the fact that am ≥ 0, hence
Gm(x) is decreasing on (−∞, 0], the second part of Corollary 11.2 follows. �

11.2.3. APPLICATION TO THE MULTI_SUPPLIER PROBLEM.
To apply the preceding results to the multi-supplier problem, we need an additional
intermediary result. Consider a function ψ(x), piece wise continuous, which tends
to +∞ as |x| → +∞, hence attains its minimum. Let D be a positive random
variable, with density f . The quantity

χ(x) = Eψ(x−D),

is a continuous function, which also tends to +∞ as x→ +∞.

Exercise 11.6. Prove the preceding property. Use the fact that ψ(x) reaches its
minimum.

However, if ψ decreases on (−∞, a], and is non K decreasing, on [a,+∞), then
this property does not carry over to χ. The same bad situation occurs whenever ψ is
quasi K convex. In the case of K convexity, the property carries over. Note however,
that χ(x) decreases on (−∞, a], and since it goes to +∞, as x → +∞, there is
necessarily some b ≥ a, such that χ(x) decreases on (−∞, b], and may increase
after. So b is a local minimum. We want to restrict ourselves to distributions f
such that the following property P holds:

The function χ is non K decreasing on [b,+∞).
Let us show that the property P holds, whenever the distribution f is Poisson,

or a convolution of Poisson distributions. Suppose f is a Poisson distribution, with
parameter λ, then

f(x) = λ exp−λx.
Exercise 11.7. Check that

χ′(x) = λ(ψ(x)− χ(x)).

Let S be the minimum of χ. Since χ′(b) = χ′(S) = 0, we have χ(S) = ψ(S)
and χ(b) = ψ(b). Let h > 0. Consider the function

z(x) = χ(x)− χ(x+ h)−K,

then we have

z(b) ≤ χ(b)− χ(S)−K = ψ(b)− ψ(S)−K ≤ 0,

since a ≤ b ≤ S.

Exercise 11.8. Check that
z′(x) ≤ −λz(x).

Therefore
dz expλx

dx
≤ 0,

and it follows that
z(x) expλx ≤ z(b) expλb, ∀x ≥ b,

hence z(x) ≤ 0, ∀x ≥ b. This implies that χ is K nondecreasing for x ≥ b. The
property P carries over to convolutions of Poisson distributions. Indeed, if

D =

J∑
j=1

Dj ,
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where the random variables Dj are independent and have Poisson distributions
(with parameters λj), then define

γj(x) = Eψ

(
x−

j∑
i=1

Di

)
, γ0(x) = ψ(x).

Clearly χ(x) = γJ (x).

Exercise 11.9. Prove that

γj(x) = Eγj−1(x−Dj).

Since each of the demands has a Poisson distribution, one can checks recursively,
that there exists a b such that χ(x) is decreasing on (−∞, b], and K nondecreasing
on [b,+∞).

We are in a position to solve the multi supplier problem. It is convenient to
introduce the operator, for which w in equation (11.2.6) is a fixed point. More
precisely, introduce functions v(x) such that

(11.2.12)

v is continuous, (cM + αh)x+ αv(x)→ +∞, as x→ +∞
(c1 − αp)x+ αv(x)→ +∞, as x→ −∞
v(x) + cMx is decreasing on (−∞, 0]
v(x) + cix is Ki nondecreasing on R

Note that, from the third condition, we have also

v(x)→ +∞, as x→ −∞.

We introduce the operator which associates to the function v(x), successively the
functions

gi(v)(x) = ci(x+D) + α(hx+ + px−) + αv(x),

and
Gi(v)(x) = Egi(v)(x−D).

Let also
G∗i (v)(x) = inf

y≥x
(Ki1Iy>x +Gi(v)(y)),

and
wi(v)(x) = −cix+G∗i (v)(x),

w(v)(x) = min
1≤i≤M

wi(v)(x).

Then, we can assert that
w(x) = w(w)(x).

We begin with the

Lemma 11.3. Assume (11.2.7) and that the demand D satisfies the property P.
Skipping v in the notation of Gi(v), we can state that

(11.2.13)
Gi is continuous, Gi → +∞, as |x| → +∞
∃ai ≥ 0 such that Gi is decreasing on (−∞, ai]
Gi is non Ki decreasing on [ai,+∞)

.
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Proof. Writing

gi(x) = ciD + (ci − c1)x+ (c1 − αcM )x+ α(hx+ + px−) + α(cMx+ v(x)),

we see immediately from the assumption (11.2.7) and the properties of v that

gi(x) is decreasing on (−∞, 0].

Writing also

gi(x) = ciD̄ + (1− α)cix+ α(hx+ + px−) + α(cix+ v(x)),

we get from the properties of v that

gi(x) is non Ki decreasing on [0,+∞).

Clearly gi(x) → +∞, as |x| → +∞. It follows that Gi(x) is continuous, by the
smoothing effect of the mathematical expectation, Gi(x) → +∞, as |x| → +∞,
and since the demand satisfies property P, there exist ai ≥ 0, such that (11.2.13)
is verified.

From the general analysis of the intermediary optimization problem, considered
earlier, and in particular Corollary 11.2, it follows that w(v) verifies the same
property as v, namely (11.2.12). Moreover the optimal feedback denoted δ(v)(x) is
given by a generalized s, S policy.

We apply the developments above to the multi supplier problem. We start with
w0(x) = −cMx. If we assume (11.2.7), then this function satisfies the properties of
the generic function v in (11.2.12). So the recursion can start. This completes the
proof of Theorem 11.3. �
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CHAPTER 12

INVENTORY CONTROL WITH MARKOV
DEMAND

12.1. INTRODUCTION

In all models considered so far, the demand has been treated as a sequence
of independent identically distributed random variables. In reality, the successive
demands are linked for a lot of reasons. The simplest way to model this linkage is
to assume that the demands form a Markov process as such or are derived from a
Markov process. Our objective here is to show how the methods described in the
preceding chapters can be adapted to this situation. In a recent book by D. Beyer
et al. [12] a comprehensive presentation of these problems is given. We refer also
to the references of this book for the related literature. In this work, the authors
consider that the demand comes from an underlying state of demand, which is
modeled as a Markov chain with a finite number of states. The fact that the
number of states is finite simplifies mathematical arguments. We will here discuss
the situation in which the demand itself is a Markov process.

12.2. NO BACKLOG AND NO SET-UP COST

12.2.1. THE MODEL. Let Ω,A, P be a probability space, on which is de-
fined a Markov chain zn. This Markov chain represents the demand. Its state space
is R+ and its transition probability is f(ζ|z). We shall assume that

(12.2.1) f(ζ|z) is uniformly continuous in both variables and bounded

(12.2.2)
ˆ +∞

0

ζf(ζ|z)dζ ≤ c0z + c1.

We can assume that z1 = z, a fixed constant or more generally a random variable
with given probability distribution. We define the filtration

Fn = σ(z1, · · · , zn).
A control policy, denoted by V , is a sequence of random variables vn such that vn
is Fn measurable. When z1 = z, then v1 is deterministic. Also, we assume as usual
that vn ≥ 0. We next define the inventory as the sequence, with

(12.2.3) yn+1 = (yn + vn − zn+1)
+, y1 = x.

The process yn is adapted to the filtration Fn. The joint process yn, zn is also a
Markov chain.

169
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We can write, for a test function ϕ(x, z) (bounded continuous on R+ ×R+)

E[ϕ(y2, z2)|y1 = x, z1 = z, v1 = v]

= E[ϕ((x+ v − z2)
+, z2)|z1 = z]

=

ˆ +∞

x+v

ϕ(0, ς)f(ζ|z)dζ +
ˆ x+v

0

ϕ(x+ v − ζ, ζ)f(ζ|z)dς

This defines a Markov chain to which is associated the operator

(12.2.4) Φvϕ(x, z) =

ˆ +∞

x+v

ϕ(0, ζ)f(ζ|z)dζ +
ˆ x+v

0

ϕ(x+ v − ζ, ζ)f(ζ|z)dς,

hence the transition probability is given by

π(x, z, v; dξ, dζ) = δ(ξ)⊗ f(ς|z)1Iς>x+vdζ(12.2.5)
+δ(ξ − (x+ v − ζ))⊗ f(ζ|z)1Iς<x+vdζ.

We next define the function

(12.2.6) l(x, z, v) = cv + hx+ p

ˆ ∞
x+v

(ζ − x− v)f(ζ|z)dζ,

which will model the one period cost. The cost function is then

(12.2.7) Jx,z(V ) = E
∞∑

n=1

αn−1l(yn, zn, vn).

We are interested in the value function

(12.2.8) u(x, z) = inf
V

Jx,z(V ).

We first notice that the properties (4.3.1), (4.3.2) are satisfied. To proceed, we
need to specify a ceiling function. It corresponds to a control identically 0. Set
lv(x, z) = l(x, z, v). Note the inequalities

(12.2.9) cv + hx ≤ lv(x, z) ≤ cv + hx+ p(c0z + c1),

and

(12.2.10) cv ≤ Φvlv(x, z) ≤ cv + h(x+ v) + p(c20z + c0c1 + c1).

Consider then the function

(12.2.11) w0(x, z) =
∞∑
n=1

αn−1(Φ0)n−1l0(x, z)

Lemma 12.1. We assume that

(12.2.12) αc0 < 1,

then the series w0(x, z) <∞, and more precisely

(12.2.13) w0(x, z) ≤ hx

1− α
+

pc0z

1− c0α
+

pc1
(1− α)(1− c0α)

.

Proof. It is an immediate consequence of formulas (12.2.11) and (12.2.10). �

We can now write the Bellman equation

(12.2.14) u(x, z) = inf
v≥0

[l(x, z, v) + αΦvu(x, z)].

We state the following
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Theorem 12.1. We assume (12.2.1), (12.2.2), (12.2.6), (12.2.12). Then there
exists one and only one solution of equation (12.2.14), such that 0 ≤ u ≤ w0. It is
continuous and coincides with the value function (12.2.8). There exists an optimal
feedback v̂(x, z) and an optimal control policy V̂ .

Proof. We first notice that conditions of Theorem 4.4 and 4.3 are satisfied.
Hence the set of solutions of equation (12.2.14) is not empty. It has a minimum and
a maximum solution. The minimum solution is l.s.c. and the maximum solution
is u.s.c. The minimum solution coincides with the value function. There exists an
optimal feedback v̂(x, z) and an optimal control policy V̂ . To prove uniqueness, we
have to prove that the minimum and maximum solutions coincide. We begin by
proving a bound on v̂(x, z). It will be first convenient to mention a slightly better
estimate for w0. Indeed, we can write

(12.2.15) w0(x, z) ≤ h
∞∑
n=1

(αΦ0)n−1x(x, z) +
pc0z

1− c0α
+

pc1
(1− α)(1− c0α)

,

and (12.2.13) was simply derived from (12.2.15) by using Φ0x(x, z) ≤ x. Next, from
(12.2.14), considering u, the minimum solution, we can state that

u(x, z) ≥ h
∞∑

n=1

(αΦ0)n−1x(x.z),

which follows from l(x, z, v) ≥ hx, and

(12.2.16) Φvϕ(x, z) ≥ Φ0ϕ(x, z), ∀v ≥ 0, ∀ϕ increasing in x.

Therefore, we can write

l(x, z, v) + αΦvu(x, z) ≥ cv + h

∞∑
n=1

(αΦ0)n−1x(x, z).

Therefore, in minimizing in v, we can bound from above the range of v. More
precisely, we get

(12.2.17) v̂(x, z) ≤ pc0z

c(1− c0α)
+

pc1
c(1− α)(1− c0α)

.

We consider the optimal trajectory ŷn, zn obtained from the optimal feedback,
namely

ŷn+1 = (ŷn + v̂n − zn+1)
+, v̂n = v̂(ŷn, zn)

with ŷ1 = x, z1 = z.
Following section 4.5 of Chapter 4, the maximum solution will coincide with

the minimum solution, if we can check that V̂ ∈ V, i.e.

αnEū(ŷn+1, zn+1)→ 0, as n→∞
It is sufficient to replace ū by w0 and by the estimate (12.2.13), it is sufficient to
show that

(12.2.18) αnEŷn+1, αnEzn+1 → 0, as n→∞.

However, by standard Markov arguments, αnEzn+1 ≤ (αc0)
nz. From the assump-

tion (12.2.12), the second part of (12.2.18) follows immediately. We next use

ŷn+1 ≤ ŷn + v̂n

≤ ŷn +
pc0zn

c(1− c0α)
+

pc1
c(1− α)(1− c0α)

.
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Therefore

Eŷn+1 ≤ Eŷn +
pcn0 z

c(1− c0α)
+

pc1
c(1− α)(1− c0α)

,

and we deduce the estimate

Eŷn+1 ≤ x+
pzc0

c(1− αc0)

1− cn0
1− c0

+
npc1

c(1− α)(1− c0α)
.

Using again the assumption (12.2.12), we deduce the first part of (12.2.18). This
completes the proof. �

12.2.2. BASE-STOCK POLICY. We want now to check that the optimal
feedback v̂(x, z) can be obtained by a base stock policy, with a base stock depending
on the value of z. We have the

Theorem 12.2. We make the assumptions of Theorem 12.1 and p > c. We assume
also

(12.2.19) f(x|z) ≥ a0(M) > 0, ∀x, z ≤M.

Then the function u(x, z) is convex and C1 in the argument x. Moreover the optimal
feedback is given by

(12.2.20) v̂(x, z) =

{
S(z)− x, if x ≤ S(z)

0, if x ≥ S(z)

The function S(z) is uniformly continuous and the derivative in x, u′(x, z) is uni-
formly continuous.

Proof. We consider the increasing process

un+1(x, z) = inf
v≥0

[l(x, z, v) + αΦvun(x, z)], u0(x) = 0

which we write also as

un+1(x, z) = (h− c)x

+ inf
η≥x
{cη + pE[(η − z2)

−|z1 = z] + αE[un((η − z2)
+, z2)|z1 = z]},

and we are going to show recursively that the sequence un(x, z) is convex and C1

in x. Define

Gn(x, z) = cx+ pE[(x− z2)
−|z1 = z] + αE[un((x− z2)

+, z2)|z1 = z],

then the function Gn(x, z) attains its minimum in Sn(z), which can be uniquely
defined by taking the smallest minimum. We first consider

G0(x, z) = cx+ pE[(x− z2)
−|z1 = z].

It is convex and C1 in x. We have

G′0(x, z) = c− pF̄ (x|z),
with

F̄ (x|z) =
ˆ ∞
x

f(ξ|z)dξ.
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The function G′0(x, z) increases in x, from c−p < 0 to c. Thanks to the assumption,
we define in a unique way S0(z) such that G′0(S0, z) = 0. From convexity, we can
assert that

u1(x, z) =

{
(h− c)x+G0(S0(z), z), if x ≤ S0(z)

(h− c)x+G0(x, z), if x ≥ S0(z)

We see that u1(x, z) is convex and C1 in x. Then

G1(x, z) = cx+ pE[(x− z2)
−|z1 = z] + α(h− c)E[(x− z2)

+|z1 = z]

+αE[G0(max(x− z2, S0(z2)), z2)|z1 = z]

and we see that G1(x, z) is convex and C1 in x. By induction we check that un(x, z),
Gn(x, z) are convex and C1 in x.

Moreover

G′n(x, z) = c− pF̄ (x|z) + αE[u′n(x− z2, z2)1Ix≥z2 |z1 = z]

We see that G′n(0, z) = c − p and we can check that G′n(+∞, z) = c + hα
1− αn

1− α
.

Therefore there exists a point Sn(z) such that G′n(Sn(z), z) = 0. Note that Sn(z) >
0, since G′n(0, z) = c− p < 0. We have

un+1(x, z) =

{
(h− c)x+Gn(Sn(z), z), if x ≤ Sn(z)

(h− c)x+Gn(x, z), if x ≥ Sn(z)

It follows that the limit u(x, z) is convex in x. Clearly u(x, z)→ +∞, as x→ +∞.
Also

G(x, z) = cx+ pE[(x− z2)
−|z1 = z] + αE[u((x− z2)

+, z2)|z1 = z]

is convex and → +∞ as x→ +∞. So The minimum is attained in S(z), which can
be defined in a unique way, by taking the smallest minimum.

Since h−c ≤ u′n(x, z) ≤
h

1− α
, we can assert that u(x, z) is Lipschitz continuous

in x. The same is true for G(x, z). But

G′(x, z) = c− pF̄ (x|z) + αE[u′(x− z2, z2)1Ix>z2 |z1 = z]→ c− p as x→ 0

therefore also S(z) > 0. Then, from convexity

u(x, z) =

{
(h− c)x+G(S(z), z), if x ≤ S(z)

(h− c)x+G(x, z), if x ≥ S(z)

Next, from

c− pF̄ (Sn(z)|z) + αE[u′n(Sn(z)− z2, z2)1ISn(z)>z2 |z1 = z] = 0

we deduce, using the estimate on u′n and the property

F̄ (Sn(z)|z) ≤ c0z + c1
Sn(z)

that

(12.2.21) Sn(z) ≤ (c0z + c1)(p+ α(h− c))

c+ α(h− c)
.

The same estimate holds for S(z). It is easy to check that Sn(z)→ S(z), and S(z) is
the smallest minimum of G(x, z) in x. Furthermore, from the continuity properties
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of G(x, z) in both arguments, we can check that S(z) is a continuous function. The
feedback v̂(x, z) defined by (12.5.12) is also continuous in both arguments. Define

χ(x, z) = u′(x, z)− h+ c

as an element of B (space of measurable bounded functions on R+ × R+), then χ
is the unique solution in B of the equation

χ(x, z) = g(x+ v̂(x, z), z)(12.2.22)
+αE[χ(x+ v̂(x, z)− z2, z2)1Ix+v̂(x,z)>z2 |z1 = z], x, z ∈ R+,

where
g(x, z) = c+ α(h− c)− (p+ α(h− c))F̄ (x|z).

Since the function g(x+ v̂(x, z), z) is continuous in the pair x, z, the solution χ(x, z)
is also continuous.

Let us check that S(z) is uniformly continuous. Let us first check that
(12.2.23)
(G′(x1, z)−G′(x2, z))(x1 − x2) ≥ (p− α(c− h))(F (x1|z)− F (x2|z))(x1 − x2).

Assume, to fix the ideas that x1 > x2. We have

(G′(x1, z)−G′(x2, z))(x1 − x2) = p(F (x1|z)− F (x2|z))(x1 − x2)

+αE[(u′(x1 − z2, z2)− u′(x2 − z2, z2))(x1 − x2)1Iz2<x2
|z1 = z]

+αE[u′(x1 − z2, z2)1Ix2<z2<x1(x1 − x2)|z1 = z]

The second term is positive, from the convexity of u. Using the left estimate on u′

for the last term, we deduce (12.2.23). We then obtain

(S(z)− S(z′))(G′(S(z), z′)−G′(S(z′), z))

≥ (p− α(c− h))(S(z)− S(z′))

[ˆ S(z)

S(z′)
(f(ξ|z) + f(ξ|z′))dξ

]
If z, z′ < m, then from (12.2.21) we can find Mm > m such that S(z), S(z′) < Mm.
From the assumption (12.2.19), we deduce

(S(z)− S(z′))(G′(S(z), z′)−G′(S(z′), z))
≥ 2a0(Mm)(p− α(c− h))(S(z)− S(z′))2

Next we have

G′(x, z′)−G′(x, z) =
ˆ x

0

(p+ αu′(x− ζ, ζ))(f(ζ|z′)− f(ζ|z))dζ,
hence

|G′(x, z′)−G(x, z)| ≤ xC sup
0<ζ<x

|f(ζ|z′)− f(ζ|z)|.
Applying this estimate with x = S(z) and x = S(z′) and combining estimates, we
obtain easily that S(z) is uniformly continuous. It follows that the feedback v̂(x, z)
is uniformly continuous. Then from (12.2.22), we obtain that χ(x, z) is uniformly
continuous. The proof has been completed. �
Remark 12.1. We have χ(x, z) = 0, ∀x ≤ S(z), and

(12.2.24) χ(x, z) = g(x, z) + αE[χ(x− z2, z2)1Ix>z2 |z1 = z], ∀x ≥ S(z)

Also

(12.2.25) 0 = g(S(z), z) + αE[χ(S(z)− z2, z2)1IS(z)>z2 |z1 = z].
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So S(z) is not the solution of g(S(z), z) = 0. If we consider the function

G∗(x, z) = (p+ α(h− c))E[(x− z2)
+|z1 = z]− (p− c)x+ pE[z2|z1 = z],

then the solution of g(S, z) = 0 is denoted by S∗(z). We have G(x, z) ≥ G∗(x, z).

12.2.3. ERGODIC THEORY. We turn now to the case when α → 1. We
write uα(x, z) to satisfy
(12.2.26)

uα(x, z) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
(h− c)x+ cSα(z) + pE[(Sα(z)− z2)

−|z1 = z]+

+αE[uα((Sα(z)− z2)
+, z2)|z1 = z],

if x ≤ Sα(z)

hx+ pE[(x− z2)
−|z1 = z]

+αE[uα((x− z2)
+, z2)|z1 = z],

if x ≥ Sα(z)

We shall make the assumptions

c0 = 0, and(12.2.27)
inf

0 ≤ ζ ≤ a
z

f(ζ|z) ≥ γ(a) > 0, ∀a

(12.2.28) f(ζ|z) is ergodic
ˆ
|f(ζ|z)− f(ζ|z′)|dζ ≤ δ|z − z′|(12.2.29)

sup
z

F (x|z) = δ0(x) < 1, ∀x
We denote by �(z) the invariant probability density corresponding to the Markov
chain f(ζ|z).

We state the

Theorem 12.3. We assume (12.2.1), (12.2.2) with c0 = 0, (12.2.6) with p > c and
(12.2.27), (12.2.28), (12.2.29). Then, for a subsequence (still denoted α) converging
to 1, we have, for any compact K of R+

(12.2.30) sup
z∈K

|Sα(z)− S(z)| ≤ ε(α,K), ε(α,K)→ 0, as α ↑ 1

(12.2.31) sup
x ≤M
z ≤ N

∣∣∣∣uα(x, z)− ρα
1− α

− u(x, z)

∣∣∣∣→ 0, ∀M,N,

with ρα → ρ and
(12.2.32)

u(x, z) + ρ =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
(h− c)x+ cS(z) + pE[(S(z)− z2)

−|z1 = z]

+E[u((S(z)− z2)
+, z2)|z1 = z]

if x ≤ S(z)

hx+ pE[(x− z2)
−|z1 = z]

+E[u((x− z2)
+, z2)|z1 = z]

if x ≥ S(z)

The function u(x, z) satisfies the growth condition

(12.2.33) sup
ξ ≤ x
z

|u(ξ, z)| ≤ C0 +
C1x

1− δ0(x)
.
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It is C1 in x and Lipschitz continuous in z. The following estimates hold

sup
ξ ≤ x
z

|ux(ξ, z)| ≤ C

1− δ0(x)
,(12.2.34)

|u(x, z)− u(x, z′)| ≤
[
C0(m0) +

C1(m0)x

1− δ0(x)

]
δ|z − z′|

(12.2.35)
(1− δ0(x)) sup

ξ ≤ x
z

|uxx(ξ, z)| ≤ C, (1− δ0(x)) sup
ξ ≤ x
z

|uxz(ξ, z)| ≤ C, a.e.

Given S(z), the pair u(x, z), ρ satisfying the above conditions and
´
u(0, z)�(z)dz =

0 is uniquely defined.
Also

(12.2.36) u(x, z) + ρ = inf
v≥0

[l(x, z, v) + Φvu(x, z)].

Proof. We begin with (12.2.30). We first note that, thanks to c0 = 0, we have

(12.2.37) Sα(z) ≤ c1(p+ h)

min(h, c)
= m0.

We pursue the estimates obtained in Theorem 12.2. We have, first

(Sα(z)− Sα(z
′))(G′α(Sα(z), z

′)−G′α(Sα(z
′), z))

≥ 2min(h, c)γ(m0)(Sα(z)− Sα(z
′))2

We know that uα(x, z) is C1 in x. Then, from (12.2.26), we have (denoting u′α(x, z) =
u′αx(x, z)

u′α(x, z) = h− c if x < Sα(z)

= h− pF̄ (x|z) + αE[u′α(x− z2, z2)1Ix>z2 |z1 = z], if x > Sα(z)

from which we can assert that

(12.2.38) sup
ξ ≤ x
z

|u′α(ξ, z)| ≤
max(h, p)

1− δ0(x)
.

Therefore

|G′α(Sα(z), z
′)−G′α(Sα(z), z)| =

(
p+

max(h, p)

1− supz F (m0|z)
) ˆ

|f(ζ|z′)− f(ζ|z)|dζ,

|G′α(Sα(z
′), z′)−G′α(Sα(z

′), z)| =
(
p+

max(h, p)

1− supz F (m0|z)
) ˆ

|f(ζ|z′)− f(ζ|z)|dζ.

Collecting results we obtain the estimate

(12.2.39) |Sα(z)− Sα(z
′)| ≤

p+
max(h, p)

1− δ0(m0)

min(h, c)γ(m0)

ˆ
|f(ζ|z′)− f(ζ|z)|dζ,
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and from the first assumption (12.2.29), we finally obtain

(12.2.40) |Sα(z)− Sα(z
′)| ≤

p+
max(h, p)

1− δ0(m0)

min(h, c)γ(m0)
δ|z − z′|.

Therefore, the sequence Sα(z) is uniformly Lipschitz continuous. It is standard (see
Appendix A.4) that one can extract a subsequence, which converges in the space of
continuous functions on compact sets, for any compact set K, towards a function
S(z). Therefore (12.2.30) is satisfied.

Define χα(x, z) = u′α(x, z)− h+ c. We have

χα(x, z) = gα(x, z)(12.2.41)
+αE[χα(x− z2, z2)1Ix>z2 |z1 = z], x > Sα(z)

= 0, x ≤ Sα(z)

with

(12.2.42) gα(x, z) = (c+ α(h− c)− (p+ α(h− c))F̄ (x|z).
As it has been done for u′α(x, z), we can state

(12.2.43) sup
0 ≤ ξ ≤ x

z

|χα(ξ, z)| ≤ max(h, p)

1− δ0(x)
.

If we consider ψα(x, z) = χ′α(x, z) = u”α(x, z), then using the fact that χα(0, z) = 0,
we see that

ψα(x, z) = (p+ α(h− c))f(x|z)(12.2.44)
+αE[ψα(x− z2, z2)1Ix>z2 |z1 = z], x > Sα(z)

= 0, x < Sα(z)

The function ψα(x, z) is not continuous, however it is measurable and bounded.
We have

(12.2.45) sup
0 ≤ ξ ≤ x

z

|ψα(ξ, z)| ≤ ((h− c)+ + p)||f ||
1− δ0(x)

,

where ||f || = supx,z f(x|z).
We next obtain an estimate on χα(x, z)−χα(x, z

′). Assume first x > Sα(z), x >
Sα(z

′). Then, from (12.2.41), we have

χα(x, z)− χα(x, z
′) = gα(x, z)− gα(x, z

′)

+α

ˆ x

0

χα(x− ζ, ζ)(f(ζ|z)− f(ζ|z′))dζ.

From the estimate (12.2.43) and the first assumption (12.2.29), we deduce

|χα(x, z)− χα(x, z
′)| ≤

(
p+ (h− c)+ +

max(h, p)

1− δ0(x)

)
δ|z − z′|

x > Sα(z), x > Sα(z
′)

Assume now, to fix ideas that Sα(z
′) > x > Sα(z). Then χα(x, z

′) = 0 and

0 = gα(Sα(z), z) + αE[χα(Sα(z)− z2, z2)1ISα(z)>z2 |z1 = z].
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Therefore

χα(x, z)− χα(x, z
′)

= gα(x, z)− gα(Sα(z), z) + αE[χα(x− z2, z2)1Ix>z2 |z1 = z]

−αE[χα(Sα(z)− z2, z2)1ISα(z)>z2 |z1 = z]

= (p+ α(h− c))(F (x|z)− F (Sα(z)|z))
+αE[χα(x− z2, z2)1Ix>z2>Sα(z)|z1 = z]

+αE[(χα(x− z2, z2)− χα(Sα(z)− z2, z2))1ISα(z)>z2 |z1 = z].

It follows

|χα(x, z)− χα(x, z
′)|

≤
[
p+ (h− c)+ +

max(h, p)

1− δ0(x)
+

(h− c)+ + p

1− δ0(x)

]
||f ||(x− Sα(z)).

Finally, we can state the estimate

(12.2.46) |χα(x, z)− χα(x, z
′)| ≤ C(m0)

1− δ0(x)
δ|z − z′|,

where C(m0) depends only of constants and of m0. Therefore, considering the
gradient of χα in both variables, we have obtained the estimate

(12.2.47) |Dχα(x, z)| ≤ C

1− δ0(x)
.

From this estimate, we can assert that, for a subsequence (still denoted α)

(12.2.48) sup
x ≤M
z ≤ N

|χα(x, z)− χ(x, z)| → 0, as α→ 0, ∀M,N.

Therefore also

sup
x ≤M

z

|αE[χα(x− z2, z2)1Ix>z2 − E[χ(x− z2, z2)1Ix>z2 |z1 = z]|

≤ sup
x ≤M

z

|E[χα(x− z2, z2)1Ix>z2 − E[χ(x− z2, z2)1Ix>z2 |z1 = z]|

+(1− α)
max(h, p)

1− δ0(M)
,

and

sup
x ≤M

z

|E[χα(x− z2, z2)1Ix>z2 − E[χ(x− z2, z2)1Ix>z2 |z1 = z]|

≤ sup
x ≤M
z ≤ N

|χα(x, z)− χ(x, z)|+ 2
max(h, p)

1− δ0(M)

c1
N

,
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from which we deduce easily that

sup
x ≤M

z

|αE[χα(x− z2, z2)1Ix>z2 − E[χ(x− z2, z2)1Ix>z2 |z1 = z]| → 0, ∀M

From (12.2.41), it follows that

χ(x, z) = g(x, z) + E[χ(x− z2, z2)1Ix>z2 |z1 = z], ∀x > S(z),

where

(12.2.49) g(x, z) = h− (p+ h− c)F̄ (x|z).
Also χ(x,z)=0, if x < S(z). Moreover, from

0 = gα(Sα(z), z) + αE[χα(Sα(z)− z2, z2)1ISα(z)>z2 |z1 = z]

and

|αE[χα(Sα(z)−z2, z2)1ISα(z)>z2 |z1=z]−E[χ(Sα(z)−z2, z2)1ISα(z)>z2 |z1=z]|
≤ sup

x ≤ m0

z

|αE[χα(x− z2, z2)1Ix>z2 − E[χ(x− z2, z2)1Ix>z2 |z1 = z]|

|E[χ(Sα(z)− z2, z2)1ISα(z)>z2 |z1 = z]− E[χ(S(z)− z2, z2)1IS(z)>z2 |z1 = z]|

≤ ((h− c)++p)||f ||
1− δ0(m0)

|Sα(z)−S(z)|+2max(h, p)

1− δ0(m0)
|F (Sα(z)|z)−F (S(z)|z)|

we obtain easily

0 = g(S(z), z) + E[χ((S(z)− z2)
+, z2)|z1 = z],

and the function χ(x, z) is continuous in x.
Let us next set

Γα(z) = uα(0, z);

Gα(z) = E[(Sα(z)− z2)
−|z1 = z],

then from the first equation (12.2.26) one can check

Γα(z) = cSα(z) + pGα(z) + αE[uα((Sα(z)− z2)
+, z2)|z1 = z]

= Ψα(z) + αE[Γα(z2)|z1 = z],

with

Ψα(z) = cSα(z) + pGα(z) + αE[

ˆ (Sα(z)−z2)
+

0

(h− c+ χα(ξ, z2))dξ|z1 = z,

and

0 ≤ Ψα(z) ≤
[
max(h, c) +

max(h, p)

1− δ(m0)

]
m0 + pc1.

This estimate also holds for the limit

Ψ(z) = cS(z) + pG(z) + E

[ˆ (S(z)−z2)
+

0

(h− c+ χ(ξ, z2))dξ|z1 = z

]
with

G(z) = E[(S(z)− z2)
−|z1 = z].
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Define

ρ =

ˆ
Ψ(z)�(z)dz.

Consider now the equation

Γ(z) + ρ = Ψ(z) + E[Γ(z2)|z1 = z],

ˆ
Γ(z)�(z)dz = 0.

From ergodic theory, see Chapter 3, Theorem 3.3 we can assert that

sup
z
|Γ(z)| ≤ sup

z
|Ψ(z)− ρ|3− β

1− β
,

where 0 < β < 1, depends only on the Markov chain. Similarly, if we set

ρα =

ˆ
Ψα(z)�(z)dz, Γ̃α(z) = Γα(z)− ρα

1− α
,

we can write
Γ̃α(z) + ρα = Ψα(z) + αE[Γ̃α(z2)|z1 = z],

we can also assert that

sup
z
|Γ̃α(z)| ≤ sup

z
|Ψα(z)− ρα|3− β

1− β

≤ 2

[(
max(h, c) +

max(h, p)

1− δ(m0)

)
m0 + pc1

]
3− β

1− β

Moreover

Γ̃α(z)− Γ̃α(z
′) = Ψα(z)−Ψα(z

′) + α

ˆ
Γ̃α(ζ)(f(ζ|z)− f(ζ|z′))dζ.

Using properties (12.2.40), (12.2.43) and the assumption (12.2.29), we can check
that

|Ψα(z)−Ψα(z
′)| ≤ C(m0)δ|z − z′|,

and thus also
|Γ̃α(z)− Γ̃α(z

′)| ≤ C1(m0)δ|z − z′|.
Therefore the functions Γ̃α(z) are uniformly Lipschitz continuous and bounded. It
follows that for a subsequence

we obtain

(12.2.50) sup
0≤z≤N

Γα

∣∣∣∣(z)− ρα
1− α

− Γ(z)

∣∣∣∣→ 0, ∀M

Therefore, also

(12.2.51) sup
0 ≤ x ≤M
0 ≤ z ≤ N

∣∣∣∣uα(x, z)− ρα
1− α

− u(x, z)

∣∣∣∣→ 0, ∀x, ∀M,N

with

(12.2.52) u(x, z) = (h− c)x++

ˆ x

0

χ(ξ, z)dξ + Γ(z).

We deduce

(12.2.53) u(x, z) = (h− c)x+ Γ(z), ∀x ≤ S(z).
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From (12.2.50), (12.2.51) it is clear that

(12.2.54) Γ(z) = u(0, z).

However

E[u((S(z)− z2)
+, z2|z1 = z]

= E[u(0, z2)|z1 = z] + E

[ˆ (S(z)−z2)
+

0

(h− c+ χ(ξ, z2))dξ|z1 = z

]
,

hence
Γ(z) = −ρ+ cS(z) + pG(z) + E[u((S(z)− z2)

+, z2|z1 = z],

and thus the first relation (12.2.32) is proven.
Consider now the situation with x ≥ S(z). Define the function

ũ(x, z) = hx+ pE[(x− z2)
−|z1 = z] + E[u((x− z2)

+, z2)|z1 = z].

We obtain

ũ′(x, z) = h− pF̄ (x|z) + E[u′(x− z2, z2)1Ix>z2 |z1 = z]

= h− c+ χ(x, z), x ≥ S(z).

Also

ũ(S(z), z) = hS(z) + pE[(S(z)− z2)
−|z1 = z] + Γ(z)

= u(S(z), z) + ρ.

From these two relations we get ũ(x, z) = u(x, z) + ρ, ∀x ≥ S(z).
This concludes the second part of (12.2.32). Note also that

uα(x, z)− uα(x, z
′) = Γα(z)− Γα(z

′) +
ˆ x

0

(χα(ξ, z)− χα(ξ, z
′)dξ.

Using already proven estimates we obtain

|uα(x, z)− uα(x, z
′)| ≤

[
C0(m0) +

C1(m0)x

1− δ0(x)

]
δ|z − z′|

The limit u(x, z) satisfies all the estimates (12.2.34), (12.2.35).
To prove (12.2.36), we first check that

uα(x, z) ≤ l(x, z, v) + αE[uα((x+ v − z2)
+, z2)|z1 = z], ∀x, z, v

Therefore, it easily follows that

u(x, z) + ρ ≤ l(x, z, v) + E[u((x+ v − z2)
+, z2)|z1 = z], ∀x, z, v

However (12.2.36) can be read as

u(x, z) + ρ = l(x, z, v̂(x, z)) + E[u((x+ v̂(x, z)− z2)
+, z2)|z1 = z], ∀x, z

where

v̂(x, z) =

{
S(z)− x, if x ≤ S(z)

0, if x ≥ S(z)

Combining we get the equation (12.2.36).
Let us prove uniqueness, for S(z) given. We first prove that χ(x, z) is uniquely

defined. To prove this it is sufficient to prove that if

χ(x, z) =

{
E[χ(x− z2, z2)1Ix>z2 |z1 = z], ∀x > S(z)

0, ∀x ≤ S(z)
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and
(1− δ0(x)) sup

0 ≤ ξ ≤ x
z

|χ(ξ, z)| <∞,

then χ(x, z) = 0. This is clear. The function Ψ(z) is thus uniquely defined. It
follows that the pair ρ, Γ(z) = u(0, z) is also uniquely defined, with the condition´
Γ(z)�(z)dz = 0. Therefore u(x, z) is also uniquely defined. The proof of the

theorem has been completed. �

Example 12.1. Consider the situation of independent demands, then f(x|z) =
f(x). In that case �(x) = f(x). Then S(z) = S, and

ρ = (p+ h− c)E(S −D)+ − (p− c)S + pD̄

and we recover the formula (6.2.4) of Chapter 6. We see also that Ψ(z) = ρ, and
thus Γ(z) = 0.

Consider next the situation

f(x|z) = λ(z) exp−λ(z)x,
with the assumption 0 < λ0 ≤ λ(z) ≤ λ1. We also assume that λ(z) is Lipschitz
continuous. Then all assumptions of Theorem 12.3 are satisfied.

We turn to the interpretation of the number ρ. Consider the feedback v̂(x, z)
associated with the base stock S(z). Define the controlled process

ŷn+1 = (ŷn + v̂n − zn+1)
+, v̂n = v̂(ŷn, zn),

with ŷ1 = x, z1 = z. We define the policy V̂ = (v̂1, · · · , v̂n, · · · ). We consider the
averaged cost

Jn
x,z(V̂ ) =

n∑
j=1

El(ŷj , zj , v̂j)

n
.

Similarly, for any policy V = (v1, · · · , vn · · · ) we define the averaged cost

Jn
x,z(V ) =

n∑
j=1

El(yj , zj , vj)

n
,

with
yn+1 = (yn + vn − zn+1)

+, y1 = x, z1 = z.

We state the

Proposition 12.1. We have the property

(12.2.55) ρ = lim
n→∞Jn

x,z(V̂ ).

Furthermore, consider the set of policies

U = {V | E|u(yn,zn)| ≤ Cx},
then we have

(12.2.56) ρ = inf
V ∈U

lim
n→∞ Jn

x,z(V ).
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Proof. We first notice that

ŷn ≤ max(x,m0).

Therefore, from the estimate (12.2.33), we get

|u(ŷn, zn)| ≤ C0 +
C1 max(x,m0)

1− δ0(max(x,m0))
.

Therefore V̂ belongs to U . From (12.2.36) we can write

u(ŷn, zn) + ρ = l(ŷn, zn, v̂n) + E[u(ŷn+1, zn+1)|ŷn, zn].
Taking the expectation and adding up we obtain

ρ = Jn
x,z(V̂ ) +

Eu(ŷn+1, zn+1)− u(x, z)

n
,

and thus the property (12.2.55) follows immediately. Similarly, for any policy we
can write

ρ ≤ Jn
x,z(V ) +

Eu(yn+1, zn+1)− u(x, z)

n
.

Therefore, if V ∈ U , we have ρ ≤ Jn
x,z(V ). This implies (12.2.56). The proof has

been completed. �

Remark 12.2. We cannot state that the process ŷn, zn is ergodic. We cannot
indeed apply the property (3.5.5) of Theorem 3.3, Chapter 3. Consequently, we
cannot give an interpretation of the function u(x, z) itself.

12.3. BACKLOG AND NO SET UP COST

12.3.1. THE MODEL. We consider here the situation where backlog is per-
mitted. This is the equivalent of Chapter 5, section 5.2. The Markov chain repre-
senting the demand is unchanged. The transition probability is f(ς|z). We recall
that

(12.3.1) f(ζ|z) is uniformly continuous in both variables and bounded

(12.3.2)
ˆ +∞

0

ζf(ζ|z)dζ ≤ c0z + c1.

We define the filtration
Fn = σ(z1, · · · , zn).

A control policy, denoted by V , is a sequence of random variables vn such that vn
is Fn measurable. When z1 = z, then v1 is deterministic. Also, we assume as usual
that vn ≥ 0. We next define the inventory as the sequence,

(12.3.3) yn+1 = yn + vn − zn+1, y1 = x.

The process yn is adapted to the filtration Fn. The joint process yn, zn is also a
Markov chain.

We can write, for a test function ϕ(x, z) (bounded continuous on R×R+)

E[ϕ(y2, z2)|y1 = x, z1 = z, v1 = v] = E[ϕ(x+ v − z2, z2)|z1 = z]

=

ˆ ∞
0

ϕ(x+ v − ζ, ζ)f(ζ|z)dς
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This defines a Markov chain to which is associated the operator

(12.3.4) Φvϕ(x, z) =

ˆ ∞
0

ϕ(x+ v − ζ, ζ)f(ζ|z)dς,
hence the transition probability is given by

(12.3.5) π(x, z, v; dξ, dζ) = δ(ξ − (x+ v − ζ))⊗ f(ζ|z)dζ.
We next define the function

(12.3.6) l(x, v) = cv + hx+ + px−,

which will model the one period cost. The cost function is then

(12.3.7) Jx,z(V ) = E

∞∑
n=1

αn−1l(yn, vn).

We are interested in the value function

(12.3.8) u(x, z) = inf
V

Jx,z(V ).

We notice again that the properties (4.3.1), (4.3.2) are satisfied. To proceed, we
need to specify a ceiling function. It corresponds to a control identically 0. Set
lv(x) = l(x, v). Note the inequalities

Φ0x+(x, z) ≤ x+, Φ0x−(x, z) ≤ x− + c0z + c1.

It is easy to check that

(Φ0)nx+(x, z) ≤ x+,(12.3.9)

(12.3.10) (Φ0)nx−(x, z)(x, z) ≤ x−+ c0z
1− cn0
1− c0

+(n− c0(n+1)+ cn+1
0 )

c1
(1− c0)2

.

Consider then the function

(12.3.11) w0(x, z) =

∞∑
n=1

αn−1(Φ0)n−1l0(x)

Lemma 12.2. We assume that

(12.3.12) αc0 < 1,

then the series w0(x, z) <∞, and more precisely

w0(x, z) ≤ hx+ + px−

1− α
+

pc0zα

(1− c0α)(1− α)
(12.3.13)

+
pc1

(1− c0)2

(
α− c0
(1− α)2

+
c0

1− αc0

)
.

Proof. It is an immediate consequence of formulas (13.2.10) and (12.3.9). �
We next write the Bellman equation

(12.3.14) u(x, z) = inf
v≥0

[l(x, v) + αΦvu(x, z)].

We state the following

Theorem 12.4. We assume (13.2.1), (12.3.2), (12.3.6), (13.2.11). Then there
exists one and only one solution of equation (13.2.15), such that 0 ≤ u ≤ w0. It is
continuous and coincides with the value function (12.3.8). There exists an optimal
feedback v̂(x, z) and an optimal control policy V̂ .
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Proof. We first notice that conditions of Theorem 4.4 and 4.3 are satisfied.
Hence the set of solutions of equation (13.2.15) is not empty. It has a minimum and
a maximum solution. The minimum solution is l.s.c. and the maximum solution
is u.s.c. The minimum solution coincides with the value function. There exists an
optimal feedback v̂(x, z) and an optimal control policy V̂ . To prove uniqueness, we
have to prove that the minimum and maximum solutions coincide. We begin by
proving a bound on v̂(x, z). From (13.2.15), considering u, the minimum solution,
we can state that

(12.3.15) u(x, z) ≥ hx+

1− α
+ px− − αhc0z

(1− α)(1− αc0)
− αhc1

(1− α)2
,

which follows from l(x, v) ≥ hx+ + px−, and

(12.3.16) Φvϕ(x, z) ≥ Φ0ϕ(x, z), ∀v ≥ 0, ∀ϕ increasing in x,

which implies

αE[u(x+ v − z2, z2)|z1 = z]

≥ αh

1− α
E[(x− z2)

+|z1 = z]− α2hc0(c0z + c1)

(1− α)(1− αc0)
− α2hc1

(1− α)2

≥ αh

1− α
(x+ − c0z − c1)− α2hc0(c0z + c1)

(1− α)(1− αc0)
− α2hc1

(1− α)2

and (13.2.40) follows, using again (13.2.15).
Therefore also

(12.3.17) l(x, v) +αΦvu(x, z) ≥ cv+
hx+

1− α
+ px−− αhc0z

(1− α)(1− αc0)
− αhc1

(1− α)2
.

We next introduce the function w(x, z) solution of

(12.3.18) w(x, z) = hx+ + (c+ p)x− + αE[w(x+ − z2, z2)|z1 = z],

which corresponds to the feedback v(x, z) = x−. We note that u(x, z) ≤ w(x, z).
We can assert that

(12.3.19) w(x, z) ≤ (c+ p)x− +
hx+

1− α
+ L0z + L1,

with

L0 =
α(c+ p)c0
1− αc0

, L1 =
αc1(c+ p)

(1− α)(1− αc0)

Therefore, in minimizing in v, we can bound from above the range of v. More
precisely, we get
(12.3.20)

v̂(x, z) ≤ x− +
αc0z

c(1− c0α)

(
c+ p+

h

1− α

)
+

αc1
c(1− α)

(
h

1− α
+

c+ p

1− c0α

)
.

We consider the optimal trajectory ŷn, zn obtained from the optimal feedback,
namely

ŷn+1 = ŷn + v̂n − zn+1, v̂n = v̂(ŷn, zn)

with ŷ1 = x, z1 = z.
To prove uniqueness, it is sufficient to show that

(12.3.21) αnE|ŷn+1| → 0, as n→∞.
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We have

ŷn+1 ≤ ŷn + v̂n

≤ ŷ+n +
αc0zn

c(1− c0α)

(
c+ p+

h

1− α

)
+

αc1
c(1− α)

(
h

1− α
+

c+ p

1− c0α

)
Therefore

Eŷ+n+1 ≤ Eŷ+n +

α

(
cn0 z + c1

c0 − cn0
1− c0

)
c(1− c0α)

(
c+ p+

h

1− α

)
+

αc1
c(1− α)

(
h

1− α
+

c+ p

1− c0α

)
and we deduce the estimate

Eŷ+n+1 ≤ x+ +

αc0

(
z
1− cn0
1− c0

+ c1
n

1− c0
− c1

1− cn0
(1− c0)2

)
c(1− c0α)

(
c+ p+

h

1− α

)
+

nαc1
c(1− α)

(
h

1− α
+

c+ p

1− c0α

)
,

and thus αnEŷ+n+1 → 0, as n→ +∞. Next

ŷn+1 ≥ ŷn − zn+1,

and it follows easily

Eŷ−n+1 ≤ x− + c0z
1− cn0
1− c0

+
c1

1− c0

(
n− c0

1− cn0
1− c0

)
,

and we obtain αnEŷ−n+1 → 0, as n→ +∞. This completes the proof. �

12.3.2. BASE-STOCK POLICY. We want now to check that the optimal
feedback v̂(x, z) can be obtained by a base stock policy, with a base stock depending
on the value of z. We have the

Theorem 12.5. We make the assumptions of Theorem 12.4 and pα > c(1 −
α), h+ p− c > 0. Assume also

(12.3.22) f(x|z) ≥ a0(M) > 0, ∀x, z ≤M.

Then the function u(x, z) is convex and C1 in the argument x, except for x = 0,
where there exists a left and right derivative. Moreover the optimal feedback is given
by

(12.3.23) v̂(x, z) =

{
S(z)− x, if x ≤ S(z)

0, if x ≥ S(z)

where S(z) > 0 is uniformly continuous.

Proof. We consider the increasing process

un+1(x, z) = inf
v≥0

[l(x, v) + αΦvun(x, z)], u0(x) = 0

which is also written as

un+1(x, z) = hx+ + px− − cx+ inf
η≥x
{cη + αE[un(η − z2, z2)|z1 = z]}
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We show recursively that the sequence un(x, z) is convex and C1 in x, except for
x = 0. We first have

(12.3.24) un+1(x, z) = hx+ + px− + αE[un(x− z2, z2)|z1 = z]

for 0 ≤ n ≤ n0, with
αp

1− α
(1− αn0+1) > c >

αp

1− α
(1− αn0).

Indeed, considering the sequence defined by (13.2.24), we have

u′n(x, z) = −p
1− αn

1− α
, ∀n ≤ n0 + 1, ∀x < 0

Therefore c−αp
1− αn

1− α
> 0, ∀n ≤ n0 and the function cη+αE[un(η−z2, z2)|z1 = z]

is monotone increasing, ∀n ≤ n0.
Define

Gn(x, z) = cx+ αE[un(x− z2, z2)|z1 = z],

then the function Gn(x, z) is monotone increasing for n ≤ n0, and for n = n0 + 1
attains its minimum in Sn(z) > 0, which can be uniquely defined by taking the
smallest minimum. It is C1 and convex (the derivative is continuous in 0, by the
regularizing effect of the mathematical expectation).

We have then, for n ≤ n0 + 1

un+1(x, z) =

{
hx+ + px− − cx+Gn(Sn(z), z) if x ≤ Sn(z)

hx+ + px− − cx+Gn(x, z) if x ≥ Sn(z)

with Sn(z) = −∞, ∀n ≤ n0. Hence un(x, z) is C1, except for x = 0, and convex, for
n ≤ n0 + 2. By recurrence, this property is valid for any n.

It follows that the limit u(x, z) is convex in x. Clearly u(x, z) → +∞, as
|x| → +∞. Also Sn(z) > 0, ∀n ≥ n0 + 1. Moreover

u′n(x, z) = −p− c, ∀x < 0, ∀n ≥ n0 + 2

and u′n(x, z) ≤
h

1− α
. Therefore the limit u(x, z) is Lipschitz continuous in x, and

u′(x, z) = −p− c, ∀x < 0, u′(x, z) ≤ h

1− α
.

Also

(12.3.25) − p− c ≤ u′(x, z) ≤ h

1− α
.

The function
G(x, z) = cx+ αE[u(x− z2, z2)|z1 = z],

is convex and → +∞ as x→ +∞. For x < 0, we have G′(x, z) = c(1−α)−αp < 0.
Therefore the minimum of G(x, z) is attained in S(z) > 0, which can be defined in
a unique way, by taking the smallest minimum.

Then, from convexity

u(x, z) =

{
hx+ + px− − cx+G(S(z), z) if x ≤ S(z)

hx+ + px− − cx+G(x, z) if x ≥ S(z)
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So in fact, we can write a better estimate than the left hand-side of (12.3.25)

(12.3.26) u′(x, z) ≥ h− c, if x ≥ 0.

Therefore also

G′(x, z) ≥ c(1− α) + αh− α(p+ h)F̄ (x|z),
and since S(z) is the minimum, we obtain

F̄ (S(z)|z) ≥ c(1− α) + αh

α(p+ h)

which implies

(12.3.27) 0 < S(z) <
(c0z + c1)α(p+ h)

c(1− α) + αh
.

Also the function S(z) is continuous and thus the feedback v̂(x, z) is continuous.
If we define

χ(x, z) = u′(x, z)− h1Ix>0 + p1Ix<0 + c,

as an element of B (space of measurable bounded functions on R×R+), then χ is
the unique solution in B of the equation

χ(x, z) = g(x+ v̂(x, z), z) + αE[χ(x+ v̂(x, z)− z2, z2)|z1 = z], x ∈ R, z ∈ R+

where

g(x, z) = c(1− α) + αh− α(p+ h)F̄ (x|z).
Since the function g(x+ v̂(x, z), z) is continuous in the pair x, z, the solution χ(x, z)
is also continuous.

We next show that S(z) is uniformly continuous. Consider G′(x1, z)−G′(x2, z),
for x1 ≥ x2 ≥ 0. We have

G′(x1, z)−G′(x2, z)

= αE[u′(x1 − z2, z2)− u′(x2 − z2, z2)|z1 = z]

= αE[u′(x1 − z2, z2)1Ix1−z2>0 + u′(x1 − z2, z2)1Ix1−z2≤0

−u′(x2 − z2, z2)1Ix2−z2>0 − u′(x2 − z2, z2)1Ix2−z2≤0|z1 = z]

= αE[(u′(x1 − z2, z2)− u′(x2 − z2, z2))1Ix2−z2>0

+u′(x1 − z2, z2)1Ix2<z2<x1
|z1 = z] + αE[(u′(x1 − z2, z2)

−u′(x2 − z2, z2))1Ix1−z2≤0 − u′(x2 − z2, z2)1Ix2<z2<x1
|z1 = z]

≥ α(h+ p)(F (x1|z)− F (x2|z)).
Therefore

(12.3.28) (G′(x1, z)−G′(x2, z))(x1−x2) ≥ α(h+ p)(F (x1|z)−F (x2|z))(x1−x2).

We can check easily that this formula holds for any pair x1, x2. We deduce as
in Theorem 12.2, that for z, z′ < m and S(z), S(z′) < Mm, with Mm > m, the
following relation holds

(G′(S(z), z′)−G′(S(z′), z))(S(z)− S(z′)) ≥ 2α(h+ p)a0(Mm)(S(z)− S(z′))2.
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Next

G′(x, z)−G′(x, z′)
= αE[u′(x− z2, z2)|z1 = z]− E[u′(x− z2, z2)|z1 = z′]

= (p+ c)(F (x|z)− F (x|z′)) +
ˆ x+

0

u′(x− ζ, ζ)(f(ζ|z)− f(ζ|z′))dζ,

hence
|G′(x, z)−G′(x, z′)| ≤ Cx+ sup

0<ζ<x+

|f(ζ|z)− f(ζ|z′)|

Applying this inequality for x = S(z) and x = S(z′) respectively, and combining
estimates we deduce that S(z) is uniformly continuous. This completes the proof.

�

12.3.3. ERGODIC THEORY. We turn now to the case when α → 1. We
write uα(x, z) as follows

(12.3.29) uα(x, z) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
hx+ + px− − cx+ cSα(z)

+αE[uα(Sα(z)− z2, z2)|z1 = z]
if x ≤ Sα(z)

hx+ + px−

+αE[uα(x− z2, z2)|z1 = z]
if x ≥ Sα(z)

We shall make the assumptions

c0 = 0(12.3.30)
inf

0 ≤ ζ ≤ a
z

f(ζ|z) ≥ γ(a) > 0, ∀a

(12.3.31) f(ζ|z) is ergodic

ˆ
|f(ζ|z)− f(ζ|z′)|dζ ≤ δ|z − z′|(12.3.32)

F (x|z) ≤ δ0(x) < 1, ∀x
We denote by �(z) the invariant probability density corresponding to the Markov
chain f(ζ|z).

We state the

Theorem 12.6. We assume (13.2.1), (12.3.2) with c0 = 0, (12.3.6), (12.3.22) and
(12.3.30), (12.3.31), (12.3.32). Then, for a subsequence (still denoted α) converging
to 1, we have, for any compact K of R+

(12.3.33) sup
z∈K

|Sα(z)− S(z)| ≤ ε(α,K), ε(α,K)→ 0, as α ↑ 1

(12.3.34) sup
x ≤M
z ≤ N

uα

∣∣∣∣(x, z)− ρα
1− α

− u(x, z)

∣∣∣∣→ 0, ∀M,N,
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with ρα → ρ and

(12.3.35) u(x, z) + ρ =

⎧⎪⎨⎪⎩
hx+ + px− − cx+ cS(z)

+E[u(S(z)− z2, z2)|z1 = z]
if x ≤ S(z)

hx+ + px− + E[u(x− z2, z2)|z1 = z] if x ≥ S(z)

The function u(x, z) satisfies the growth condition

(12.3.36) sup
ξ ≤ x
z

|u(ξ, z)| ≤ C0 +
C1x

1− δ0(x)
.

It is C1 in x and Lipschitz continuous in z. The following estimates hold

sup
ξ ≤ x
z

|ux(ξ, z)| ≤ C

(1− δ0(x))
,(12.3.37)

|u(x, z)− u(x, z′)| ≤
[
C0(m0) +

C1(m0)x

1− δ0(x)

]
δ|z − z′|(12.3.38)

(1− δ0(x)) sup
ξ ≤ x
z

|uxx(ξ, z)| ≤ C, (1− δ0(x))(12.3.39)

sup
ξ ≤ x
z

|uxz(ξ, z)| ≤ C, a.e.

Given S(z), the pair u(x, z), ρ satisfying the above conditions and
´
u(0, z)�(z)dz =

0 is uniquely defined.
Also

(12.3.40) u(x, z) + ρ = inf
v≥0

[l(x, z, v) + Φvu(x, z)].

Proof. We begin with (12.3.33). We first note that

(12.3.41) 0 ≤ Sα ≤ c1(p+ h)

min(c, h)
= m0.

Moreover, from (12.3.28) and (12.3.30) we have

(G′α(Sα(z), z
′)−G′α(Sα(z

′), z))(Sα(z)− Sα(z
′))

≥ 2α(h+ p)γ(m0)(Sα(z)− Sα(z
′))2

Now

(G′α(Sα(z), z
′)−G′α(Sα(z

′), z))(Sα(z)− Sα(z
′))

= α

ˆ
(u′α(Sα(z)− ζ, ζ) + u′α(Sα(z

′)− ζ, ζ))(f(ζ|z′)− f(ζ|z))dζ

From (13.2.25), we also have

(12.3.42) sup
ξ ≤ x
z

|u′α(ξ, z)| ≤
max(h, p+ c)

1− δ0(x)
.



12.3. BACKLOG AND NO SET UP COST 191

Therefore

|G′α(Sα(z), z
′)−G′α(Sα(z

′), z)|
≤ 2αmax(h, p+ c)

1− δ0(m0)

ˆ
|f(ζ|z′)− f(ζ|z)|dζ

Collecting results, we can then state the estimate

|Sα(z)− Sα(z
′)| ≤ max(h, p+ c)

(h+ p)γ(m0)(1− δ0(m0))

ˆ
|f(ζ|z′)− f(ζ|z)|dζ

and using the assumption (12.3.32) we get

(12.3.43) |Sα(z)− Sα(z
′)| ≤ δmax(h, p+ c)

(h+ p)γ(m0)(1− δ0(m0))
|z′ − z|.

So the sequence Sα(z) is uniformly Lipschitz continuous, from which the property
(12.3.33) follows.

Consider χα(x, z) = u′α(x, z)− h1Ix>0 + p1Ix<0 + c. We have

χα(x, z) = gα(x, z) + αE[χα(x− z2, z2)|z1 = z], if x ≥ Sα(z)(12.3.44)
= 0 if x ≤ Sα(z)

with

(12.3.45) gα(x, z) = c+ α(h− c)− α(h+ p)F̄ (x|z),
we deduce easily that

(12.3.46) sup
ξ ≤ x
z

|χα(x, z)| ≤ max(h, c)

1− δ0(x)
.

Consider next ψα(x, z) = χ′α(x, z). We obtain
(12.3.47)

ψα(x, z) =

{
α(h+ p)f(x|z) + αE[ψα(x− z2, z2)|z1 = z], if x > Sα(z)

0, if x < Sα(z)

This function is not continuous but it is bounded (not uniformly in α), and we can
assert that

(12.3.48) sup
ξ ≤ x
z

|ψα(ξ, z)| ≤ (h+ p)||f ||
1− δ0(x)

.

Next, consider χα(x, z)−χα(x, z
′). For x > Sα(z), x > Sα(z

′), we check easily that

|χα(x, z)− χα(x, z
′)| ≤

[
h+ p+

max(h, c)

1− δ0(x)

]
δ|z − z′|.

Next operating as in Theorem 12.3 we can state that for Sα(z
′) > x > Sα(z)

|χα(x, z)− χα(x, z
′)| ≤ h

[
+p+

max(h, c)

1− δ0(x)
+

h+ p

1− δ0(x)

]
||f ||(x− Sα(z)).

Combining estimates we obtain

(12.3.49) |χα(x, z)− χα(x, z
′)| ≤ C(m0)δ

1− δ0(x)
|z − z′|.
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So considering the gradient of χ in both variables, we have

sup
ξ ≤ x
z

|Dχα(x, z)| ≤ C

1− δ0(x)
.

From this estimate and using the fact that χα(x, z) = 0, ∀x < 0, we can assert that,
for a subsequence (still denoted α)

(12.3.50) sup
x ≤M
z ≤ N

|χα(x, z)− χ(x, z)| → 0, as α→ 0, ∀M,N.

We operate as in Theorem 12.3 to show that

sup
x ≤M

z

|αE[χα(x− z2, z2)|z1 = z]− E[χ(x− z2, z2)|z1 = z]| → 0, ∀M

From (13.2.34), it follows that

χ(x, z) = g(x, z) + E[χ(x− z2, z2)|z1 = z], ∀x > S(z),

where

(12.3.51) g(x, z) = h− (p+ h)F̄ (x|z).
Also χ(x,z)=0, if x < S(z). Moreover, from

0 = gα(Sα(z), z) + αE[χα(Sα(z)− z2, z2)|z1 = z],

and

sup
z≤N

|αE[χα(Sα(z)− z2, z2)|z1 = z]− E[χ(S(z)− z2, z2)1IS(z)>z2 |z1 = z]| → 0

we obtain easily

0 = g(S(z), z) + E[χ((S(z)− z2)
+, z2)|z1 = z],

and the function χ(x, z) is continuous in x.
We set

Γα(z) = E[uα(0, z2)|z1 = z],

then from the first equation (13.2.25) one can check

Γα(z) = Ψα(z) + αE[Γα(z2)|z1 = z],

with

Ψα(z) = c(1− α)Sα(z) + αhE[(Sα(z)− z2)
+|z1 = z]

+αpE[(Sα(z)− z2)
−|z1 = z] + αcE[z2|z1 = z]

+αE

[ˆ (Sα(z)−z2)
+

0

χα(ξ, z2)dξ|z1 = z

]
We have

0 ≤ Ψα(z) ≤ m0 max(h, c)

(
1 +

1

1− δ0(m0)

)
+ (p+ c)c1
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Consider

Ψ(z) = hE[(S(z)− z2)
+|z1 = z] + pE[(S(z)− z2)

−|z1 = z]

+cE[z2|z1 = z] + E

[ˆ (S(z)−z2)
+

0

χ(ξ, z2)dξ|z1 = z

]
and Γ(z) to be the solution of

Γ(z) + ρ = Ψ(z) + E[Γ(z2)|z1 = z],

with
ρ =

ˆ
Ψ(z)�(z)dz.

From ergodic theory, see Chapter 3, Theorem 3.3 we can assert that

sup
z
|Γ(z)| ≤ sup

z
|Ψ(z)− ρ|3− β

1− β
,

where 0 < β < 1, depends only on the Markov chain.
Similarly, if we set

ρα =

ˆ
Ψα(z)�(z)dz, Γ̃α(z) = Γα(z)− ρα

1− α

we can write
Γ̃α(z) + ρα = Ψα(z) + αE[Γ̃α(z2)|z1 = z],

we can also assert that

sup
z
|Γ̃α(z)| ≤ sup

z
|Ψα(z)− ρα|3− β

1− β

≤
[
m0 max(h, c)

(
1 +

1

1− δ0(m0)

)
+ (p+ c)c1

]
3− β

1− β
.

Moreover

Γ̃α(z)− Γ̃α(z
′) = Ψα(z)−Ψα(z

′) + α

ˆ
Γ̃α(ζ)(f(ζ|z)− f(ζ|z′))dζ.

Since, using (13.2.33)

|Ψα(z)−Ψα(z
′)| ≤ C(m0)δ|z − z′|,

and from (12.3.32) we can assert that

|Γ̃α(z)− Γ̃α(z
′)| ≤ C1(m0)δ|z − z′|.

Therefore the functions Γ̃α(z) are uniformly Lipschitz continuous and bounded. It
follows that for a subsequence we obtain

(12.3.52) sup
0≤z≤N

Γα

∣∣∣∣(z)− ρα
1− α

− Γ(z)

∣∣∣∣→ 0, ∀M

Therefore

sup
x ≤M

0 ≤ z ≤ N

∣∣∣∣uα(x, z)− ρα
1− α

− u(x, z)

∣∣∣∣→ 0, ∀x, ∀M,N

with

(12.3.53) u(x, z) = hx+ + px− − cx+

ˆ x

0

χ(ξ, z)dξ + Γ(z).
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We deduce u(0, z) = Γ(z). Moreover, one checks easily that

Γ(z) + ρ = cS(z) + E[u(S(z)− z2, z2)|z1 = z].

Therefore the first relation (13.2.28) is proven.
Consider now the situation with x ≥ S(z). Define the function

ũ(x, z) = hx+ + px− + E[u(x− z2, z2)|z1 = z].

We obtain

ũ′(x, z) = h1Ix>0 − p1Ix<0 + E[u′(x− z2, z2)|z1 = z]

= h1Ix>0 − p1Ix<0 − c+ χ(x, z), x ≥ S(z)

= u′(x, z), x ≥ S(z).

Also

ũ(S(z), z) = hS(z) + E[u(S(z)− z2, z2)|z1 = z]

= (h− c)S(z) + ρ+ Γ(z)

= u(S(z), z) + ρ

From these two relations we get ũ(x, z) = u(x, z) + ρ, ∀x ≥ S(z).
This concludes the second part of (13.2.28).
The proof of (12.3.40) is similar to that of Theorem 12.3.
We have next

uα(x, z)− uα(x, z
′) = Γα(z)− Γα(z

′) +
ˆ x

0

(χα(ξ, z)− χα(ξ, z
′)dξ

Using already proven estimates we obtain

|uα(x, z)− uα(x, z
′)| ≤

[
C1(m0) +

C(m0)x
+

1− δ0(x)

]
δ|z − z′|

The limit u(x, z) satisfies all the estimates (12.3.37), (12.3.39). The proof of unique-
ness is similar to that of Theorem 12.3.

The proof has been completed. �

12.4. NO BACKLOG AND SET UP COST

12.4.1. MODEL. We now study the situation of set up cost, and we begin
with the no shortage model. We have to study the Bellman equation

(12.4.1) u(x, z) = inf
v≥0

[K1Iv>0 + l(x, z, v) + αΦvu(x, z)],

where

Φvϕ(x, z) = E[ϕ((x+ v − z2)
+, z2)|z1 = z](12.4.2)

=

ˆ x+v

0

ϕ(x+ v − ζ, ζ)f(ζ|z)dζ +
ˆ ∞
x+v

ϕ(0, ζ)f(ζ|z)dζ

and

(12.4.3) f(ζ|z) is uniformly continuous in both variables and bounded

(12.4.4)
ˆ +∞

0

ζf(ζ|z)dζ ≤ c0z + c1

(12.4.5) l(x, z, v) = cv + hx+ pE[(x+ v − z2)
−|z1 = z].
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We look for solutions of (12.4.1) in the interval [0, w0(x, z)] with

(12.4.6) w0(x, z) = l0(x, z) + αE[w0(x− z2, z2)|z1 = z].

In Lemma 12.1, we have proven the estimate

(12.4.7) w0(x, z) ≤ hx

1− α
+

pc0z

1− c0α
+

pc1
(1− α)(1− c0α)

,

with the assumption

(12.4.8) c0α < 1.

As usual we consider the payoff function

(12.4.9) Jx,z(V ) = E
∞∑

n=1

αn−1[K1Ivn>0 + l(yn, zn, vn)],

with V = (v1, · · · , vn, · · · ) adapted process with positive values and

(12.4.10) yn+1 = (yn + vn − zn+1)
+, y1 = x.

We define the value function

(12.4.11) u(x, z) = inf
V

Jx,z(V ).

We state the

Theorem 12.7. We assume (12.4.2), (12.4.3), (12.4.4), (12.4.5), (12.4.8). The
value function defined in (12.4.11) is the unique l.s.c. solution of the Bellman
equation (12.4.1) in the interval [0, w0]. There exists an optimal feedback v̂(x, z).

12.4.2. s(z), S(z) Policy. We now prove the following result

Theorem 12.8. We make the assumptions of Theorem 12.7 and p > c. Then the
function u(x, z) is K−convex and continuous. It tends to +∞ as x → +∞. The
function

G(x, z) = cx+ pE[(x− z2)
−|z1 = z] + αE[u((x− z2)

+, z2)|z1 = z],

is also K−convex and continuous. It tends to +∞ as x → +∞. Considering the
numbers s(z), S(z) associated to G(x, z), the optimal feedback is given by

(12.4.12) v̂(x, z) =

{
S(z)− x, if x ≤ s(z)

0, if x > s(z)

The functions s(z) S(z) are continuous.

Proof. We consider the increasing sequence

un+1(x, z) = inf
v≥0

{
K1Iv>0 + cv + hx+ pE[(x+ v − z2)

−|z1 = z](12.4.13)

+αE[un((x+ v − z2)
+, z2)|z1 = z]

}
,

with u0(x, z) = 0. Define

(12.4.14) Gn(x, z) = cx+ pE[(x− z2)
−|z1 = z] + αE[un((x− z2)

+, z2)|z1 = z].

We can write

(12.4.15) un+1(x, z) = (h− c)x+ inf
η≥x

[K1Iη≥x +Gn(η, z)].

We are going to chow, by induction, that both un(x, z), Gn(x, z) are K−convex
in x, continuous and → +∞ as x → +∞, for n ≥ 1. The properties are clear for
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n = 1. We assume they are verified for n, we prove them for n+ 1. Since Gn(x, z)
is K−convex in x, continuous and → +∞ as x→ +∞, we can define sn(z), Sn(z)
with

(12.4.16) Gn(Sn(z), z) = inf
η
Gn(η, z)

(12.4.17)

sn(z) =

{
0, if Gn(0, z) ≤ K + infη Gn(η, z)

Gn(sn(z), z) = K + infη Gn(η, z), if Gn(0, z) > K + infη Gn(η, z)

As usual we take the smallest minimum to define Sn(z) in a unique way. Since
Gn(η, z) is continuous, it is easy to check that Sn(z) is continuous. Also sn(z) is
continuous.

We can write

un+1(x, z) = (h− c)x+Gn(max(x, sn(z)), z),

which shows immediately that un+1(x, z) is K−convex and continuous. Further-
more un+1(x, z)→ +∞, as x→ +∞. We then have

Gn+1(x, z) = cx+ pE[(x− z2)
−|z1 = z] + α(h− c)E[(x− z2)

+|z1 = z]

+αE[Gn(max(x− z2, sn(z2)), z2)|z1 = z]

It is the sum of a convex function and a K−convex function, hence K−convex. It
is continuous and → +∞ as x → +∞. So the recurrence is proven. If we write
(formally)

u′n(x, z) = h− c+ χn(x, z),

then one has the recurrence

χn+1(x, z) = 0 if x < sn(z)

= μ(x, z) + αE[χn(x− z2, z2)|z1 = z]

with

(12.4.18) μ(x, z) = c+ α(h− c)− (p+ α(h− c))F̄ (x|z).
The function χn+1(x, z) is discontinuous in sn(z). However one has the bound

− (p− c)

1− α
≤ χn+1(x, z) ≤ c+ α(h− c)

1− α
a.e.

Therefore the limit u(x, z) is K−convex and satisfies

u′(x, z) = h− c+ χ(x, z),

with

− (p− c)

1− α
≤ χ(x, z) ≤ c+ α(h− c)

1− α
a.e.

Hence u(x, z) is continuous in x and → +∞ as x → +∞. Therefore one defines
uniquely s(z), S(z) and S(z) minimizes in x the function

G(x, z) = cx+ pE[(x− z2)
−|z1 = z] + αE[u((x− z2)

+, z2)|z1 = z]

From this formula and the Lipschitz continuity of u in x, using the assumption
(12.4.3) one can see that G(x, z) is continuous in both arguments. Hence S(z) and
s(z) are continuous. The proof has been completed. �
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12.4.3. ERGODIC THEORY. We now study the behavior of u(x, z) as
α→ +∞. We denote it by uα(x, z) and we write the relations

(12.4.19) uα(x, z) = (h− c)x+Gα(max(x, sα(z)), z)

(12.4.20) Gα(x, z) = gα(x, z) + αE[Gα(max((x− z2)
+, sα(z2)), z2)|z1 = z],

with

(12.4.21) gα(x, z) = cx+ pE[(x− z2)
−|z1 = z] + α(h− c)E[(x− z2)

+|z1 = z].

We will use an approach different from that of the base stock case, since we cannot
prove uniform Lipschitz properties for the function sα(z). The present method will
use less assumptions. We shall assume c0 = 0 and

(12.4.22) zn is ergodic.

We denote by �(z) the invariant measure. We also assumeˆ
|f(ζ|z)− f(ζ|z′)|dζ ≤ δ|z − z′|,(12.4.23)

ˆ
ζ|f(ζ|z)− f(ζ|z′)|dζ ≤ δ|z − z′|

sup
z

F (x|z) = δ0(x) < 1, ∀x(12.4.24)

sup
z

F̄ (x|z) → 0 as x→ +∞(12.4.25)

We begin with the

Lemma 12.3. If s(z) > 0, then

S(z) ≤ p+ α(h− c)

c+ α(h− c)
E[z2|z]

Proof. If s(z) > 0 then we have

u(0, z) = K +G(S(z), z).

Set
ŷ2 = (S(z)− z2)

+, v̂2 = v̂(ŷ2, z2),

then

G(S(z), z) = cS(z) + pE[(S(z)− z2)
−|z1 = z] + αE[u(ŷ2, z2)|z1 = z]

Also we can write

u(ŷ2, z2) = (h− c)ŷ2 +K1Iv̂2>0 +G(ŷ2 + v̂2, z2)

= hŷ2 +K1Iv̂2>0 + cv̂2 + pE[(ŷ2 + v̂2 − z3)
−|z2]

+αE[u((ŷ2 + v̂2 − z3)
+, z3)|z2]

Therefore, we can write

u(0, z) = K + cS(z) + pE[(S(z)− z2)
−|z1 = z](12.4.26)

+αE[hŷ2 +K1Iv̂2>0 + cv̂2 + p(ŷ2 + v̂2 − z3)
−

+αu((ŷ2 + v̂2 − z3)
+, z3)|z1 = z].
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We next have

u(0, z) ≤ G(0, z)

= E[pz2 + αu(0, z2)|z1 = z]

Furthermore
u(0, z2) ≤ K +G(ŷ2 + v̂2, z2)

Replacing G and combining the two inequalities we get

u(0, z) ≤ pE[z2|z1 = z] + αK + αE[c(ŷ2 + v̂2) + p(ŷ2 + v̂2 − z3)
−

+αu((ŷ2 + v̂2 − z3)
+, z3)|z1 = z]

Comparing with (12.4.26) we obtain easily the desired inequality. �

We deduce from the Lemma that, whenever c0 = 0

(12.4.27) sα(z) ≤ p+ (h− c)+

min(c, h)
c1.

We now state the

Theorem 12.9. We assume (12.4.3), (12.4.4), with c0 = 0, (12.4.22), (12.4.23),
(12.4.24), (12.4.25). Then there exists a number ρα such that, for a subsequence,
still denoted α→ 1

(12.4.28) sup
x ≤M

z

uα(x, z)− ρα
1− α

− u(x, z)| → 0, ∀M,

and ρα → ρ. The function u(x, z) is Lipschitz continuous, K−convex and satisfies

(12.4.29) |u(x, z)| ≤ C0 +
C1x

1− δ0(x)

(12.4.30) |ux(x, z)| ≤ C

1− δ0(x)
, |uz(x, z)| ≤ C0 +

C1x

1− δ0(x)
a.e..

The pair u(x, z), ρ is the solution of

(12.4.31) u(x, z) + ρ = inf
v≥0

[K1Iv>0 + l(x, z, v) + Φvu(x, z)].

Proof. We set
χα(x, z) = u′α(x, z)− h+ c,

then we can write

(12.4.32) χα(x, z) = 1Ix>sα(z)μα(x, z) + αE[χα(x− z2, z2)1Ix−z2>0|z1 = z],

with

μα(x, z) = g′α(x, z)
= c+ α(h− c)− (p+ α(h− c))F̄ (x|z)

The function χα(x, z) is not continuous, but satisfies

(12.4.33) sup
0 ≤ ξ ≤ x

z

|χα(ξ, z)| ≤ max(h, p)

1− δ0(x)
.
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Let us next define Γα(z) = uα(0, z). We have

Γα(z) = Gα(sα(z), z)

= csα(z) + pE[(sα(z)− z2)
−|z1 = z] + αE[uα((sα(z)− z2)

+, z2)|z1 = z]

= gα(sα(z), z)+αE

[ˆ (sα(z)−z2)
+

0

χα(ξ, z2)dξ|z1=z

]
+αE[Γα(z2)|z1=z]

Therefore we can write

(12.4.34) Γα(z) = Ψα(z) + αE[Γα(z2)|z1 = z],

with

Ψα(z) = gα(sα(z), z) + αE

[ˆ (sα(z)−z2)
+

0

χα(ξ, z2)dξ|z1 = z

]
.

Thanks to Lemma 12.3, we have the estimate (12.4.27), so sα(z) ≤ m0. Using the
estimate (12.4.33), we see that |Ψα(z)| ≤ C. Let us then define

ρα =

ˆ
Ψα(z)�(z)dz,

and Γ̃α(z) = Γα(z)− ρα
1− α

. From ergodic theory, we can assert that

sup
z
|Γ̃α(z)| ≤ sup

z
|Ψα(z)− ρα|3− β

1− β
≤ C,

and we can state the estimate∣∣∣∣uα(x, z)− ρα
1− α

∣∣∣∣ ≤ C +
Cx

1− δ0(x)
.

Define ũα(x, z) = uα(x, z)− ρα
1− α

. We write equation (12.4.1) as

(12.4.35) ũα(x, z) + ρα = inf
v≥0

[K1Iv>0 + l(x, z, v) + αΦvũα(x, z)].

From Lemma 12.3 we can assert that the optimal feedback satisfies x+ v̂α(x, z) ≤
max(x,m0). Therefore we can replace (12.4.35) by

ũα(x, z) + ρα = inf
x+v≤max(x,m0)

[K1Iv>0 + l(x, z, v) + αΦvũα(x, z)]

= inf
0≤v≤max(x,m0)−x

Lα(x, z, v).

Next

Lα(x, z, v)−Lα(x, z
′, v) =

ˆ
[p(x+v−ζ)−+αũα((x+v−ζ)+, ζ)](f(ζ|z)−f(ζ|z′))dζ

For v ≤ max(x,m0)− x we can write

|ũα((x+ v − ζ)+, ζ)| ≤ C +
Cmax(x,m0)

1− δ0(max(x,m0))

≤ C′1 +
C2x

1− δ0(x)

Using the assumption (12.4.23) we get easily

|ũα(x, z)− ũα(x, z
′)| ≤

(
C1 +

C2x

1− δ0(x)

)
δ|z − z′|.
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From the estimates obtained we can assert that ũα(x, z) has a converging subse-
quence (still denoted α), in the sense

(12.4.36) sup
x ≤M
z ≤ N

|ũα(x, z)− u(x, z)| → 0, as α→ 0.

Since ρα is bounded, we can always assume that ρα → ρ. Denote

L(x, z, v) = K1Iv>0 + l(x, z, v) + Φvu(x, z)

then
Lα(x, z, v)− L(x, z, v) = αΦv(ũα − u)(x, z)− (1− α)Φvu(x, z)

For v ≤ max(x,m0)− x, we have assuming M > m0

sup
x ≤M

z

|Φvu(x, z)| ≤ C +
CM

1− δ0(M)

We also have

sup
x ≤M

z

|Φv(ũα − u)(x, z)| ≤ sup
x ≤M

z

|ũα − u|(x, z) sup
z

F̄ (N, z)

+ sup
x ≤M
z ≤ N

|ũα − u|(x, z)

Using the assumption (12.4.25) and (12.4.36), letting first α→ 1, then N →∞, we
deduce

sup
x ≤M

v ≤ max(x,m0)− x
z

|Lα(x, z, v)− L(x, z, v)| → 0, as α→ 1

Therefore we deduce easily (12.4.28) and also that the pair u(x, z), ρ satisfy (12.4.31).
The estimates (12.4.29), (12.4.31) follow immediately from the corresponding ones
on ũα(x, z). The K−convexity of u follows from the K−convexity of ũα. The proof
has been completed. �

12.5. BACKLOG AND SET UP COST

12.5.1. MODEL. We finally consider the situation of set up cost, with back-
log. The Bellman equation is

(12.5.1) u(x, z) = inf
v≥0

[K1Iv>0 + l(x, v) + αΦvu(x, z)],

where

Φvϕ(x, z) = E[ϕ(x+ v − z2, z2)|z1 = z](12.5.2)

=

ˆ ∞
0

ϕ(x+ v − ζ, ζ)f(ζ|z)dζ,
and

(12.5.3) f(ζ|z) is uniformly continuous in both variables and bounded



12.5. BACKLOG AND SET UP COST 201

(12.5.4)
ˆ +∞

0

ζf(ζ|z)dζ ≤ c0z + c1,

(12.5.5) l(x, v) = cv + hx+ + px−.

We look for solutions of (12.5.1) in the interval [0, w0(x, z)] with

(12.5.6) w0(x, z) = l0(x) + αE[w0(x− z2, z2)|z1 = z],

with l0(x) = l(x, 0).
In Lemma 12.2, we have proven the estimate

(12.5.7)

w0(x, z) ≤ hx+ + px−

1− α
+

pc0zα

(1− c0α)(1− α)
+

pc1
(1− c0)2

(
α− c0
(1− α)2

+
c0

1− αc0

)
,

with the assumption

(12.5.8) c0α < 1.

As usual we consider the payoff function

(12.5.9) Jx,z(V ) = E
∞∑
n=1

αn−1[K1Ivn>0 + l(yn, vn)],

with V = (v1, · · · , vn, · · · ) adapted process with positive values and

(12.5.10) yn+1 = yn + vn − zn+1, y1 = x.

We define the value function

(12.5.11) u(x, z) = inf
V

Jx,z(V ).

We state the

Theorem 12.10. We assume (12.5.2), (12.5.3), (12.5.4), (12.5.5), (12.5.8). The
value function defined in (12.5.11) is the unique l.s.c. solution of the Bellman
equation (12.5.1) in the interval [0, w0]. There exists an optimal feedback v̂(x, z).

12.5.2. s(z), S(z) Policy. We now prove the following result

Theorem 12.11. We make the assumptions of Theorem 12.10 and αp > c. Then
the function u(x, z) is K−convex and continuous. It tends to +∞ as |x| → +∞.
Considering the numbers s(z), S(z) associated to u(x, z), the optimal feedback is
given by

(12.5.12) v̂(x, z) =

{
S(z)− x, if x ≤ s(z)

0, if x > s(z)

The functions s(z) S(z) are continuous, S(z) > 0.

Proof. We consider the increasing sequence

(12.5.13) un+1(x, z) = hx++px−+inf
v≥0
{K1Iv>0+cv+αE[un(x+v−z2, z2)|z1 = z]},

with u0(x, z) = 0. Define

(12.5.14) Gn(x, z) = cx+ αE[un(x− z2, z2)|z1 = z].

We can write

(12.5.15) un+1(x, z) = hx+ + px− − cx+ inf
η≥x

[K1Iη>x +Gn(η, z)].



202 12. INVENTORY CONTROL WITH MARKOV DEMAND

We are going to chow, by induction, that both un(x, z), Gn(x, z) are K−convex in
x, continuous and → +∞ as |x| → +∞, for n ≥ 2. Also

(12.5.16) u′n(x, z) ≤ −p− c, G′n(x, z) ≤ c(1− α)− αp, if x < 0.

These relations will be true for n ≥ 2. We have G′0(x, z) = c and u′1(x, z) =
−p, if x < 0. Then

G′1(x, z) = c− αp < 0, if x < 0

As soon as G′n(x, z) ≤ 0, for x < 0, then u′n+1(x, z) satisfies (12.5.16) and G′n+1(x, z)
satisfies also (12.5.16).

Since Gn(x, z) is K−convex in x, continuous and → +∞ as |x| → +∞, we can
define sn(z), Sn(z) with

(12.5.17) Gn(Sn(z), z) = inf
η
Gn(η, z),

and sn(z) is defined by

(12.5.18) Gn(sn(z), z) = K + inf
η
Gn(η, z).

As usual we take the smallest minimum to define Sn(z) in a unique way. Since
Gn(η, z) is continuous, it is easy to check that Sn(z) is continuous. Also sn(z) is
continuous.

We can write

un+1(x, z) = hx+ + px− − cx+Gn(max(x, sn(z)), z)

which shows immediately that un+1(x, z) and then Gn+1(x, z) are K−convex and
continuous. Furthermore un+1(x, z), Gn+1(x, z)→ +∞, as x→ +∞.

Since for x < 0

u′n+1(x, z) = −p− c+G′n(x, z)1Ix>sn(z),

we see that (12.5.16) is satisfied for un+1, Gn+1. Therefore un+1(x, z), Gn+1(x, z)→
+∞ as x→ −∞.

So the recurrence is proven. Note also that Sn(z) > 0.
If we write (formally)

u′n(x, z) = h1Ix>0 − p1Ix<0 − c+ χn(x, z),

then one has the recurrence

χn+1(x, z) = 0 if x < sn(z)

= μ(x, z) + αE[χn(x− z2, z2)|z1 = z]

with

(12.5.19) μ(x, z) = c(1− α) + αh− α(p+ h)F̄ (x|z).
The function χn+1(x, z) is discontinuous in sn(z). However one has the bound

c(1− α)− αp

1− α
≤ χn+1(x, z) ≤ c(1− α) + αh

1− α
a.e.

Note also χn(x, z) ≤ 0, if x < 0 and

χn+1(x, z) ≤ c(1− α)− αp, if sn(z) < x < 0

Therefore the limit u(x, z) is K−convex and satisfies

u′(x, z) = h1Ix>0 − p1Ix<0 − c+ χ(x, z),
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with
c(1− α)− αp

1− α
≤ χ(x, z) ≤ c(1− α) + αh

1− α
a.e.

Hence u(x, z) is continuous in x and → +∞ as x→ +∞. For x < 0, one also has

u′(x, z) ≤ −c− p

therefore u(x, z)→ +∞ as x→ +∞. Also

χ(x, z) ≤ 0 if x < 0, χ(x, z) ≤ c(1− α)− αp, s(z) < x < 0

Therefore there one defines uniquely s(z), S(z) and S(z) minimizes in x the function

G(x, z) = cx+ αE[u(x− z2, z2)|z1 = z]

From this formula and the Lipschitz continuity of u in x, using the assumption
(12.5.3) one can see that G(x, z) is continuous in both arguments.

Also G(x, z) → +∞ as x → −∞. Hence S(z) and s(z) are well defined, and
are continuous. Moreover S(z) > 0. The proof has been completed. �

12.5.3. ERGODIC THEORY. We now study the behavior of u(x, z) as
α→ +∞. We denote it by uα(x, z) and we write the relations

(12.5.20) uα(x, z) = hx+ + px− − cx+Gα(max(x, sα(z)), z)

(12.5.21) Gα(x, z) = cx+ αE[uα(x− z2, z2)|z1 = z].

We shall assume c0 = 0 and

(12.5.22) zn is ergodic.

We denote by �(z) the invariant measure. We also assumeˆ
|f(ζ|z)− f(ζ|z′)|dζ ≤ δ|z − z′|,(12.5.23)

(12.5.24)
ˆ

ζ|f(ζ|z)− f(ζ|z′)|dζ ≤ δ|z − z′|,

sup
z

F (x|z) = δ0(x) < 1, ∀x(12.5.25)

sup
z

F̄ (x|z) → 0 as x→ +∞(12.5.26)

We begin with the

Lemma 12.4. We have the estimate

(12.5.27) s−α (z) ≤
K

αp− c(1− α)
= mα

Also

(12.5.28) 0 ≤ Sα(z) ≤ α(p+ h)E[z2|z1 = z] + αpmα

c+ α(h− c)
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Proof. We recall that

0 = K + inf
η>s(z)

ˆ η

s(z)

χ(ξ, z)dξ.

Therefore if s(z) < 0 we can write

0 ≤ K +

ˆ 0

s(z)

χ(ξ, z)dξ

However for s(z) < ξ < 0, we have χ(ξ, z) ≤ c(1− α)− αp, which implies (12.5.27)
immediately.

Since sα(z) > −mα, we have successively

u(−mα, z) = (p+ c)mα +K +G(S(z), z).

Set
ŷ2 = S(z)− z2, v̂2 = v̂(ŷ2, z2),

then
G(S(z), z) = cS(z) + αE[u(ŷ2, z2)|z1 = z].

Also we can write

u(ŷ2, z2) = hŷ+2 + pŷ−2 +K1Iv̂2>0 + cv̂2 + αE[u(ŷ2 + v̂2 − z3, z3)|z2].
Therefore, we can write

u(−mα, z) = (p+ c)mα +K + cS(z) + αE[hŷ+2 + pŷ−2(12.5.29)
+K1Iv̂2>0 + cv̂2 + αu(ŷ2 + v̂2 − z3, z3)|z1 = z].

We next have

u(−mα, z) ≤ pmα + αE[u(−mα − z2, z2)|z1 = z].

Furthermore

u(−mα−z2, z2) ≤ K+p(z2+mα)+c(ŷ2+ v̂2+z2+mα)+αE[u(ŷ2+ v̂2−z3, z3)|z2].
Combining the two inequalities we get

u(−mα, z) ≤ pmα + αK + α(p+ c)mα

+αE[(p+ c)z2 + c(ŷ2 + v̂2) + αu(ŷ2 + v̂2 − z3, z3)|z1 = z].

Comparing with (12.5.29) we obtain inequality

cS(z) + α(h− c)E[(S(z)− z2)
+|z1 = z] + α(p+ c)E[(S(z)− z2)

−|z1 = z]

≤ αpmα + α(p+ c)E[z2|z1 = z],

from which we deduce easily (12.5.28), which completes the proof. �

We deduce from the Lemma that if αp > c+ α(h− c) one has also

(12.5.30) |sα(z)| ≤ α(p+ h)E[z2|z1 = z] + αpmα

c+ α(h− c)
.

Since α→ 1, we may assume α >
1

2
and thus if c0 = 0

|sα(z)|, Sα(z) ≤ m0 =

(p+ h)c1 +
2Kp

p− c

min(c, h)

We now state the



12.5. BACKLOG AND SET UP COST 205

Theorem 12.12. We assume (12.5.3), (12.5.4), with c0 = 0, (12.5.22), (12.5.23),
(12.5.25), (12.5.26). Then there exists a number ρα such that, for a subsequence,
still denoted α→ 1

(12.5.31) sup
|x| ≤M

z

∣∣∣∣uα(x, z)− ρα
1− α

− u(x, z)

∣∣∣∣→ 0, ∀M,

and ρα → ρ. The function u(x, z) is Lipschitz continuous, K−convex and satisfies

(12.5.32) |u(x, z)| ≤ C +
C(x+m0)

+

1− δ0((x+m0)+)
+ C(x+m0)

−

|ux(x, z)| ≤ C

1− δ0((x+m0)+)
, |uz(x, z)|(12.5.33)

≤ C +
C(max(x+,m0) +m0)

1− δ0(max(x+,m0) +m0)
a.e..

The pair u(x, z), ρ is the solution of

(12.5.34) u(x, z) + ρ = inf
v≥0

[K1Iv>0 + l(x, v) + Φvu(x, z)].

Proof. We set

χα(x, z) = u′α(x, z)− h1Ix>0 + p1Ix<0 + c,

then we can write

(12.5.35) χα(x, z) = 1Ix>sα(z){μα(x, z) + αE[χα(x− z2, z2)|z1 = z],

with

μα(x, z) = c+ α(h− c)− α(h+ p)F̄ (x|z)
The function χα(x, z) is not continuous, but satisfies (since sα(z) ≥ −m0)

(12.5.36) sup
ξ ≤ x
z

|χα(ξ, z)| ≤ max(h, p)

1− δ0(x+ +m0)
.

Let us next define Γα(z) = uα(−m0, z). We have

Γα(z) = Gα(sα(z), z) + (p+ c)m0

= csα(z) + αE[uα(sα(z)− z2, z2)|z1 = z] + (p+ c)m0

= gα(sα(z), z) + αE[Γα(z2)|z1 = z]

+αE

[ˆ sα(z)−z2

−m0

χα(ξ, z2)dξ|z1 = z

]
with

gα(x, z) = c(1− α)x+ αE[h(x− z2)
+ + p(x− z2)

−](12.5.37)
+cE[z2|z1 = z] + (p+ c)m0(1− α)

Therefore we can write

(12.5.38) Γα(z) = Ψα(z) + αE[Γα(z2)|z1 = z],



206 12. INVENTORY CONTROL WITH MARKOV DEMAND

with

Ψα(z) = gα(sα(z), z) + αE

[ˆ sα(z)−z2

−m0

χα(ξ, z2)dξ|z1 = z

]
.

We note that |sα(z)| ≤ m0. Using the estimate (12.5.36), we see that |Ψα(z)| ≤ C.
Let us then define

ρα =

ˆ
Ψα(z)�(z)dz,

and Γ̃α(z) = Γα(z)− ρα
1− α

. From ergodic theory, we can assert that

sup
z
|Γ̃α(z)| ≤ sup

z
|Ψα(z)− ρα|3− β

1− β
≤ C,

and we can state the estimate∣∣∣∣uα(x, z)− ρα
1− α

∣∣∣∣ ≤ C +
C(x+m0)

+

1− δ0((x+m0)+)
+ C(x+m0)

−.

Define ũα(x, z) = uα(x, z)− ρα
1− α

. We write equation (12.5.1) as

(12.5.39) ũα(x, z) + ρα = inf
v≥0

[K1Iv>0 + l(x, v) + αΦvũα(x, z)].

From Lemma 12.4 we can assert that the optimal feedback satisfies

max(−m0, x) ≤ x+ v̂(x, z) ≤ max(x+,m0).

Therefore we can replace (12.5.39) by

ũα(x, z) + ρα = inf
max(−m0,x)≤x+v≤max(x+,m0)

[K1Iv>0 + l(x, v) + αΦvũα(x, z)]

= inf
max(−m0,x)≤x+v≤max(x+,m0)

Lα(x, z, v).

Next

Lα(x, z, v)− Lα(x, z
′, v) = α

ˆ
ũα(x+ v − ζ, ζ)(f(ζ|z)− f(ζ|z′))dζ

For max(−m0, x) ≤ x+ v ≤ max(x+,m0) we can write

|ũα(x+ v − ζ, ζ)| ≤ C +
C(max(x+,m0) +m0)

1− δ0(max(x+,m0) +m0)
+ Cζ

Using the assumptions (12.5.23) and (12.5.24) we get easily

|ũα(x, z)− ũα(x, z
′)| ≤

(
C +

C(max(x+,m0) +m0)

1− δ0(max(x+,m0) +m0)

)
δ|z − z′|.

From the estimates obtained we can assert that ũα(x, z) has a converging subse-
quence (still denoted α), in the sense

(12.5.40) sup
|x| ≤M
z ≤ N

|ũα(x, z)− u(x, z)| → 0, as α→ 0.

Since ρα is bounded, we can always assume that ρα → ρ. Denote

L(x, z, v) = K1Iv>0 + l(x, v) + Φvu(x, z)

then
Lα(x, z, v)− L(x, z, v) = αΦv(ũα − u)(x, z)− (1− α)Φvu(x, z)
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For max(−m0, x) ≤ x+ v ≤ max(x+,m0), we have assuming M > m0

sup
|x| ≤M

z

|Φvu(x, z)| ≤ C +
CM

1− δ0(2M)

We also have

sup
|x| ≤M

z

|Φv(ũα − u)(x, z)| ≤ sup
|x| ≤M

z

|ũα − u|(x, z) sup
z

F̄ (N, z)

+ sup
|x| ≤M
z ≤ N

|ũα − u|(x, z)

Using the assumption (12.5.26) and (12.5.40), letting first α→ 1, then N →∞, we
deduce

sup
|x| ≤M

max(−m0, x) ≤ v + x ≤ max(x+,m0)
z

|Lα(x, z, v)− L(x, z, v)| → 0, as α→ 1.

Therefore we deduce easily (12.5.31) and also that the pair u(x, z), ρ satisfies (12.5.34).
The estimates (12.5.32), (12.5.33) follow immediately from the corresponding ones
on ũα(x, z). The K−convexity of u follows from the K−convexity of ũα. The proof
has been completed. �

12.6. LEARNING PROCESS

12.6.1. MODEL. We follow in this section [33]. We have already considered
an example of Markov demand in section 12.2, Example 12.1, in which the Markov
dependence was obtained trough a parameter of the probability law of the demand.
The probability law of the demand zn+1 depends on a parameter, namely f(x, λ),
but λ is not fixed. It is a function of zn, λ(zn). We show here how the common
learning procedure, which is quite natural when a parameter is not really known,
but is updated in function of the available information leads to a similar situation.
We consider only the inventory model with backlog, to fix the ideas. So we have

(12.6.1) yn+1 = yn + vn − zn+1, y1 = x.

The probability density of zn+1 is f(z, λn) where λn is the value given to the
parameter λ, at time n. Instead of writing λn = λ(zn), we express an evolution

(12.6.2) λn+1 = ρ(λn, zn+1), λ1 = λ.

The pair yn, λn is a controlled Markov chain, whose operator is given by

Φvϕ(x, λ) = E[ϕ(x+ v − z2, ρ(λ, z2))](12.6.3)

=

ˆ
ϕ(x+ v − ζ, ρ(λ, ζ))f(ζ, λ)dζ

The observation process is the demand. So we define the filtration

Fn = σ(z2, · · · , zn), n ≥ 2

F1 = (Ω, ∅)
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and the control process vn is adapted to the filtration Fn. We define the cost
function for each period

(12.6.4) l(x, v) = hx+ + px− + cv.

Calling V = {v1, · · · , vn, · · · }a control policy, we define the cost functional

(12.6.5) Jx,λ(V ) = E

[ ∞∑
n=1

αn−1l(yn, vn)|y1 = x, λ1 = λ

]
.

We consider the value function

(12.6.6) u(x, λ) = inf
V

Jx,λ(V ),

and the Bellman equation

(12.6.7) u(x, λ) = hx+ + px− − cx+ inf
η≥x

[cη + αΦvu(η, λ)].

12.6.2. SCALABILITY. Bellman equation (12.6.7) is, as expected a 2 di-
mensional problem. We just describe here a case when the problem can be reduced
to one dimension, by an interesting property, the scalability. We say that there is
scalability with the function q(λ) if one has the relations

(12.6.8) f(x, λ) =

f

(
x

q(λ)

)
q(λ)

, q(ρ(λ, x)) = q(λ)U

(
x

q(λ)

)
.

Let us give examples. The first one is the function

(12.6.9) f(x, λ) =
kaλaxk−1

(λ+ xk)a+1
.

This probability density is called Weibull-Gamma. The reason is that it is ob-
tained by combining a Weibull distribution with a Gamma distribution. Suppose
we consider a Weibull distribution

ψ(x, y) = kyxk−1 exp−yxk,

depending on a parameter y. However, the parameter y is not known. One considers
that it is random with a density

g(y, λ) =
λaya−1 exp−yλ

Γ(a)
,

where we recall that for a > 0

Γ(a) =

ˆ +∞

0

xa−1 exp−x dx.

We see immediately that

f(x, λ) =

ˆ +∞

0

ψ(x, y)g(y, λ)dy.

The function f(x, λ) defined by (12.6.9) is scalable if ρ(λ, x) = λ+xk. The functions
q(λ), f(x), U(x) are defined by

(12.6.10) q(λ) = λ

1

k , f(x) =
kaxk−1

(1 + xk)a+1
, U(x) = (1 + xk)

1

k .
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A second example is the Gamma-Gamma model in which

(12.6.11) f(x, λ) =
λaxk−1Γ(k + a)

(x+ λ)k+aΓ(a)Γ(k)
.

This probability density can be obtained by combining a Gamma probability density

ψ(x, y) =
ykxk−1 exp−y

Γ(k)
,

with another Gamma probability density

g(y, λ) =
λaya−1 exp−yλ

Γ(a)
.

The probability density (12.6.11) is scalable if ρ(λ, x) = λ + x. The functions
q(λ), f(x), U(x) are defined by

(12.6.12) q(λ) = λ, f(x) =
xk−1Γ(k + a)

(1 + x)k+aΓ(a)Γ(k)
, U(x) = 1 + x.

Let us now show how the scalability property can be used to reduce the dimension
of Bellman equation to 1.

Equation (12.6.7) is written as

(12.6.13) u(x, λ) = hx+ + px− − cx+ inf
η≥x

[
cη + α

ˆ
u(η − ζ, ρ(λ, ζ))f(ζ, λ)dζ

]
.

Replacing f(ζ, λ) we get

u(x, λ) = hx+ + px− − cx+ inf
η≥x

⎡⎢⎢⎣cη + α

ˆ
u(η − ζ, ρ(λ, ζ))

f

(
ζ

q(λ)

)
q(λ)

dζ

⎤⎥⎥⎦ .

We can find a solution of the form

u(x, λ) = v

(
x

q(λ)

)
q(λ),

with v(x) solution of

(12.6.14) v(x) = hx+ + px− − cx+ inf
η≥x

[
cη + α

ˆ
v

(
η − ζ

U(ζ)

)
U(ζ)f(ζ)dζ

]
,

which is a one-dimensional problem.
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CHAPTER 13

LEAD TIMES AND DELAYS

13.1. INTRODUCTION

In all models, so far we have considered that an order vn put at time n is
delivered at time n + 1. Another equivalent way is to consider that n represents
the initial time of the nth period and the the delivery is achieved at the end of
the period, which is also the beginning of the (n+ 1)th period. The delivery time,
called the lead time is 1. In this chapter, we are going to consider more complex
situations, in which the lead time is larger than 1. Many situations can occur, the
simplest being that the lead time is a fixed deterministic number L. It can also be
a random variable and even a stochastic process. During the lead time, there can
be limitations in the orders, for example no order is possible during a lead time, or
orders can be put without any limitation.

Concerning delays, we shall consider delays in the information reception. In
the preceding chapters, the delay was 0. Indeed, the demand is observed when it
is realized; the demand in the nth period is realized at the end of the nth period,
which also time n+ 1, when the order vn+1 is decided.

In these problems the dynamics is not indifferent. The backlog case, in which
the evolution of the inventory is linear, can lead to important simplifications, in
which an interesting concept the inventory position plays a major role.

13.2. MODELS WITH INVENTORY POSITION

13.2.1. DETERMINISTIC LEAD TIME. We assume here that we have
a lead time L ≥ 1. Of course, L = 1 is the standard case. The demand is a sequence
of i.i.d random variables, D1, · · · , Dn, · · · We define the filtration

Fn = σ(D1, · · · , Dn), F0 = (Ω, ∅).
The control V = (v1, · · · , vn, · · · ) is adapted to the the filtration Fn−1. If we denote
by (y1, · · · , yn, · · · ) the sequence of inventories, with initial inventory y1 = x, we
have the relation

(13.2.1) yn+L = yn+L−1 + vn −Dn+L−1, y1 = x.

We note that we allow the possibility of backlog. Also the inventories y1, · · · , yL do
not depend of the control, instead of just y1. It is convenient to introduce pending
orders x1, · · · , xL−1 to be received at time 2, · · · , L, if L ≥ 2. They are given values,
like the initial value x. Therefore we have the relations

(13.2.2) yj = x+ x1 + · · ·+ xj−1 −D1 − · · · −Dj−1, 2 ≤ j ≤ L,

for L ≥2. We next define the costs per period

(13.2.3) C(v) = K1Iv>0 + cv, l(x) = hx+ + px−.
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Introduce the vector in RL, X = (x, x1, · · · , xL−1). We can define the objective
functional

(13.2.4) JX(V ) =

∞∑
n=1

αn−1EC(vn) +

L−1∑
j=1

αj−1El(yj) +

∞∑
n=1

αn−2+LEl(yn+L−1).

If L = 1 the intermediary sum disappears and we recover the standard cost ob-
jective. This intermediary sum is a given function of X, not depending on the
control. The rest depends on X through yL, so in fact depends on X only through
the number

(13.2.5) z = x+ x1 + · · ·+ xL−1.

Therefore we can write

JX(V ) =
L−1∑
j=1

αj−1El(yj) + J̃z(V ),

where

(13.2.6) J̃z(V ) =

∞∑
n=1

αn−1EC(vn) +

∞∑
n=1

αn−2+LEl(yn+L−1).

Note that z represents the initial inventory augmented by the sum of the pending
deliveries. It is called the inventory position. Similarly, we use for L ≥ 2

yn+L−1 = yn + vn−1 + · · ·+ vn−L+1 − (Dn + · · ·+Dn+L−2),

with the notation

v0 = xL−1; v−1 = xL−2 · · · ; v2−L = x1,

to define

zn = yn+L−1 +Dn + · · ·+Dn+L−2

= yn + vn−1 + · · ·+ vn−L+1,

which is the inventory position at time n. We have z1 = z. We then have the
evolution

(13.2.7) zn+1 = zn + vn −Dn.

This proves that the process zn is adapted to the filtration Fn−1. Next

l(yn+L−1) = l(zn − (Dn + · · ·+Dn+L−2)).

But Dn, · · · , Dn+L−2 are independent from zn. Therefore

αL−1El(yn+L−1) = El̃(zn),

where

(13.2.8) l̃(x) = αL−1El

⎛⎝x−
L−1∑
j=1

Dj

⎞⎠ .

We can then write

(13.2.9) J̃z(V ) =
∞∑
n=1

αn−1EC(vn) +
∞∑
n=1

αn−1El̃(zn).

The problem has been reduced to a standard one, replacing the inventory with the
inventory position, and the function l(x) with l̃(x).
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Remark 13.1. The preceding transformation fails when backlog is not permitted.
Dynamic Programming remains possible, but we have to work in RL.

13.2.2. ANALYTICAL PROOF. In the preceding section, we have made
a reasoning based on the control itself and show how it can be reduced to a one
dimensional problem for the inventory position. We give here an analytical proof,
following Karlin and Scarf, see [1]. The idea is to follow Remark 13.1 and to write
the Bellman equation in the space RL. The state at time n is a vector

Yn = (yn, y
1
n, · · · , yL−1

n ).

The interpretation is easy. The first component yn is the stock on hand and
y1n, · · · , yL−1

n represent the pending orders in the order of arrival; y1n will arrive
at time n+ 1 and yL−1

n will arrive at time n+L− 1. We have the initial condition

Y1 = (x, x1, · · · , xL−1).

The evolution equations are as follows

(13.2.10)

yn+1 = yn + y1n −Dn;
y1n+1 = y2n;

· · ·
yL−2
n+1 = yL−1

n ;

yL−1
n+1 = vn,

and vn to be decided at time n will arrive at time n+L. From (13.2.10), it is easy
to deduce (13.2.1). The cost functional is defined by

(13.2.11) JX(V ) =
∞∑

n=1

αn−1(C(vn) + l(yn)).

Call

(13.2.12) w(X) = w(x, x1, · · · , xL−1) = inf
V

JX(V ).

Bellman equation reads

(13.2.13) w(x, x1, · · · , xL−1) = l(x)+ inf
v≥0

[C(v)+αEw(x+x1−D,x2, · · · , xL−1, v)].

If we consider the Bellman equation relative to the inventory position, for the value
function of J̃z(V ),

(13.2.14) u(z) = inf
V

J̃z(V ),

then we have

(13.2.15) u(z) = l̃(z) + inf
v≥0

[C(v) + αEu(z + v −D)].

Proposition 13.1. One has the formula

(13.2.16) w(x, x1, · · · , xL−1) = u(x+ x1 + · · ·+ xL−1) +G(x, x1, · · · , xL−2),

with

(13.2.17) G(x, x1, · · · , xL−2) = l(x)+

L−2∑
j=1

αjEl(x+x1+· · ·+xj−(D1+· · ·+DL−1)).
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Proof. If one inserts (13.2.16) in (13.2.13), with u(z) solution of (13.2.15),
then we obtain a functional relation for G, namely

l̃(x) +G(x, x1, · · · , xL−2) = l(x) + αEG(x+ x1 −D,x2, · · · , xL−1),

and by direct checking, we see that G defined by (13.2.17), satisfies the desired
relation. �

13.2.3. MULTI-ECHELON INVENTORY PROBLEM. This problem
was introduced by the seminal paper of Clark and Scarf, see [16]. We will consider
L = 2. So we have

yn+1 = yn + y1n −Dn;(13.2.18)
y1n+1 = vn.

However, the order vn is not simply made on the market. It is obtained from
an upper level installation, called installation 2, whereas the installation directly
in contact with customers is called installation 1. Only installation 2 buys on the
market. So we introduce the stock at installation 2, denoted by ηn and its evolution
is defined by

(13.2.19) ηn+1 = ηn + ṽn − vn,

where ṽn is bought externally. We need to impose the constraint

(13.2.20) 0 ≤ vn ≤ ηn,

which expresses the fact that the quantity vn must be available at installation 2
to be ordered by installation 1. Note that the stock ηn ≥ 0. It is convenient to
introduce the quantity

ξn = ηn + yn + y1n,

called by Clark-Scarf the system stock. It clearly satisfies the evolution equation

(13.2.21) ξn+1 = ξn + ṽn −Dn.

The costs per period involve C(vn), C1(ṽn) and costs l(yn), l1(ξn). Of course one
could expect costs related to ηn and possibly to y1n. The fact that these costs are
summarized in a cost depending only of the system stock is a restriction. This
assumption will be satisfied in the case when the holding costs are identical for
yn, y

1
n, ηn and linear. This is thanks to the fact that y1n, ηn ≥ 0. Define the control

policy
V = {v1, ṽ1, · · · , vn, ṽn, · · · },

and the control policy is adapted to the filtration Fn−1. Recall the constraint
(13.2.20), which can be expressed as

(13.2.22) 0 ≤ vn ≤ ξn − yn − y1n.

Denote by {x, x1, ξ} the initial state. We can define the cost objective

(13.2.23) Jx,x1,ξ(V ) =

∞∑
n=1

αn−1[C(vn) + C1(ṽn) + l(yn) + l1(ξn)],

and the value function

(13.2.24) Ψ(x, x1, ξ) = inf
V

Jx,x1,ξ(V ),
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then the value function is the solution of Bellman equation

Ψ(x, x1, ξ) = l(x) + l1(ξ) + inf
ṽ ≥ 0

0 ≤ v ≤ ξ − (x+ x1)

[C(v) + C1(ṽ)(13.2.25)

+αEΨ(x+ x1 −D, v, ξ + ṽ −D)],

and the arguments satisfy x1 ≥ 0, x+ x1 ≤ ξ. We next consider the problem of the
previous section with L = 2, equation (13.2.13) namely w(x, x1) solution of

(13.2.26) w(x, x1) = l(x) + inf
v≥0

[C(v) + αEw(x+ x1 −D, v)].

We know from Proposition 13.1 that

(13.2.27) w(x, x1) = l(x) + u(x+ x1),

with

(13.2.28) u(z) = l̃(z) + inf
v≥0

[C(v) + αEu(z + v −D)],

and l̃(z) = αEl(z −D). We shall assume

(13.2.29) C(v) = cv,

so we exclude the situation of set up cost. In that case, the function u(z) is convex
and the optimal feedback is given by a base stock policy, S. Define

G(η) = cη + αEu(η −D),

then one has

(13.2.30) inf
η≥z

G(η) =

{
G(S), if z ≤ S

G(z), if z ≥ S

and from (13.2.28), we can write

(13.2.31) u(z) = l̃(z)− cz +

{
G(S), if z ≤ S

G(z), if z ≥ S

We can then state the

Theorem 13.1. For the problem (13.2.18), (13.2.21), (13.2.22), (13.2.23) with
assumption (13.2.29) the value function Ψ(x, x1, ξ) solution of Bellman equation
(13.2.25) is given by

(13.2.32) Ψ(x, x1, ξ) = l(x) + u(x+ x1) + Φ(ξ),

where Φ(ξ) is the solution of Bellman equation

(13.2.33) Φ(ξ) = l1(ξ) + (G(ξ)−G(S))1Iξ≤S + inf
ṽ≥0

[C1(ṽ) + αEΦ(ξ + ṽ −D)].

If one denotes by ˆ̃v(ξ) the optimal feedback defined by equation (13.2.33), then the
optimal feedback defined by the full Bellman equation (13.2.25) is given by

v̂(x, x1, ξ) =

⎧⎪⎨⎪⎩
ξ − (x+ x1), if x+ x1 ≤ ξ ≤ S

S − (x+ x1), if x+ x1 ≤ S ≤ ξ

0, if S ≤ x+ x1 ≤ ξ

(13.2.34)

and

(13.2.35) ˆ̃v(x, x1, ξ) = ˆ̃v(ξ).
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Proof. By direct checking, we see that a function of the form (13.2.32) will
satisfy (13.2.25) if

Φ(ξ) + inf
x+x1≤η

G(η) = l1(ξ) + inf
x+x1≤η≤ξ

G(η) + inf
ṽ≥0

[C1(ṽ) + αEΦ(ξ + ṽ −D)].

However, it is easy to check that

inf
x+x1≤η≤ξ

G(η)− inf
x+x1≤η

G(η) =

{
0, if ξ ≥ S

G(ξ)−G(S), if ξ ≤ S

The important property is that this expression does not depend on x + x1. Then
Φ(ξ) must be solution of (13.2.33). It also follows that the expression on the right
hand side of (13.2.32) is solution of (13.2.25) and the feedback defined by (13.2.34),
(13.2.35) is optimal. This completes the proof. �

13.2.4. RANDOM LEAD TIME. We assume now that the lead time at
time n when the order vn is decided is a random variable Ln. We assume the
restrictive assumption that

Ln+1 = Ln + εn, εn ≥ 0, i.i.d(13.2.36)
L1 ≥ 1 independent of εn

So the lead time cannot improve with time. It contains of course the deterministic
case, and more generally the case of a lead time which is constant, but random.
It can be considered as a risk averse attitude towards lead times, but of course
eliminates any possibility of improvement.

We also assume

(13.2.37) Ln independent of the demand process.

We then write

(13.2.38) yn+Ln = yn+Ln−1 + vn −Dn+Ln−1, y1 = x,

and n+ Ln is a random time. We define again the inventory position

(13.2.39) zn+1 = yn+Ln +Dn+1 + · · ·+Dn+Ln−1.

If Ln = 1, we interpret the formula as zn+1 = yn+1. We note that

yn+Ln
= yn−1+Ln−1

+ vn − (Dn−1+Ln−1
+ · · ·+Dn+Ln−1),

since only vn arrives in between the times n − 1 + Ln−1 (excluded) and n + Ln.
Therefore we have again

(13.2.40) zn+1 = zn + vn −Dn.

The process zn is adapted to Fn−1. To define z1, we have to take into account the
pending orders at time 1. This means that we have to consider vn with n ≤ 0. We
write v−k, k ≥ 0. Since we must have

L−k − k ≥ 2,

to have the order v−k pending at time 1, there can be only a finite number of them,
although this number k∗ can be random. We then have

z1 = x+
k∗∑
k=0

v−k,
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and we must have
L−k+1 ≥ L−k ≥ L−k∗ ≥ k∗ + 2.

It follows that
zn = yn +

∑
−k∗ ≤ k ≤ n− 1
k + Lk ≥ n+ 1

vk.

Of course, the orders v−k are given. So it is sufficient to give the inventory position
at time 1, namely z1 = z. Consider the cost objective

J(V ) =

∞∑
j=1

αj−1EC(vj) +

∞∑
j=1

αj−1El(yj).

From our assumption on the lead times, the function n + Ln is strictly monotone
increasing in k. So we can write

J(V ) =
∞∑
j=1

αj−1EC(vj) + E

L0−1∑
j=1

αj−1El(yj)

+
∞∑

n=1

E

n+Ln−1∑
n+Ln−1−1

αj−1El(yj)

Next

E

n+Ln−1∑
n+Ln−1−1

αj−1El(yj) = Eαn+Ln−1−2

Ln−Ln−1∑
k=0

αkl(yn−1+Ln−1+k).

However

yn−1+Ln−1+k = yn−1+Ln−1
−(Dn−1+Ln−1

+· · ·+Dn−2+Ln−1+k), 0≤ k≤Ln−Ln−1,

where the sum is omitted if k = 0. This follows from the fact that there is no order
arriving at time n− 1+Ln−1 + k, 1 ≤ k ≤ Ln−Ln−1. Taking account of the value
of yn−1+Ln−1

, we get

yn−1+Ln−1+k = zn − (Dn + · · ·+Dn−2+Ln−1+k), 0 ≤ k ≤ Ln − Ln−1.

Therefore
∞∑

n=1

E

n+Ln−1∑
n+Ln−1−1

αj−1El(yj) =
∞∑

n=1

Eαn+Ln−1−2

·
Ln−Ln−1∑

k=0

αkl(zn − (Dn + · · ·+Dn+Ln−1+k−2)).

Define the function

(13.2.41) λ(i, x) = El(x− (D1 + · · ·+Di)), i ≥ 0,

in which the sum is omitted for i = 0. Hence, λ(0, x) = l(x).
From the independence properties, one can write
∞∑

n=1

E

n+Ln−1∑
n+Ln−1−1

αj−1El(yj) =
∞∑

n=1

αn−1EαLn−1−1

εn−1∑
k=0

αkλ(Ln−1 − 1 + k, zn)
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Define next

(13.2.42) l̃n(x) = EαLn−1−1

εn−1∑
k=0

αkλ(Ln−1 − 1 + k, x).

From the independence of the demands and the lead times, we obtain
∞∑

n=1

E

n+Ln−1∑
n+Ln−1−1

αj−1El(yj) =

∞∑
n=1

αn−1El̃n(zn).

Next the quantity E
∑L0−1

j=1 αj−1El(yj) is fixed, independent of the control. So we
are finally led to the following optimization problem

(13.2.43) J̃z(V ) =
∞∑

n=1

αn−1EC(vn) +
∞∑

n=1

αn−1El̃n(zn),

with the evolution (13.2.40). This problem is not standard, because it is non sta-
tionary. The cost on each period n depends on n. We have not treated non
stationary problems in this book, to simplify notation. However, the techniques
of Dynamic Programming adapt to non stationary problems in infinite horizon.
Unlike in the finite horizon case, it does not reduce to a sequence. It remains a
functional equation, since one cannot initiate the sequence.

If Ln = L (random), then εn = 0. In this case

l̃n(x) = l̃(x) = EαL−1λ(L− 1, x),

and if L is deterministic we recover (13.2.8).

13.3. MODELS WITHOUT INVENTORY POSITION

13.3.1. CONSTRAINT ON THE ORDERING. We consider the model
of section 13.2.1, in which the lead time L is deterministic. However, we will
introduce a constraint in the ordering process. One cannot order when there is
a pending order. Therefore, the number of pending orders is at most one. An
ordering policy V is composed of a sequence of ordering times

τ1, · · · , τj , · · · ,
which are Fn−1 stopping times. To each ordering time τj , one associates a quantity
vτj which is Fτj−1 measurable, which is the amount ordered. The new element is
that the usual condition τj ≤ τj+1 is replaced with the constraint

τj+1 ≥ τj + L.

The inventory evolves as follows

yn+1 = yn + vn −Dn, y1 = x,

with
vn = 0, if n �= τj , for some j.

The objective function is the same as usual

Jx(V ) =

∞∑
n=1

αn−1(l(yn) + C(vn)),

and the value function is
u(x) = inf

V
Jx(V ).
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13.3.2. DYNAMIC PROGRAMMING. It is easy to figure out the Bell-
man equation, considering the possibilities at the initial time. If there is no order
at time 0, then the best which can be achieved is

l(x) + αEu(x−D).

On the other hand if an order of size v is put at time 0, which is possible since there
is no pending order, then the inventory evolves as follows

y1 = x;
y2 = x−D1;

· · ·
yL+1 = x− (D1 + · · ·+DL) + v,

and the best which can be achieved is

K+cv+ l(x)+E
L∑

j=2

αj−1l(x− (D1+ · · ·+Dj−1))+αLEu(x+v− (D1+ · · ·+DL)).

From these considerations we can easily derive Bellman equation

u(x) = min

{
l(x) + αEu(x−D),(13.3.1)

K − cx+ E
L−1∑
j=0

αjl(x−D(j)) + inf
η>x

[cη + αLEu(η −D(L))]

}
in which we use the notation

D(j) = D1 + · · ·+Dj if j ≥ 1, if j = 0

13.3.3. s, S POLICY. We first transform equation (13.3.1), by introducing
a constant s ∈ R, and changing u(x) into Hs(x), using the formula

(13.3.2) u(x) = −cx+ E

L−1∑
j=0

αj l(x−D(j)) + Cs +Hs(x),

where Cs will be defined below. In fact, let

g(x) = (1− α)cx+ αLEl(x−D(L)),

then we take

Cs =
g(s) + αcD̄

1− α
,

where D̄ is the expected value of D.
We then note the formula

E
L−1∑
j=0

αjg(x−D(j)) = cx(1−αL)−αcD̄
1− αL

1− α
+αLcD̄L+E

L−1∑
j=0

αj+Ll(x−D(j+L))

We then check that Hs(x) is the solution of

Hs(x) = min

{
g(x)− g(s) + αEHs(x−D),(13.3.3)

K + inf
η>x

[
E

L−1∑
j=0

αj(g(η −D(j))− g(s)) + αLEHs(η −D(L))

]}
.
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On the other hand, for any s we define in a unique way the solution of

Hs(x) = g(x)− g(s) + αEHs(x−D), x ≥ s(13.3.4)
= 0, x ≤ s

We have used the same notation Hs(x) between (13.3.3) and (13.3.4), because we
want to find s so that the solution of (13.3.4) is also a solution of (13.3.3). Calling
μ(x) = g′(x), the solution of (13.3.4) is explicitly given by

(13.3.5) Hs(x) =

ˆ x

s

Γ(x− η)f(η)dη, x > s,

where we recall Γ(x) is the solution of

(13.3.6) Γ(x) = 1 + α

ˆ x

0

Γ(x− η)f(η)dη, x > 0.

Let us set
gs(x) = (g(x)− g(s))1Ix≥s,

then the solution of (13.3.4) satisfies

(13.3.7) Hs(x) = gs(x) + αEHs(x−D), ∀x.
From this relation we deduce, after iterating that

Hs(x) = E

L−1∑
j=0

αjgs(x−D(j)) + αLEHs(x−D(L)),

therefore also

E

L−1∑
j=0

αj(g(x−D(j))− g(s)) + αLEHs(x−D(L))

= Hs(x) + E

L−1∑
j=0

αj(g(x−D(j))− g(s))1Ix−D(j)<s.

Define

(13.3.8) Ψs(x) = Hs(x) + E

L−1∑
j=0

αj(g(x−D(j))− g(s))1Ix−D(j)<s,

then if we want Hs(x) to satisfy (13.3.3), we must have

(13.3.9) Hs(x) = min

{
g(x)− g(s) + αEHs(x−D),K + inf

η>x
Ψs(η)

}
.

This relation motivates the choice of s. We want to find s so that

(13.3.10) K + inf
η>s

Ψs(η) = 0.

If such an s exists, we define S = S(s) as the point where the infimum is attained.

(13.3.11) inf
η>s

Ψs(η) = Ψs(S(s)).

Note that Ψs(x) coincides with Hs(x), for x > s, when L = 1.
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13.3.4. EXISTENCE AND CHARACTERIZATION OF THE PAIR
s, S. We recall that

(13.3.12) μ(x) = (1− α)c+ αLh− αL(h+ p)F̄ (L)(x),

where F (L)(x) is the cumulative distribution function of D(L) and F̄ (L)(x) = 1 −
F (L)(x). We assume that

(13.3.13) (1− α)c− αLp < 0.

There exists a unique s̄ > 0 such that

μ(x) ≤ 0, if x ≤ s̄, μ(x) ≥ 0, if x ≥ s̄.

We perform next further computations on the function Ψ(x). We have

E[(g(x−D(j))− g(s))1Ix−D(j)<s]

= −E1ID(j)>x−s

(ˆ s

x−D(j)

μ(ξ)dξ

)
= −
ˆ +∞

x−s

dF (j)(ζ)

ˆ s

x−ζ

μ(ξ)dξ

= −
ˆ +∞

x−s

F̄ (j)(ζ)μ(x− ζ)dζ

= −
ˆ s

−∞
F̄ (j)(x− ξ)μ(ξ)dξ

= −
ˆ x

−∞
F̄ (j)(x− ξ)μ(ξ)dξ +

ˆ x

s

F̄ (j)(x− ξ)μ(ξ)dξ.

We then check that

Hs(x) +

L−1∑
j=0

αj

ˆ x

s

F̄ (j)(x− ξ)μ(ξ)dξ

=
1− αL

1− α
(g(x)− g(s)) +

∞∑
j=L

αj

ˆ x

s

F (j)(x− ξ)μ(ξ)dξ.

This formula holds for any x, and the integral term vanishes when x < s. Collecting
results, one obtains the formula

Ψs(x) =
1− αL

1− α
(g(x)− g(s)) +

∞∑
j=L

αj

ˆ x

s

F (j)(x− ξ)μ(ξ)dξ(13.3.14)

−((1− α)c+ αLh)D̄
L−1∑
j=1

jαj

+αL(h+ p)

L−1∑
j=1

αj

ˆ +∞

0

F̄ (j)(ζ)F̄ (L)(x− ζ)dζ.

It follows that Ψs(x) is bounded below and tend to +∞ as x→ +∞. Therefore the
infimum over x ≥ s is attained and we can define S(s) as the smallest infimum.

Proposition 13.2. We assume (13.3.13). One has

(13.3.15) max
s

Ψs(S(s)) = Ψs̄(S(s̄)) ≥ 0,
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(13.3.16) Ψs(S(s))→ −∞, as s→ −∞

(13.3.17) Ψs(S(s))→ −((1− α)c+ αLh)D̄
L−1∑
j=1

jαj , as s→ +∞.

There exists one and only one solution of (13.3.10) such that s ≤ s̄.

Proof. We compute

Ψ′s(x) =
1− αL

1− α
μ(x) +

∞∑
j=L

αj

ˆ x

s

f (j)(x− ξ)μ(ξ)dξ

−αL(h+ p)

L−1∑
j=1

αj

ˆ x

0

F̄ (j)(ζ)f (L)(x− ζ)dζ

which can also be written as

(13.3.18) Ψ′s(x) = γ(x) +

∞∑
j=L

αj

ˆ x

s

f (j)(x− ξ)μ(ξ)dξ,

with

(13.3.19) γ(x) =
1− αL

1− α
((1−α)c−αLp)+αL(h+p)

L−1∑
j=0

αj

ˆ x

0

F (j)(x−ξ)f (L)(ξ)dξ.

The function γ(x) is increasing and

γ(x) =
1− αL

1− α
((1− α)c− αLp) < 0, ∀x ≤ 0, γ(+∞) =

1− αL

1− α
((1− α)c+ αLh),

therefore there exists a unique s∗ such that

γ(x) < 0, ∀x < s∗, γ(x) > 0, ∀x > s∗, γ(s∗) = 0, s∗ > 0.

Note that

μ(x)
1− αL

1− α
− γ(x) = αL(h+ p)

L−1∑
j=0

αj

ˆ x

0

F̄ (j)(x− ξ)f (L)(ξ)dξ.

This quantity vanishes for x ≤ 0 or L = 1. Otherwise

μ(x)
1− αL

1− α
− γ(x) > 0, ∀x > 0, L ≥ 2

Since γ(s∗) = 0, we have μ(s∗) > 0, hence 0 < s̄ < s∗.
Next, if s ≥ s∗, Ψ′s(x) ≥ 0, ∀x ≥ s, hence S(s) = s. Therefore

Ψs(S(s)) = −((1− α)c+ αLh)D̄

L−1∑
j=1

jαj

+αL(h+ p)
L−1∑
j=1

αj

ˆ +∞

0

F̄ (j)(ζ)F̄ (L)(s− ζ)dζ
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this function decreases in s and converges to −((1 − α)c + αLh)D̄
∑L−1

j=1 jαj as
s→ +∞. Consider now s̄ < s < s∗. We note that

Ψ′s(s) = γ(s) < 0,

Ψ′s(s
∗) =

∞∑
j=L

αj

ˆ s∗

s

f (j)(s∗ − ξ)μ(ξ)dξ > 0,

hence in this case
s̄ < s < S(s) < s∗.

If s < s̄, then we can claim that

s < s̄ < S(s).

Indeed, for s < x < s̄, we can see from formula (13.3.18) that Ψ′s(x) < 0. However,
we cannot compare S(s) with s∗ in this case.

We then study the behavior of Ψs(S(s)). We have already seen that, for s > s∗

the function Ψs(S(s)) is decreasing to the negative constant

−((1− α)c+ αLh)D̄

L−1∑
j=1

jαj .

In this case

(13.3.20)
d

ds
Ψs(S(s)) = −αL(h+ p)

L−1∑
j=1

αj

ˆ s

0

F̄ (j)(ζ)f (L)(s− ζ)dζ, s > s∗.

Note that s > 0. If s < s∗, then s < S(s), therefore

d

ds
Ψs(S(s)) =

∂Ψs

∂s
(S(s)),

hence

(13.3.21)
d

ds
Ψs(S(s)) = −μ(s)

⎡⎣1− αL

1− α
+

∞∑
j=L

αjF (j)(S(s)− s)

⎤⎦ .

Note that at s = s∗ the two formulas coincide, since

−μ(s∗)1− αL

1− α
= −αL(h+ p)

L−1∑
j=1

αj

ˆ s∗

0

F̄ (j)(ζ)f (L)(s∗ − ζ)dζ,

which can be easily checked, by remembering the definition of s∗(γ(s∗) = 0),
and simple calculations. It follows clearly that Ψs(S(s)) decreases on (s̄, s∗) and
increases on (−∞, s̄). Finally Ψs(S(s)) decreases on (s̄,+∞) and increases on
(−∞, s̄). So it attains its maximum at s̄. From the formula for Ψs̄(x), Hs̄(x), x > s̄
and the fact that s̄ is the minimum of g, we get immediately that Ψs̄(S(s̄)) ≥ 0.
Finally, for s < 0 we have

Ψs(S(s)) ≤ Ψs(0)

= ((1−α)c−αLp)

⎡⎣1− αL

1− α
(−s)+

∞∑
j=L

αj

ˆ 0

s

F (j)(−ξ)dξ−D̄
L−1∑
j=1

jαj

⎤⎦ ,
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which tends to −∞ as s → −∞. Therefore Ψs(S(s)) is increasing from −∞ to a
positive number as s grows from −∞ to s̄. Therefore there is one and only one
s < s̄ satisfying (13.3.10). The proof has been completed. �

13.3.5. SOLUTION AS AN s, S POLICY. It remains to see whether the
function Hs(x) defined by (13.3.5) with s solution of (13.3.10) is indeed a solution
of equation (13.3.9). It is useful to use, instead of Ψs(x) a different function, namely

(13.3.22) Φs(x) = Hs(x) + E
L−1∑
j=1

αj(g(x−D(j))− g(s))1Ix−D(j)<s,

which differs from Ψs(x) by simply deleting the term corresponding to j = 0.
Clearly

Φs(x) = Ψs(x), ∀x ≥ s.

However, when x < s, the two functions differ by the term

Ψs(x) = Φs(x) + g(x)− g(s), ∀x < s.

Note that in finding S it is indifferent to work with one or the other function. Note
also that, when L = 1, Φs(x) = Hs(x), ∀x. Now we have

inf
η>x

Ψs(η) = inf
η>x

Φs(η).

This equality is obvious when x > s, since the functions are identical. If x < s we
have

inf
η>x

Ψs(η) = inf
η>x

Φs(η) = inf
η>s

Φs(η) = −K.

Indeed, for instance

inf
η>x

Ψs(η) = min

[
inf
η>s

Ψs(η), inf
x<η<s

Ψs(η)

]
,

and infη>s Ψs(η) = −K, whereas

inf
x<η<s

Ψs(η) = inf
x<η<s

E
L−1∑
j=0

αj(g(η −D(j))− g(s))1Ix−D(j)<s > 0,

hence the result. Therefore(13.3.9) becomes

(13.3.23) Hs(x) = min

{
g(x)− g(s) + αEHs(x−D),K + inf

η>x
Φs(η)

}
.

For x < s, this relation reduces to

0 = min[g(x)− g(s), 0]

which is true since g(x) is decreasing for x < s. We then consider x > s. Since
Hs(x) is equal to the first term of the bracket. Therefore, what we have to prove is

(13.3.24) Hs(x) ≤ K + inf
η>x

Φs(η), ∀x > s.

In fact, we shall not been able to prove (13.3.24) for all values of L. We know it
is true for L = 1. We will prove it afterwards for Poisson demands. For general
demand distributions we have the
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Proposition 13.3. We assume

(13.3.25) αL((1− α)c− αLp)(L− 1)D̄ +K(1− α) ≥ 0,

then the property (13.3.24) is satisfied.

Proof. We note that this result includes the case L = 1 in which the condition
is automatically satisfied. The proof is similar to that of the case L = 1.

We recall that

(13.3.26) Hs(x)− αEHs(x−D) = gs(x), ∀x.
We then find a similar equation for Φs(x). This is where it is important to consider
Φs(x) and not Ψs(x), since we write the equation for any x and not just for x > s.
It is easy to verify that Φs(x) is the solution of

Φs(x)− αEΦs(x−D) = gs(x) + αE(g(x−D)− g(s))1Ix−D<s(13.3.27)

−αLE(g(x−D(L))− g(s))1Ix−D(L)<s,

and again we check that this equation coincides with (13.3.26) when L = 1. Going
back to (13.3.24) we recall that

K + inf
η>x

Φs(η) ≥ K + inf
η>s

Φs(η) = 0, ∀x > s.

So it is sufficient to prove (13.3.24) for x > x0 > s, the first value larger than s
such that Hs(x) ≥ 0. We necessarily have Hs(x0)=0. we have s < s̄ < x0. Let us
fix ξ > 0. We consider the domain x ≥ x0 − ξ. We can write

(13.3.28) Hs(x)− αEHs(x−D)1Ix−D≥x0−ξ ≤ gs(x), ∀x,
using the fact that

EHs(x−D)1Ix−D<x0−ξ ≤ 0.

Define next
Ms(x) = Φs(x+ ξ) +K.

We note that Ms(x) > 0, ∀x. We then state that

Ms(x)− αEMs(x−D) = gs(x+ ξ) + αE(g(x+ ξ −D)− g(s))1Ix+ξ−D<s

−αLE(g(x+ ξ −D(L))− g(s))1Ix+ξ−D(L)<s +K(1− α)

and using the positivity of M we can assert that

Ms(x)− αEMs(x−D)1Ix−D≥x0−ξ ≥ gs(x+ ξ)

+αE(g(x+ ξ −D)− g(s))1Ix+ξ−D<s(13.3.29)

−αLE(g(x+ ξ −D(L))− g(s))1Ix+ξ−D(L)<s +K(1− α)

We now consider the difference Ys(x) = Hs(x)−Ms(x), in the domain x ≥ x0 − ξ.
We have

Ys(x)− αEYs(x−D)1Ix−D≥x0−ξ ≤ gs(x)− gs(x+ ξ)(13.3.30)
−αE(g(x+ ξ −D)− g(s))1Ix+ξ−D<s

+αLE(g(x+ ξ −D(L))− g(s))1Ix+ξ−D(L)<s −K(1− α)

We have seen from the case L = 1, Theorem 9.11, that

gs(x+ ξ)− gs(x) ≥ 0, ∀x ≥ x0 − ξ.

Consider next the function

χs(y) = αE(g(y −D)− g(s))1Iy−D<s − αLE(g(y −D(L))− g(s))1Iy−D(L)<s,
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for y ≥ x0. We check that

χs(y) =

ˆ s

−∞
dζμ(ζ)

ˆ +∞

y−ζ

(−αf(η) + αLf (L)(η))dη,

so in fact
χs(y) =

ˆ s

−∞
μ(ζ)(−αF̄ (y − ζ) + αLF̄ (L)(y − ζ))dζ.

Note that in the integral, μ(ζ) < 0, since s < s̄. We deduce

χs(y) ≥ αL

ˆ s

−∞
μ(ζ)(F̄ (L)(y − ζ)− F̄ (y − ζ))dζ.

Note that F̄ (L)(y − ζ)− F̄ (y − ζ) ≥ 0, and μ(ζ) ≥ ((1− α)c− αLp). Therefore

χs(y) ≥ αL((1− α)c− αLp)

ˆ s

−∞
(F̄ (L)(y − ζ)− F̄ (y − ζ))dζ,

and since y ≥ s,

χs(y) ≥ αL((1− α)c− αLp)

ˆ y

−∞
(F̄ (L)(y − ζ)− F̄ (y − ζ))dζ

= αL((1− α)c− αLp)

ˆ ∞
0

(F̄ (L)(u)− F̄ (u))du

= αL((1− α)c− αLp)(L− 1)D̄

Thanks to the assumption (13.3.25) we can assert that

Ys(x)− αEYs(x−D)1Ix−D≥x0−ξ ≤ 0, ∀x ≥ x0 − ξ.

Also
Ys(x0 − ξ) ≤ −Φs(x0)−K ≤ −K,

since Φs(x0) ≥ Hs(x0) = 0. It follows that

Ys(x) ≤ 0, ∀x ≥ x0 − ξ,

which is the desired result. �

13.3.6. POISSON DEMAND. We state the

Proposition 13.4. We assume that the demand is distributed according to a Pois-
son distribution, then (13.3.24) holds.

Proof. We are going to show that

(13.3.31) H ′
s(x) ≥ 0, if x ≥ x0,

then (13.3.24) will follow immediately, since for x ≥ x0

Hs(x) ≤ Hs(x+ ξ) ≤ Φs(x+ ξ) ≤ Φs(x+ ξ) +K, ∀ξ ≥ 0

Assume
f(x) = β exp−βx,

then, we know (see section 9.3.5) that

Γ(x) =
1

1− α
− α

1− α
exp−β(1− α)x, x > 0,

and
μ(x) = c(1− α) + αh− α(p+ h) exp−βx+.
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We have
H ′

s(x) = μ(x) +

ˆ x

s

Γ′(x− ξ)μ(ξ)dξ,

therefore

H ′
s(x) = μ(x) + αβ exp−β(1− α)x

ˆ x

s

expβ(1− α)ξ μ(ξ)dξ,

and

Hs(x) =

ˆ x

s

μ(ξ)

1− α
dξ − α

1− α
exp−β(1− α)x

ˆ x

s

expβ(1− α)ξ μ(ξ)dξ.

We recall that
Hs(x) ≤ 0, ∀x < x0, Hs(x0) = 0.

Let now x1 such that ˆ x1

s

expβ(1− α)ξ μ(ξ)dξ = 0.

If x1 ≤ x0 then from the formula of H ′
s(x),H ′

s(x0) > 0 and the fact that μ(x)
increases, we see immediately that H ′

s(x) ≥ 0, as x ≥ x0. So assume that s̄ < x0 <
x1. For x ≥ x1

H ′
s(x) ≥ H ′

s(x1) ≥ H ′
s(x0) > 0.

There remains the interval (x0, x1). We know that H ′
s(x1) ≥ H ′

s(x0) ≥ 0. If there
exists a point in the interval such that H ′

s(x) < 0, necessarily there exists a point
ξ such that

x0 < ξ < x1, H ′
s(ξ) = 0.

If we introduce

λ(x) = μ(x) expβ(1− α)x, ρ(x) =
λ(x)´ x

s
λ(u)du

,

then ξ satisfies ρ(ξ) = −αβ. By definition of x1,ˆ x

s

λ(u)du < 0, ∀s < x < x1,

and λ′(x) > 0. Therefore

ρ′(x) =
λ′(x)

´ x
s
λ(u)du− λ2(x)

(
´ x
s
λ(u)du)2

< 0.

Moreover
H ′

s(x0) > 0⇒ λ(x0) + αβ

ˆ x0

s

λ(u)du > 0,

hence
ρ(x0) + αβ < 0.

Therefore ρ(x) < −αβ, ∀x ∈ [x0, x1]. The point ξ cannot exist. So H ′
s(x) > 0, ∀x ∈

[x0, x1]. The result has been proven. �

13.4. INFORMATION DELAYS

We will study here the situation when the information is not obtained imme-
diately, but after some delay. It is a particular case of partial information, however
simpler. The conditional distribution of the inventory, given the information avail-
able can be replaced by some sufficient statistics, and thus the problem remains
finite- dimensional. We will rely on the works [6], [7].
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13.4.1. MODEL AND PRELIMINARIES. Let Ω,A, P be a probability
space. Time is discrete and there exists a process Dt, t = 1, 2, · · · , of independent
identically random variables. The CDF of a generic variable D is F (x) and the
probability density is f(x). To each time t is associated a random variable θt repre-
senting the delay in receiving the information at time t. In particular the inventory
at time t−θt will be known at time t provided this number is strictly positive. How-
ever t− θt is not necessarily the most recent time for which information is available
at time t. The time of most recent information at time t is called the vintage. If we
denote it by βt then this process is defined by the evolution

(13.4.1) βt = max(t− θt, βt−1), t ≥ 2 β1 = 1.

The fact that β1 = 1 means that we know the initial inventory. The inventory
evolves as follows

(13.4.2) yt+1 = yt + vt −Dt, y1 = x.

We can introduce the filtration

F t = σ(D1, · · ·Dt−1),

and in the situations studied before the order vt was F t−1 measurable. This is no
more the case. Call

(13.4.3) zt = yβt
.

The information which is available at time t is the pair zt, βt and the previous values
of this pair. We thus define the filtration of observations

(13.4.4) Zt = σ((z2, β2), · · · (zt, βt)), t ≥ 2.

When θt = 0, we have βt = t and Zt = F t. The order vt is adapted to Zt. For
t = 1 we have Z1 = {Ω, ∅} and z1 = y1 = x. We note moreover that

(13.4.5) βt−1 ≤ βt ≤ t.

To proceed with building the model, we have to make assumptions on the process
of delays. First we shall assume that θt takes values in a finite state space M =
{0, 1, · · · ,M}. Moreover θt is a Markov chain with transition probability matrix
P = (pij) with

pij = P (θt+1 = j|θt = i).

We also assume that the two processes θt and Dt are mutually independent.

13.4.2. INVENTORY POSITION. We introduce the inventory position

(13.4.6) xt =

{
zt, if βt = t

zt +
∑t−1

j=βt
vj , if βt < t

We can prove the

Lemma 13.1. The following relations hold

(13.4.7) xt+1 = xt + vt − 1Iβt+1>βt

βt+1−1∑
j=βt

Dj , x1 = z1 = y1 = x

(13.4.8) yt = xt −
t−1∑
j=βt

Dj , if βt < t
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The process xt is observable.

Proof. The fact that the inventory position is observable follows directly from
its definition. The second relation follows from

xt = yβt
+

t−1∑
j=βt

vj

yt = yβt +

t−1∑
j=βt

vj −
t−1∑
j=βt

Dj

To prove the first one, first note that

zt+1 − zt = yβt+1
− yβt

=

βt+1−1∑
j=βt

(vj −Dj), if βt < βt+1

and (13.4.7) follows easily, by considering all the cases. �

Consider now the one period cost

c(x, v) = C(v) + l(x),

with
C(v) = K1Iv>0 + cv, l(x) = hx+ + px−,

and a control
V = (v1, · · · , vt, · · · ), vt is Zt measurable.

The objective functional is

J(V ) = E

∞∑
t=1

αt−1c(yt, vt),

and from (13.4.8) we get

c(yt, vt) = c

⎛⎝xt −
t∑

j=βt

Dj , vt

⎞⎠ = C(vt) + l

⎛⎝xt −
t∑

j=βt

Dj

⎞⎠ ,

in which the sum vanishes when βt = t. The process βt is independent from the
demand process. The demands being independent random variables, it is easy to
check that Dβt , · · ·Dt are independent from Zt. Therefore if we introduce the
notation

l(i)(x) = El

⎛⎝x−
i∑

j=1

Dj

⎞⎠ , i ≥ 1, l(0)(x) = l(x),

then we can rewrite the objective functional as

(13.4.9) J(V ) = E

∞∑
t=1

αt−1(C(vt) + l(t−βt)(xt)).

The important attribute of this writing is that the three processes xt, vt, βt are Zt

measurable. However βt is not a Markov chain, so it is not convenient to work
with this process. We will introduce a new Markov chain, from which βt is easily
derived.
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13.4.3. NEW MARKOV CHAIN. We introduce the calendar time which
is the largest time before t when a delay has been observed. So

τt = max
1≤j≤t

(j : βj−1 < βj),

therefore

βτt = τt − θτt ;

βτt+1
= · · · = βt = βτt .

We then set
σt = t− τt, ηt = θτt ,

therefore the pair βt, τt can be easily derived from the pair σt, ηt by the formulas

(13.4.10) βt = t− σt − ηt, τt = t− σt.

Since βt ≥ t − θt we get σt + ηt ≤ θt, σt ≥ 0, ηt ≥ 0. Therefore the process σt, ηt
takes values in M×M. Moreover

σt + ηt ≤M, σt ≤ t− 1.

The important result is the

Proposition 13.5. The pair σt, ηt is a Markov chain on the state space M×M
with the property σt + ηt ≤M. It is a process adapted to the filtration Zt.

Proof. We first define the transitions. Assume σt = σ,ηt = η in which σ, η
are two numbers satisfying σ ≥ 0, η ≥ 0, σ + η ≤ M. Suppose σ + η = M. Then if
βt+1 = βt we have

τt+1 = τt = t− σ, σt+1 = t+ 1− τt+1 = σ + 1.

On the other hand ηt+1 = η and we get σt+1 + ηt+1 = M + 1 which is impossible.
Therefore βt+1 > βt which implies τt+1 = t+ 1 hence σt+1 = 0. The variable ηt+1

can take the values 0, · · ·M. Next assume σ + η < M . We may have βt+1 = βt in
which case σt+1 = σ+1 and ηt+1 = η. Otherwise βt+1 > βt which implies σt+1 = 0.
But then

ηt+1 = t+ 1− βt+1 < t+ 1− βt = σ + η + 1.

Therefore ηt+1 can take the values 0, · · ·σ + η. So the transitions are summarized
as follows:

If σ + η < M

(13.4.11) σ, η ⇒
∣∣∣∣ σ′ = σ + 1, η′ = η
σ′ = 0, η′ = k, 0 ≤ k ≤ σ + η

If σ + η = M

(13.4.12) σ, η ⇒ σ′ = 0, η′ = k, 0 ≤ k ≤M

We can now define the transition probability matrix. We first note θt−σ = η, and

βτt+1 = t− σ − η = max(τt + 1− θτt+1, βτt)

= max(t− σ + 1− θt−σ+1, t− σ − η),

from which it follows θt−σ+1 ≥ η + 1. Similarly

θt−σ+2 ≥ η + 2, · · · , θt ≥ η + σ.
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Therefore if σ + η < M we have

P (σt+1 = σ + 1, ηt+1 = η|σt = σ, ηt = η)

= P (βt ≥ t+ 1− θt+1|σt = σ, ηt = η)

= P (θt+1 ≥ σ + η + 1|θt−σ = η, θt−σ+1 ≥ η + 1, · · · θt ≥ η + σ)

Next for 0 ≤ k ≤ σ + η

P (σt+1 = 0, ηt+1 = k|σt = σ, ηt = η)

= P (βt+1 = t+ 1− θt+1, θt+1 = k|σt = σ, ηt = η)

= P (θt+1 = k|θt−σ = η, θt−σ+1 ≥ η + 1, · · · θt ≥ η + σ)

We then define the function γ(k;σ, η) with arguments 0 ≤ k ≤ M , σ + η ≤ M ,
σ ≥ 0, η ≥ 0, σ ≤ t− 1

(13.4.13) γ(k;σ, η) = P (θt+1 = k|θt−σ = η, θt−σ+1 ≥ η + 1, · · · θt ≥ η + σ)

This function is uniquely defined by the Markov chain θt and its transition proba-
bility function. In fact it can be defined by the recursion

(13.4.14) γ(k;σ, η) =

∑M
j=σ+η pjkγ(j;σ − 1, η)∑M
j=σ+η γ(j;σ − 1, η)

, σ ≥ 1; γ(k; 0, η) = pηk

The transition probability matrix of the Markov chain σt, ηt is given by:
If σ + η < M

(13.4.15) π(σ, η;σ′, η′) =

⎧⎪⎨⎪⎩
γ(k;σ, η), if σ′ = 0, η′ = k, 0 ≤ k ≤ σ + η∑M

k=σ+η+1 γ(k;σ, η), if σ′ = σ + 1, η′ = η

0, otherwise

If σ + η = M

(13.4.16) π(σ, η;σ′, η′) =

{
γ(k;σ, η), if σ′ = 0, η′ = k, 0 ≤ k ≤M

0, otherwise

The fact that σt, ηt is adapted to Zt follows from the definition of the process. �
In fact, the Markov chain σt, ηt is not stationary from t = 1, because of the

constraint σt ≤ t− 1. It becomes stationary from t ≥M + 1. In the sequel we will
discard this transitory phase and consider that we are in the stationary situation
from the beginning. From (13.4.7) and (13.4.9) we can write

(13.4.17) J(V ) = E

∞∑
t=1

αt−1(C(vt) + l(σt+ηt)(xt)),

and

(13.4.18) xt+1 = xt + vt − 1Iσt+1+ηt+1≤σt+ηt

σt+ηt∑
j=σt+1+ηt+1

Dt,j

where we have set Dt,j = Dt−j . There is the transitory period in which σt+ ηt < t.
It is over when t ≥M + 1. In (13.4.18) the random variables

Dt,j are identically distributed, independent of Zt and mutually independent.
We discard the transitory period and consider in (13.4.17), (13.4.18) the Markov
chain σt, ηt from t = 1 and we fix initial conditions by

(13.4.19) x1 = x, σ1 = σ, η1 = η, σ, η ≥ 0, σ + η ≤M
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We then call the functional J(V ) as Jx,σ,η(V ), to emphasize the initial conditions.
We define

(13.4.20) u(x, σ, η) = inf
V

Jx,σ,η(V ).

If M = 0, then σt = 0, ηt = 0 and the problem reduces to the standard one with no
delay in the information studied in Chapter 9, section 9.3.

13.4.4. DYNAMIC PROGRAMMING. It is easy to write the Bellman
equation related to the value function (13.4.20). We will write it as follows

u(x;σ, η) = −cx+ l(σ+η)(x) + inf
y≥x

{
K1Iy>x + cy(13.4.21)

+α

σ+η∑
k=0

γ(k;σ, η)u(σ+η+1−k)(y; 0, k) +
M∑

k=σ+η+1

γ(k;σ, η)u(y;σ + 1, η)

}
in which the last sum is dropped when σ + η = M. It is equivalent and convenient
to write this equation as

u(x;σ, η) = −cx+ l(σ+η)(x)(13.4.22)

+ inf
y≥x

{
K1Iy>x + cy + αEu(σ+η+1−(σ′+η′))(y;σ′, η′)

}
where the expectation in the parenthesis refers to a random variable σ′, η′ which
has a probability distribution π(σ, η;σ′, η′), where σ, η are fixed.

Theorem 13.2. We assume that

(13.4.23) c(1− α)− αp < 0,

then the solution of (13.5.9) is unique in the space B1, continuous, tends to +∞ as
|x| → ∞ and is K − convex. The optimal feedback is defined by an s(σ, η), S(σ, η)
policy.

Proof. The proof uses the methods of Chapter 9 and is not repeated. �

13.5. ERGODIC CONTROL WITH INFORMATION DELAYS

We want to study here the situation when α→ 1. We follow the work [7].

13.5.1. ERGODIC PROPERTIES. We make the following assumption on
the Markov chain θt

(13.5.1) �0 = min
j∈M

pj 0 > 0.

This assumption guarantees that the Markov chain θt is ergodic, see Chapter 3,
equation (3.6.8). We will deduce the

Proposition 13.6. Assume (13.5.1) then the Markov chain σt, ηt is ergodic.

Proof. It is sufficient to show that

(13.5.2) min
σ,η

π(σ, η; 0.0) > 0.

But
π(σ, η; 0.0) = γ(0;σ, η),
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and from (13.4.14)

γ(0;σ, η) ≥ �0 > 0,

hence the property (13.5.2). Let us define the corresponding invariant measure
μ(σ, η). it is the solution of the following system,

(13.5.3)
∑

σ ≥ 0 η ≥ 0
σ + η ≤M

μ(σ, η)π(σ, η;σ′, η′) = μ(σ′, η′),

using formulas (13.4.15), (13.4.16) we write

(13.5.4)
∑

σ ≥ 0 η ≥ 0
η′ ≤ σ + η ≤M

μ(σ, η)γ(η′;σ, η) = μ(0, η′), if σ′ = 0, 0 ≤ η′ ≤M

(13.5.5)

μ(σ′ − 1, η′)
M∑

k=σ′+η′
γ(k;σ′ − 1, η′) = μ(σ′, η′), if 1 ≤ σ′ ≤M, 0 ≤ η′ ≤M − σ′.

From (13.5.5) we get

(13.5.6) μ(σ, η) = μ(0, η)
∏

h=1,···σ

M∑
k=h+η

γ(k;h−1, η), 1 ≤ σ ≤M, 0 ≤ η ≤M −σ,

and μ(0, η) is obtained from (13.5.4) as solution of

μ(0, η′) =
M∑

η=η′
μ(0, η)

[
γ(η′; 0, η) +

M−η∑
σ=1

γ(η′;σ, η)(13.5.7)

·
∏

h=1,···σ

M∑
k=h+η

γ(k;h− 1, η)

]
+

η′−1∑
η=0

μ(0, η)

M−η∑
σ=η′−η

γ(η′;σ, η)

·
∏

h=1,···σ

M∑
k=h+η

γ(k;h− 1, η), 0 ≤ η′ ≤M

in which the last term drops when η′ = 0. This system of M + 1 relations has in
fact only M independent relations. We have the identity

M∑
η′=0

μ(0, η′) +
M−1∑
η′=0

μ(0, η′)
M−η′∑
σ′=1

∏
h=1,···σ′

M∑
k=h+η′

γ(k;h− 1, η′)

=

M∑
η=0

μ(0, η) + +

M−1∑
η=0

μ(0, η)

M−η′∑
σ′=1

∏
h=1,···σ

M∑
k=h+η

γ(k;h− 1, η)

and this expression must be equal to 1. From ergodic theory this system has a
unique solution such that μ(σ, η);σ, η ≥ 0, σ + η ≤ 1 is a probability. �
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13.5.2. ESTIMATES FOR THE CASE K = 0. We consider the Bellman
equation

uα(x;σ, η) = −cx+ l(σ+η)(x)(13.5.8)

+ inf
y≥x

{
cy + αEu(σ+η+1−(σ′+η′))

α (y;σ′, η′)
}

where we have emphasized the dependence in α. Since K = 0, the optimal policy is
a Base stock policy, defined by a base stock Sα(σ, η). The function of x,uα(x;σ, η)
is continuous, convex and tends to +∞ as |x| → +∞. It is also described as follows

uα(x;σ, η) = −cx+ l(σ+η)(x) + cSα(13.5.9)

+αEu(σ+η+1−(σ′+η′))
α (Sα;σ

′, η′), ∀x ≤ Sα(σ, η)

and

(13.5.10) uα(x;σ, η) = l(σ+η)(x) + αEu(σ+η+1−(σ′+η′))
α (x;σ′, η′), ∀x ≥ Sα(σ, η)

The function is differentiable as a consequence of convexity. Let us check that it is
continuously differentiable at Sα(σ, η). Indeed

u′α(x;σ, η) = −c+ (l′)(σ+η)(x), ∀x < Sα(σ, η)

u′α(x;σ, η) = (l′)(σ+η)(x) + αE(u
′
α)

(σ+η+1−(σ′+η′))(x;σ′, η′), ∀x > Sα(σ, η)

Since at Sα we have

−c = αE(u
′
α)

(σ+η+1−(σ′+η′))(Sα;σ
′, η′),

from the definition of the Base stock, the continuity of the derivative is obtained
at Sα.

We now derive useful properties of the Base stock. We shall clarify first some
abuse of notation. Applying the definition of l(i)(x) to the Heaviside function 1Ix>0

we obtain the CDF of D1+ · · ·+Di, which has been denoted by F (i)(x) in Chapter
9, see equation (9.2.19). We will keep this notation for commodity, only when F (x)
represents the CDF of the variable D. We then state the

Proposition 13.7. We have the estimate

(13.5.11) 0 < Sα(σ, η) < S̄α(σ, η),

where S̄α(σ, η) is the solution of

(13.5.12) F (σ+η+1)(S̄α) =
α(p+ c)− c

α(h+ p)
.

Proof. We first prove the property

(13.5.13) u′α(x;σ, η) ≥ (l′)(σ+η)(x)− c.

We know it holds for x ≤ Sα(σ, η). So we may assume x > Sα(σ, η). By the
monotonicity of the derivative we have

(u
′
α)

(σ+η+1−(σ′+η′))(x;σ′, η′) ≥ (u
′
α)

(σ+η+1−(σ′+η′))(Sα(σ, η);σ
′, η′),

therefore

u′α(x;σ, η) ≥ (l′)(σ+η)(x) + αE(u
′
α)

(σ+η+1−(σ′+η′))(Sα(σ, η);σ
′, η′)

= (l′)(σ+η)(x)− c,
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and thus (13.5.13) is obtained. Next from the relation

−c = αE(u
′
α)

(σ+η+1−(σ′+η′))(Sα(σ, η);σ
′, η′),

we obtain, using the inequality

−c ≥ −αc+ αE((l′)(σ
′+η′))(σ+η+1−(σ′+η′))(Sα(σ, η))

= −αc+ α(l′)(σ+η+1)(Sα(σ, η)).

But with our notation

(l′)(β)(x) = −p+ (h+ p)F (β)(x),

and thus we obtain

0 ≥ c(1− α)− αp+ α(h+ p)F (σ+η+1)(Sα(σ, η)),

hence

F (σ+η+1)(Sα(σ, η)) ≤ α(p+ c)− c

α(h+ p)
= F (σ+η+1)(S̄α),

and the inequality on the right of (13.5.11) is obtained.
To prove the positivity consider

Sα = min
σ,η

Sα(σ, η) = Sα(σα, ηα)

The numbers σα, ηα are well defined since we have only a finite number of possibil-
ities. We can write

−c = αE(u
′
α)

(σ+η+1−(σ′+η′))(Sα;σ
′, η′).

Since Sα < Sα(σ
′, η′) we have

(u
′
α)

(σ+η+1−(σ′+η′))(Sα;σ
′, η′) = −c+ ((l′)(σ

′+η′))(σ+η+1−(σ′+η′))(Sα)

= −c+ (l′)(σ+η+1)(Sα),

hence
−c = −αc+ α(l′)(σ+η+1)(Sα),

therefore also

F (σα+ηα+1)(Sα) =
α(p+ c)− c

α(h+ p)
,

which implies Sα > 0. This proves the left inequality (13.5.11). �

Using next

F (M+1)(Sα(σ, η)) ≤ F (σ+η+1)(Sα(σ, η)) ≤ α(p+ c)− c

α(h+ p)
≤ p

h+ p
,

we deduce that

(13.5.14) 0 < Sα(σ, η) ≤ S̄,

with
F (M+1)(S̄) =

p

h+ p
.

We next proceed with estimates on u′α(x;σ, η). We are going to prove
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Proposition 13.8. The following estimate holds

(13.5.15) − c− p ≤ u′α(x;σ, η) ≤ h

(
1 +

1

�0

)
1

F̄ (x)
.

So if x < X then one can state that

(13.5.16) − c− p ≤ u′α(x;σ, η) ≤ LX , LX = h

(
1 +

1

�0

)
1

F̄ (X)
.

Proof. The estimate to the left follows directly from (13.5.13) and (l′)(σ+η)(x) ≥
−p. We next assert that

u′α(x;σ, η) ≤ −c+ h, ∀x ≤ Sα(σ, η)

≤ h+ αE(u
′
α)

(σ+η+1−(σ′+η′))(x;σ′, η′), ∀x > Sα(σ, η)

so also
(u′α)

+(x;σ, η) ≤ h+ αE((u
′
α)

+)(σ+η+1−(σ′+η′))(x;σ′, η′), ∀x
This means, expliciting the mathematical expectation

(u′α)
+(x;σ, η) ≤ h+ (u′α)

+(x;σ + 1, η)

M∑
k=σ+η+1

γ(k;σ, η)

+

σ+η∑
k=0

γ(k;σ, η)((u
′
α)

+)(σ+η+1−k)(x; 0, k).

However for k ≤ σ + η and from the monotonicity of (u′α)+ we have

((u
′
α)

+)(σ+η+1−k)(x; 0, k) ≤ E(u
′
α)

+(x−D; 0, k),

therefore

(u′α)
+(x;σ, η) ≤ h+ (u′α)

+(x;σ + 1, η)
M∑

k=σ+η+1

γ(k;σ, η)

+

σ+η∑
k=0

γ(k;σ, η)E(u
′
α)

+(x−D; 0, k).

Set
wα(x) = sup

σ,η
(u′α)

+(x;σ, η),

we deduce

(u′α)
+(x;σ, η) ≤ h+ wα(x)

M∑
k=σ+η+1

γ(k;σ, η) + Ewα(x−D)

σ+η∑
k=0

γ(k;σ, η)

= h+ wα(x)−
σ+η∑
k=0

γ(k;σ, η)(wα(x)− Ewα(x−D))

We use
σ+η∑
k=0

γ(k;σ, η) ≥ �0, wα(x)− Ewα(x−D) ≥ 0,

to deduce

(u′α)
+(x;σ, η) ≤ h+ wα(x)−�0(wα(x)− Ewα(x−D)),
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from which we can obtain

wα(x) ≤ h+ wα(x)−�0(wα(x)− Ewα(x−D)).

We have then proved

wα(x) ≤ Ewα(x−D) +
h

�0
.

Now

Ewα(x−D) = E[wα(x−D)1ID≤x] + E[wα(x−D)1ID>x]

≤ wα(x)F (x)1Ix>0 + E[wα(x−D)1ID>x].

However

u′α(x;σ, η) ≤ h, ∀x ≤ 0⇒ wα(x) ≤ h, ∀x ≤ 0

from which it follows that

Ewα(x−D) ≤ wα(x
+)F (x+) + h,

which implies

wα(x)F̄ (x) ≤ h

(
1 +

1

�0

)
,

and the proof has been completed. �

13.5.3. LIMIT BEHAVIOR FOR THE CASE K = 0. We can now state
the limit of (13.5.39).

Theorem 13.3. Assume (13.5.1) and

(13.5.17) F̄ (x) > 0, ∀x <∞, p > c.

There exists a sequence ρα such that if α→ 1, for a subsequence

(13.5.18) uα(x;σ, η)− ρα
1− α

→ u(x;σ, η),

uniformly on any compact of R. We have also ρα → ρ. The function u(x;σ, η) is
locally Lipschitz continuous and satisfies

|u′(x;σ, η)| ≤ C

F̄ (x)
.

The pair u(x;σ, η), ρ satisfies

u(x;σ, η) + ρ = −cx+ l(σ+η)(x)(13.5.19)

+ inf
y≥x

{
cy +

σ+η∑
k=0

γ(k;σ, η)u(σ+η+1−k)(y; 0, k)

+

M∑
k=σ+η+1

γ(k;σ, η)u(y;σ + 1, η)

}
.
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Proof. Consider uα(0;σ, η). Since Sα(σ, η) > 0, we can write, noting that
l(σ+η)(0) = pD̄(σ + η)

uα(0;σ, η) = pD̄(σ + η) + cSα(σ, η)

+α

M∑
k=σ+η+1

γ(k;σ, η)uα(Sα(σ, η);σ + 1, η)

+α

σ+η∑
k=0

γ(k;σ, η)Euα(Sα(σ, η)−D(σ+η+1−k; 0, k).

Set

Gα(σ, η) = uα(0;σ, η)− α

M∑
k=σ+η+1

γ(k;σ, η)uα(0;σ + 1, η)

−α
σ+η∑
k=0

γ(k;σ, η)uα(0; 0, k).

Using the value of uα(0;σ, η) we can state

Gα(σ, η) = pD̄(σ + η) + cSα(σ, η)

+α

M∑
k=σ+η+1

γ(k;σ, η)(uα(Sα(σ, η);σ + 1, η)− uα(0;σ + 1, η))

+α

σ+η∑
k=0

γ(k;σ, η)E(uα(Sα(σ, η)−D(σ+η+1−k; 0, k)− uα(0; 0, k)).

Using both estimates (13.5.14), (13.5.15) we deduce easily that |Gα(σ, η)| ≤ C. The
definition of Gα(σ, η) can also be written as

(13.5.20) uα(0;σ, η)− α
∑
σ′,η′

π(σ, η;σ′, η′)uα(0;σ
′, η′) = Gα(σ, η)

The chain π(σ, η;σ′, η′) is ergodic and its invariant measure is μ(σ, η). Define

ρα =
∑
σ,η

μ(σ, η)Gα(σ, η).

We also have since μ(σ, η) is invariant∑
σ,η

μ(σ, η)uα(0;σ, η) =
ρα

1− α
.

From ergodic theory we can also assert that

(13.5.21)
∣∣∣∣uα(0;σ, η)− ρα

1− α

∣∣∣∣ ≤ C,

where the constant is independent of α, σ, η. Define next

ūα(x;σ, η) = uα(x;σ, η)− ρα
1− α

.

Combining (13.5.21) with (13.5.15) we can state the following estimates

(13.5.22) |ūα(x;σ, η)| ≤ C + C
|x|

F̄ (x)
;
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(13.5.23) |(ūα)
′(x;σ, η)| ≤ C

F̄ (x)
.

More generally

(13.5.24) |(ūα)
(β)(x;σ, η)| ≤ C + C

|x|+ βD̄

F̄ (x)
;

(13.5.25) |((ūα)
(β))′(x;σ, η)| ≤ C

F̄ (x)
.

From Ascoli-Arzelà Theorem, we can find a subsequence such that

ρα → ρ, sup
|x|≤X

|ūα(x;σ, η)− u(x;σ, η)| → 0

sup
|x|≤X

|(ūα)
(β)(x;σ, η)− u(β)(x;σ, η)| → 0

∀ σ, η, β,X as α→ 1

From the estimate (13.5.25) the limit satisfies

|u′(x;σ, η)| ≤ C

F̄ (x)
.

Going back to (13.5.27) and recalling that the infimum in y is attained at max(x,
Sα(σ, η)) we can restrict y to y ≤ LX provided x < X. So we can write using
ūα(x;σ, η)

ūα(x;σ, η) + ρα = −cx+ l(σ+η)(x)

+ inf
LX≥y≥x

{
cy + αEū(σ+η+1−(σ′+η′))

α (y;σ′, η′)
}
,

and thus using the uniform convergence on compact sets of R we obtain

u(x;σ, η) + ρ = −cx+ l(σ+η)(x)

+ inf
LX≥y≥x

{
cy + Eu(σ+η+1−(σ′+η′))(y;σ′, η′)

}
≥ −cx+ l(σ+η)(x) + inf

y≥x

{
cy + Eu(σ+η+1−(σ′+η′))(y;σ′, η′)

}
.

On the other hand for any y > x we have also

u(x;σ, η) + ρ ≤ −cx+ l(σ+η)(x)cy + Eu(σ+η+1−(σ′+η′))(y;σ′, η′),

and thus (13.5.39) is obtained. The proof has been completed. �

Consider the cost functional

Jα
x,σ,η(V ) = E

∞∑
t=1

αt−1(cvt + l(σt+ηt)(xt)),

then we shall have

(13.5.26) ρ = inf
V

lim
α→1

(1− α)Jα
x,σ,η(V ),

considering only control policies V such that the limit exists. Then the infimum is
attained at V̂ characterized by a Base stock

S(σ, η) = lim
α→1

Sα(σ, η).
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13.5.4. THE CASE K > 0. The equation is written as follows

uα(x;σ, η) = −cx+ l(σ+η)(x)(13.5.27)

+ inf
y≥x

{
K1Iy>x + cy + αEu(σ+η+1−(σ′+η′))

α (y;σ′, η′)
}
.

The solution is governed by an sα(σ, η), Sα(σ, η) policy. Hence

x ≤ sα(σ, η)⇒
uα(x;σ, η) = −cx+ l(σ+η)(x) +K + Cα,σ,η,

and

x ≥ sα(σ, η)⇒
uα(x;σ, η) = l(σ+η)(x) + αEu(σ+η+1−(σ′+η′))

α (x;σ′, η′).

We also have the continuity condition

Cα,σ,η = inf
y>sα(σ,η)

{
cy + αEu(σ+η+1−(σ′+η′))

α (y;σ′, η′)
}
.

The function uα(x;σ, η) is continuous but not continuously differentiable. The only
point of discontinuity of the derivative is sα(σ, η). However we can consider the
discontinuous function uα(x;σ, η) and write

u′α(x;σ, η) = −c+ l′(σ+η)(x) + χα(x;σ, η).

After some calculations we can write the equations
(13.5.28)

χα(x;σ, η) =

{
μ
(σ+η)
α (x) + αEχ

(σ+η+1−(σ′+η′))
α (x;σ′, η′), x ≥ sα(σ, η)

0, x ≤ sα(σ, η)

and

(13.5.29) μα(x) = c(1− α) + αh− α(h+ p)F̄ (x).

The continuity condition is then expressed as follows

(13.5.30) 0 = K + inf
y>sα(σ,η)

ˆ y

sα(σ,η)

χα(ξ;σ, η)dξ

If we define

(13.5.31) Gα(x;σ, η) = cx+ αEu(σ+η+1−(σ′+η′))
α (x;σ′, η′),

then we can write

(13.5.32) uα(x;σ, η) = −cx+ l(σ+η)(x) +Gα(max(x, sα(σ, η));σ, η),

and thus

(13.5.33) χα(x;σ, η) = G′α(x;σ, η)1Ix>sα(σ,η).

We state now an important property

Lemma 13.2. Assume αp > c. We have the properties

u′α(x;σ, η) ≤ −(c+ p), χ′α(x;σ, η) ≤ 0 ∀x < 0

G′α(x;σ, η) ≤ c(1− α)− αp ∀x < 0
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Proof. Note that if we know that G′α(x;σ, η) < 0, for x < 0, then the result
follows immediately from formulas (13.5.31), (13.5.32) after taking the derivative in
x. To complete we consider an iterative process for equations (13.5.31), (13.5.32),
starting with u0α(x;σ, η) = 0. We then have

G0α(x;σ, η) = cx, s0α(σ, η) = −∞;

u1α(x;σ, η) = l(σ+η)(x),

therefore for x < 0,

G1α(x;σ, η) = cx− αpx+ pD̄(σ + η + 1),

which implies G′1α(x;σ, η) < 0, for x < 0. The iteration preserves the properties.
This completes the proof. �

We then proceed with estimates.

Proposition 13.9. We have the estimates

s−α (σ, η) ≤ K

αp− c(1− α)
= mα,

0 ≤ Sα(σ, η) ≤ αpmα + α(p+ h)D̄(σ + η + 1)

c(1− α) + αh
.

Proof. We begin with the first inequality. it is sufficient to assume sα(σ, η) <
0. Note that from (13.5.33) and Lemma 13.2 we have

χα(x;σ, η) ≤ c(1− α)− αp, ∀sα(σ, η) < x < 0

Next from (13.5.30), since sα(σ, η) < 0,

0 ≤ K +

ˆ 0

sα(σ,η)

χα(ξ;σ, η)dξ,

and the the first estimate follows immediately. Let us proceed with the second
inequality.

It is useful to recall the equivalence

Eu(σ+η+1−(σ′+η′))
α (x;σ′, η′) = E[uα(x−D(σ+η+1−(σ′+η′));σ′, η′)|σ, η]

We also recall the optimal feedback

v̂α(x;σ, η) =

{
Sα(σ, η)− x, if x ≤ sα(σ, η)

0, if x > sα(σ, η)

The Bellman equation is then

uα(x;σ, η) = l(σ+η)(x) +K1Iv̂α(x;σ,η)>0 + cv̂α(x;σ, η)

+E[uα(x+ v̂α(x;σ, η)−D(σ+η+1−(σ′+η′));σ′, η′)|σ, η]
Let us denote

ŷ2 = Sα(σ, η)−D(σ+η+1−(σ′+η′)), v̂2 = v̂α(x;σ
′, η′).

In ŷ2, v̂2 the randomness comes from the demands and σ′, η′, whereas σ, η is known.
Since sα(σ, η) > −mα we can write

uα(−mα;σ, η) = (p+ c)mα + p(σ + η)D̄ +K

+cSα(σ, η) + αE[uα(ŷ2;σ
′, η′)|σ, η].
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On the other hand

uα(ŷ2;σ
′, η′) = l(σ

′+η′)(ŷ2) +K1Iv̂2>0 + cv̂2

+αE[uα(ŷ2 + v̂2 −D(σ′+η′+1−(σ”+η”));σ”, η”)|σ′, η′].
Combining these two relations and using rules of expected values we obtain

uα(−mα;σ, η) = (p+ c)mα + p(σ + η)D̄ +K + cSα(σ, η)(13.5.34)

+αE
{
l(σ

′+η′)(ŷ2) +K1Iv̂2>0 + cv̂2

+αE(uα(ŷ2 + v̂2 −D(σ′+η′+1−(σ”+η”));σ”, η”)|σ, η
}
.

On the other hand we can write the following two inequalities, from Bellman equa-
tion

uα(−mα;σ, η) ≤ pmα + p(σ + η)D̄

+αE
[
uα(−mα −D(σ+η+1−(σ′+η′));σ′, η′)|σ, η

]
uα(−mα −D(σ+η+1−(σ′+η′));σ′, η′) ≤ l(σ

′+η′)(−mα −D(σ+η+1−(σ′+η′)))

+K + c(v̂2 + ŷ2 +mα +D(σ+η+1−(σ′+η′)))

+αE[uα(ŷ2 + v̂2 −D(σ′+η′+1−(σ”+η”));σ”, η”)|σ′, η′],
hence conditioning

E[uα(−mα −D(σ+η+1−(σ′+η′));σ′, η′)|σ, η] ≤ K + pD̄(σ + η + 1) + (p+ c)mα

+cE[v̂2 + ŷ2|σ, η] + cD̄(σ + η + 1− E(σ′ + η′|σ, η))
+αE[uα(ŷ2 + v̂2 −D(σ′+η′+1−(σ”+η”));σ”, η”)|σ, η]

Collecting results we obtain the inequality

uα(−mα;σ, η) ≤ p(mα + (σ + η)D̄) + αK(13.5.35)
+αpD̄(σ + η + 1) + α(p+ c)mα + αcE[v̂2 + ŷ2|σ, η]
+αcD̄(σ + η + 1− E(σ′ + η′|σ, η))
+α2E[uα(ŷ2 + v̂2 −D(σ′+η′+1−(σ”+η”));σ”, η”)|σ, η].

Comparing equation (13.5.34) and inequality (13.5.35) and canceling terms we get

c(1− α)Sα(σ, η) +K(1− α) + αKE[1Iv̂2>0|σ, η] + c(1− α)E[v̂2|σ, η]
+αhE(Sα(σ, η)−D(σ+η+1))+ + αpE(Sα(σ, η)−D(σ+η+1))−

≤ (αp− c(1− α))mα + αpD̄(σ + η + 1),

hence also

(c(1− α) + αh)Sα(σ, η) ≤ (αp− c(1− α))mα + α(p ¯+h)D(σ + η + 1),

and the second inequality is proven. �

We can deduce estimates which do not depend on α. Since α → 1 we may

assume α >
1

2
. We state
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Corollary 13.1. For α >
1

2
we have

|sα(σ, η)|, Sα(σ, η) ≤ m0

with

m0 =

2pK
p−c + (p+ h)D̄(M + 1)

min(c, h)

Proof. It is an immediate consequence of Proposition 13.9. �

We now prove estimates on u′α(x;σ, η).

Lemma 13.3. We shall prove the estimate

(13.5.36) sup
ξ < x
σ, η

|u′α(x;σ, η)| ≤
C

F̄ ((x+m0)+)
.

Proof. We recall that

χα(x;σ, η) = μ(σ+η)
α (x) + αEχ(σ+η+1−(σ′+η′))

α (x;σ′, η′), ∀x > sα(σ, η)

= 0, ∀x ≤ sα(σ, η)

with
μα(σ, η) = c(1− α) + αh− α(h+ p)F̄ (x),

and
|sα(σ, η)|, Sα(σ, η) ≤ m0

We use

Eχ(σ+η+1−(σ′+η′))
α (x;σ′, η′)

= E[χα(x−D(σ+η+1−(σ′+η′));σ′, η′)1Ix−D(σ+η+1−(σ′+η′))>sα(σ′,η′)].

Since
1Ix−D(σ+η+1−(σ′+η′))>sα(σ′,η′) ≤ 1Ix−D(σ+η+1−(σ′+η′))>−m0

,

we deduce

|χα(x;σ, η)|1Ix>−m0
≤ |μ(σ+η)

α (x)|
+αE[|χα(x−D(σ+η+1−(σ′+η′));σ′, η′)|1Ix−D(σ+η+1−(σ′+η′))>−m0

],

using |μ(σ+η)
α (x)| ≤ max(h, p) and expanding the expectation we get

|χα(x;σ, η)|1Ix>−m0
≤ max(h, p) +

+α|χα(x;σ + 1, η)|1Ix>−m0

M∑
k=σ+η+1

γ(k;σ, η)

+α

σ+η∑
k=0

E|χα(x−D(σ+η+1−k); 0, k)|1Ix−D(σ+η+1−k)>−m0
γ(k;σ, η).

Let us denote
wα(x) = sup

ξ < x
σ, η

|χα(ξ;σ, η)|1Ix>−m0 .
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We get from the previous inequality

|χα(x;σ, η)|1Ix>−m0

≤ max(h, p) + wα(x)

M∑
k=σ+η+1

γ(k;σ, η) + Ewα(x−D)

σ+η∑
k=0

γ(k;σ, η)

= max(h, p) + wα(x)− (wα(x)− Ewα(x−D))

σ+η∑
k=0

γ(k;σ, η),

and using wα(x)− Ewα(x−D) ≥ 0,
∑σ+η

k=0 γ(k;σ, η) ≥ �0, we obtain

|χα(x;σ, η)|1Ix>−m0
≤ max(h, p) + wα(x)− (wα(x)− Ewα(x−D))�0

Let x0 be fixed. For x < x0 we may also write

|χα(x;σ, η)|1Ix>−m0 ≤ max(h, p) + wα(x0)− (wα(x0)− Ewα(x0 −D))�0,

and thus

wα(x0) ≤ max(h, p) + wα(x0)− (wα(x0)− Ewα(x0 −D))�0,

which implies

wα(x)− Ewα(x−D) ≤ max(h, p)

�0

wα(x)− Ewα(x−D)1Ix−D>−m0 ≤
max(h, p)

�0
.

Finally

wα(x) ≤ max(h, p)

�0

1

F̄ ((x+m0)+)
.

From this estimate the results follows immediately. �

Define then
Γα(σ, η) = uα(−m0;σ, η).

Since −m0 < sα(σ, η) we may write

uα(−m0;σ, η) = (p+ c)m0 + pD̄(σ + η) + csα(σ, η)

+αEu(σ+η+1−(σ′+η′))
α (sα(σ, η);σ

′, η′),

and thus we obtain

Γα(σ, η) = αEΓα(σ
′, η′) + Ψα(σ, η),

with

Ψα(σ, η) = (p+ c)m0 + pD̄(σ + η) + csα(σ, η)

+αE[uα(sα(σ, η)−D(σ+η+1−(σ′+η′));σ′, η′)− uα(−m0;σ, η)].

From the estimates of Proposition 13.9 and Lemma 13.3 we see immediately that

|Ψα(σ, η)| ≤ C, ∀α, σ, η.
Using the invariant measure μ(σ, η) we define

ρα =
∑
σ η

Ψα(σ, η)μ(σ, η),
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and thus from ergodic theory

(13.5.37)
∣∣∣∣Γα(σ, η)− ρα

1− α

∣∣∣∣ .
We can then state the

Theorem 13.4. We make the assumptions of Theorem 13.3.
There exists a sequence ρα such that if α→ 1, for a subsequence

(13.5.38) uα(x;σ, η)− ρα
1− α

→ u(x;σ, η),

uniformly on any compact of R. We have also ρα → ρ. The function u(x;σ, η) is
locally Lipschitz continuous and satisfies

|u′(x;σ, η)| ≤ C

F̄ ((x+m0)+)

The pair u(x;σ, η), ρ satisfies

u(x;σ, η) + ρ = −cx+ l(σ+η)(x)(13.5.39)

+ inf
y≥x

{
K1Iy>x + cy +

σ+η∑
k=0

γ(k;σ, η)u(σ+η+1−k)(y; 0, k)

+
M∑

k=σ+η+1

γ(k;σ, η)u(y;σ + 1, η)

}
Proof. We define again

ūα(x;σ, η) = uα(x;σ, η)− ρα
1− α

,

then we get the equation

ūα(x;σ, η) + ρα = −cx+ l(σ+η)(x)

+ inf
y≥x

{
K1Iy>x + cy + αEū(σ+η+1−(σ′+η′))

α (y;σ′, η′)
}

Since the infimum is attained at max(x, Sα(σ, η)), we can consider that y < LX if
x < X. Therefore we have also

ūα(x;σ, η) + ρα = −cx+ l(σ+η)(x)(13.5.40)

+ inf
LX≥y≥x

{
K1Iy>x + cy + αEū(σ+η+1−(σ′+η′))

α (y;σ′, η′)
}
.

Assuming |x| < X, using the estimates of Proposition 13.9 and Lemma 13.3, and
applying the Ascoli-Arzelà theorem we can extract a subsequence such that

ρα → ρ

sup
|x|<X

|ūα(x;σ, η)− u(x;σ, η)| → 0

and we can pass to the limit in (13.5.40) to obtain

u(x;σ, η) + ρ

= −cx+l(σ+η)(x)+ inf
LX≥y≥x

{
K1Iy>x+cy+αEu(σ+η+1−(σ′+η′))(y;σ′, η′)

}
≥ −cx+ l(σ+η)(x) + inf

y≥x

{
K1Iy>x + cy + αEu(σ+η+1−(σ′+η′))(y;σ′, η′)

}
.
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But the opposite inequality can be checked easily. The result follows. �
Consider the cost functional

Jα
x,σ,η(V ) = E

∞∑
t=1

αt−1(C(vt) + l(σt+ηt)(xt)),

then we shall have

(13.5.41) ρ = inf
V

lim
α→1

(1− α)Jα
x,σ,η(V )

considering only control policies V such that the limit exists. Then the infimum is
attained at V̂ characterized by an s(σ, η), S(σ, η) policy with

s(σ, η) = lim
α→1

sα(σ, η), S(σ, η) = lim
α→1

Sα(σ, η)



CHAPTER 14

CONTINUOUS TIME INVENTORY CONTROL

14.1. DETERMINISTIC MODEL

14.1.1. IMPULSE CONTROL IN CONTINUOUS TIME. We describe
a continuous time model. An impulse control is a succession of times

θ1 < θ2 < · · · θn · · · ,
at which we make decisions

v1 < v2 < · · · vn · · · .
The times θn will be the times when we decide to replenish an inventory, and the vn
will be the levels of replenishment. In this deterministic framework, these numbers
are deterministic. We represent the sequence of times and levels by V, and call V
an impulse control.

Let y(t) = yx(t;V ) be the state of the inventory at time t, with initial state x
at time 0, and subject to an impulse control V .

We have
y(t) = x− λt+M(t),

with
M(t) = M(t;V ) =

∑
{n|θn<t}

vn.

The meaning of these relations is clear: x > 0 is the initial inventory, λt is the
demand up to time t and M(t) represents the total replenishment up to time t.
Since shortage is not allowed, we impose a state constraint y(t) ≥ 0. We define a
cost function as follows

Jx(V ) =

∞∑
n=0

(K + cvn) exp−αθn +

ˆ ∞
0

hy(t) exp−αtdt.

As usual, we define the value function by

u(x) = inf
V

Jx(V ).

A feedback is a decision rule which defines at any time t the decision to be taken
as a function of the state of the system at that time. In our case, at any time t,
looking at the value of the inventory y(t) we decide to put an order and we decide
the quantity ordered.

14.1.2. s, S POLICY. An s, S policy is a pair of numbers with

s ≤ S,

247
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such that a feedback is obtained from these two numbers as follows:

v(x) = vs,S(x) =

{
S − x, if x ≤ s

0, if x>s

The feedback is used to compute an impulse control V = Vs,S as follows: At any
time t if x(t) ≤ s then order a quantity

v(t) = S − x(t).

If
x(t) > s,

then do not put an order at time t. We call

us,S(x).

The value function associated to a pair s, S. Namely

us,S(x) = Jx(Vs,S).

14.1.3. INEQUALITIES. It is easy to check inequalities verified by u(x).
Recall that x represents the state (the Inventory level) at initial time. If we force
a decision to order a quantity v at initial time, then we pay K + cv and the state
becomes x+ v. If we proceed optimally from now on, the best that we can achieve
is

K + cv + u(x+ v).

Therefore we can assert that

(14.1.1) u(x) ≤ K + inf
v>0

(cv + u(x+ v)).

The next inequality consists in examining the decision not to order at initial time.
So we delay the decision during a small amount of time δ. During this period we
first pay a holding cost δxh, then we arrive at time δ with an inventory

x− δλ.

This number is positive for small δ. Suppose that we behave optimally from now
on. The best that we can obtain for the life time (δ,∞) is

u(x− δλ).

We discount this quantity to get a value at time 0. Since δ is small, we have the
approximate value

(1− δα)u(x− δλ).

So we claim
u(x) ≤ (1− δα)u(x− δλ) + δxh

Expanding in δ we obtain

(14.1.2) αu+ λu′ ≤ hx, x > 0

The next point is to claim that for any initial inventory x, either (14.1.1) or (14.1.2)
hold, since either we decide to order or we leave the system evolve freely for a
small amount of time. We can express this by writing a complementary slackness
condition

(14.1.3) (αu+ λu′ − hx)(u(x)−K − inf
v>0

(cv + u(x+ v))) = 0∀x > 0
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We must complete the conditions by considerations on the boundary and about
smoothness. The boundary is x = 0 We clearly must order at the boundary,
otherwise the inventory remains at 0, since it cannot become negative. Eventually
we order and we can consider that the problem starts at this time. Therefore, we
can write

(14.1.4) u(0) = K + inf
v>0

(cv + u(v)).

Concerning smoothness, equation (14.1.3) is written without ambiguity if

(14.1.5) u ∈ C1(0,∞).

The set of inequalities and complementarity slackness equation (14.1.1), (14.1.2),
(14.1.3) and associated boundary and smoothness conditions is called a Quasi-
Variational Inequality.

Remark 14.1. The smoothness is not guaranteed by the definition of the value
function u(x). It is a desirable property, which is far from automatic, in particular
at switching points.

Let us now write conditions satisfied by a value function defined by an s, S
policy. Note that

0 ≤ s ≤ S.

We first have

(14.1.6) us,S(x) = K + c(S − x) + us,S(S), ∀x ≤ s.

Next

(14.1.7) αus,S + λu′s,S − hx = 0, ∀x > s.

These relations express the decision making under an s, S policy.
Comparison with the relations defining the value function u imply a natural

way to obtain S from s. Let us choose first a single positive number s and define
us(x) by

(14.1.8) us(x) + cx = K + inf
y>s

(cy + us(y)), x ≤ s

(14.1.9) αus + λu′s − hx = 0, ∀x > s.

Then S(s) is obtained simply by

(14.1.10) inf
y>s

(cy + us(y)) = cS + us(S)

14.1.4. DEFINITION OF us. For any fixed s, we can write the solution of
the differential equation (14.1.9) as follows

us(x) = us(s) exp−α

λ
(x− s) +

h

λ

ˆ x

s

y exp−α

λ
(x− y)dy,

hence

(14.1.11) us(x) =
h

α

(
x− λ

α

)
+

(
us(s)− s

h

α
+

λh

α2

)
exp−α

λ
(x− s).

To define S = S(s) we write
u′s(S) = −c,

therefore
αus(S) = hS + λc.
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We can write the following equation for S

exp−α

λ
(S − s) =

1 + αc
h

1 + α
λ (

α
hus(s)− s)

.

To define the value us(s) we use equations (14.1.8) and (14.1.10) to obtain

us(s) = K + c(S − s) +
hS + λc

α
.

We deduce the right derivative

u′s+0(s) = −c−
αK + (αc+ h)(S − s)

λ
.

Since
u′s−0(s) = −c.

There is no way to have a matching of derivatives at point s, which we require if
we want us(x) to coincide with the value function u(x).

The only way to avoid the difficulty is to take s = 0, since there is no matching
on the boundary. Consider then u0(x). The value of S = S(0) is obtained by
solving the equation

(14.1.12)
(
1 +

αc

h

)
exp

α

λ
S − S

(
α

λ
+

α2c

λh

)
− 1− αc

h
− α2K

λh
= 0.

It is easy to check that this equation has a unique positive solution S.
The important question now is to check whether u0(x) is the value function

u(x). We must verify that it satisfies the conditions for u, namely relations (14.1.1),
(14.1.2), (14.1.3). The only non trivial verification is (14.1.1), which we rewrite as

(14.1.13) u0(x) + cx ≤ K + inf
y>x

(u0(y) + cy).

Since

u0(x) =
h

α
x− λh

α2
+

(
u0(0) +

λh

α2

)
exp−αx

λ
,

we see easily that it is a convex function. Hence u0(x) + cx is also convex. Its
minimum is at S. It is thus increasing for x ≥ S. Hence for x ≥ S we have

inf
y>x

(u0(y) + cy) = u0(x) + cx,

and the property (14.1.13) is trivially verified.
For x < S we can write

u0(x) + cx ≤ u0(0).

Also
inf
y>x

(u0(y) + cy) = u0(S) + cS.

Noting that
u0(0) = K + u0(S) + cS,

the property (14.1.13) is obtained again.
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14.2. ERGODIC PROBLEM

The ergodic problem consists in letting the discount tend to 0. We indicate the
dependence in α for all quantities of interest. Denote in particular by uα(x) the
value function, recalling that

uα(x) = uα0(x).

We omit the index 0 which is no more necessary. From direct checking

uα(x)→∞, as α→ 0

14.2.1. RECOVERING EOQ FORMULA.

Exercise 14.1. Show that

Sα → Ŝ =

√
2Kλ

h
= q̂,

as α→ 0, where q̂ has been referred as the EOQ formula, see Chapter 2, 2.2.

We deduce that

αuα(0)→ hŜ + λc,

which is the optimal average cost derived from the EOQ formula. Similarly

αuα(x)→ hŜ + λc,

and we see that the initial inventory does not play any role.
Next set

ūα(x) = uα(x)− uα(0).

It satisfies the differential equation

αuα(0) + αūα(x) + λū′α(x) = hx,

with the initial condition

ūα(0) = 0.

We know that

αuα(0)→ hŜ + λc = β,

so we can conjecture that

ūα(x)→ u(x),

where u satisfies

β + λu′ = hx, 0(0) = 0,

i.e

u(x) = −βx

λ
+

x2h

2λ

Exercise 14.2. Check directly the limit property stated above.
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14.2.2. EQUIVALENCE OF LIMITS.

Exercise 14.3. Consider a 0, q policy and set

q = λT.

We start with an initial inventory 0, so we order right away. The inventory is
defined

y(t) = q − λ(t− nT ), ∀t ∈ [nT, (n+ 1)T ].

Consider the average cost

C(q) + cλ =
hq

2
+

Kλ

q
+ cλ.

Define the discounted cost

Jα(q) = h

ˆ ∞
0

y(t) exp−αtdt+
∞∑

n=0

(K + cq) exp−nαT.

Exercise 14.4. Show that

αJα(q)→ C(q) + cλ,

as α→ 0

Exercise 14.5. Compute the quantity q̂α which minimizes the quantity Jα(q).
Show that it is the same as the one obtained by solving equation (14.1.12).

14.3. CONTINUOUS RATE DELIVERY

14.3.1. TRANSFORMED EOQ FORMULA. Suppose now that there is
no immediate delivery. Instead, the delivery is provided at a continuous rate r.
Since there is no possibility of shortage, we must have r ≥ λ. We recall that the
EOQ formula must be changed (see 14.3.1) into

q̂ =

√
2Kλr

h(r − λ)
.

This formula leads to ∞ when r = λ. One must interpret it in the sense that there
will be a continuous delivery at the level of the demand. The stock remains 0, and
the cost per unit of time equal to cλ. There is no optimization in this case.

14.3.2. TRANSFORMED INEQUALITIES. We may attempt to derive
the inequalities governing the value function for the problem with continuous deliv-
ery. We decide not to order while a delivery is processed. The value function u(x) is
considered with an initial inventory x and no delivery being processed. Inequality
(14.1.2) is unchanged. However, inequality (14.1.1) must be changed to express the
fact that when we order a quantity q, then we have to wait till it is delivered, which
means till q

r . We have to cover the holding cost during this period and when the
delivery is completed then the available inventory is

x+ q − λ

r
q.

So we must write
(14.3.1)

u(x) ≤ K + inf
q>0

[
cq + h

ˆ q
r

0

(x+ (r − λ)t) exp−αtdt+ exp−αq

r
u

(
x+ q − λ

r
q

)]
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Performing calculations we obtain

u(x) ≤ K + inf
q>0

[
cq +

h

α

(
x
(
1− exp−αq

r

)
+

r − λ

α
(14.3.2)

·
(
1− exp−αq

r
− α

q

r
exp−αq

r

))
+ exp−αq

r
u

(
x+ q − λ

r
q

)]
.

We proceed as in the EOQ case and consider s = 0 and that the equation is verified
for x > 0 and use the boundary condition

u(0) = K + inf
q>0

[
cq +

h(r − λ)

α2

(
1− exp−αq

r
− α

q

r
exp−αq

r

)
(14.3.3)

+exp−αq

r
u(q − λ

r
q)

]
.

Exercise 14.6. We compute the optimal Ŝ = q̂ by differentiating the right hand
side and equaling it to 0. We get

(14.3.4) c+
r − λ

r
exp−αS

r

(
h

r
S + u′

(
S
r − λ

r

))
− α

r
exp−αS

r
u

(
S
r − λ

r

)
= 0

Exercise 14.7. Show that Ŝ is a solution of

(14.3.5)
(
exp−α

r
S +

αc

h

)(
exp

α

λ
S − 1

)
− r

λ

(
1− exp−Sα

r

)
−S

α2c

λh
−α2K

λh
= 0

Exercise 14.8. Check that equation (14.3.5) reduces to (14.1.12) as r → ∞, and
to the transformed EOQ formula of section 14.3.1 as α→ 0.

14.4. LEAD TIME

14.4.1. NO SHORTAGE ADMITTED. We complement section 2.6.1.
We consider now a situation with discount rate of time α. If we implement

an s, q policy with s = λL, the optimal q will be different from the EOQ formula.
Indeed, we recall the differential equation for us(x) with s = λL, which we write
u(x) to simplify the notation, although it is not the value function. We have

u(x) =
h

α

(
x− λ

α

)
+

(
u(λL)− Lλh

α
+

λh

α2

)
exp−α

λ
(x− Lλ),

then we must write
u′(q̂) = −c expαL,

where we expect q̂ > Lλ. We can then apply the equation to obtain

u(q̂) exp−αL =
λc+ hq̂ exp−αL

α
.

We deduce

u(λL) = K + cq̂ +
Lλh

α
− λh

α2
+

hλ

α2
exp−αL+

λc+ hq̂ exp−αL
α

.

Collecting results, we obtain that q̂ is the solution of the equation
(14.4.1)(

exp−αL+
αc

h

)
exp

α

λ
q − α

λ
q
(
exp−αL+

αc

h

)
− exp−αL− αc

h
− α2K

λh
= 0.

Exercise 14.9. Check that when α is small, the solution of equation (14.4.1)
converges to the EOQ formula, independent of L, provided it is larger than λL.
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14.5. NEWSVENDOR PROBLEM

We consider here a period T . At the beginning of the period, the inventory
is S, the quantity procured. The total demand in the period is D assumed to be
random with a probability density function f(x). It materializes during the period
at a uniform rate D

T So the inventory at time t is

S − D

T
t.

This random variable can be positive or negative. When it is positive, it carries a
holding cost. When it is negative it carries a shortage cost.

The average inventory surplus is

I+(S) = E

´ T
0
(S −D t

T )
+dt

T
= E

[
1IS>D(S − D

2
) + 1IS≤D

S2

2D

]
= SF (S)− 1

2

ˆ S

0

xf(x) dx+
S2

2

ˆ +∞

S

f(x)

x
dx.

For the shortage inventory, we have

I−(S) = E

´ T
0
(S −D t

T )
−dt

T
= E

((S −D)−)2

2D
,

which is

I−(S) = I+(S)− S +
1

2

ˆ +∞

0

xf(x) dx.

We denote by h the holding cost per unit of time and by p the shortage cost per
unit of time, so the total cost is

C(S) = hI+(S) + pI−(S),

or

C(S) = (h+ p)

[
SF (S)− 1

2

ˆ S

0

xf(x) dx+
S2

2

ˆ +∞

S

f(x)

x
dx

]

+p

(
−S +

1

2

ˆ +∞

0

xf(x) dx

)
.

We can then compute the optimal S = Ŝ. We have

C ′(S) = (h+ p)

(
F (S) + S

ˆ +∞

S

f(x)

x
dx

)
− p,

and

C”(S) = (h+ p)

ˆ +∞

S

f(x)

x
dx > 0.

Therefore the unique Ŝ is given by

F (Ŝ) + Ŝ

ˆ +∞

Ŝ

f(x)

x
dx =

p

h+ p

Remark 14.2. Usually the solution of the Newsvendor problem is given as

F (Ŝ) =
p

h+ p
.

This is because one assumes that the demand materializes in one shot.
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14.6. POISSON DEMAND

14.6.1. POISSON PROCESS. Instead of modeling the randomness of the
demand through a random rate λ, we shall consider the demand D(t) to be a Markov
process. In the deterministic case it is simply λt. The most natural stochastic
process is the Poisson process with parameter λ. We recall the definition of the
Poisson process. We have

D(0) = 0; D(t2)−D(t1) and D(s2)−D(s1) are independent ∀s1 ≤ s2 ≤ t1 ≤ t2

D(t2)−D(t1) is integer valued; P (D(t2)−D(t1)=k)=exp−λ(t2−t1)
(λ(t2−t1))

k

k!
The following formula expresses the Markov property

P (D(t+ ε) = D(t)|D(s), s ≤ t) ∼ 1− λε
P (D(t+ ε) = D(t) + 1|D(s), s ≤ t) ∼ λε

The Poisson process models the arrivals of customers at a queue, with average
arrival rate λ. Note that

ED(t) = λt.

This last property explains why the Poisson is a natural extension of the determin-
istic model with constant demand rate λ.

The infinitesimal generator of the Markov process D(t) is the linear operator
on smooth functions of the real variable x defined by

Aφ(x) = lim
ε→0

φ(x+D(ε))− φ(x)

ε
= λ(φ(x+ 1)− φ(x))

14.6.2. DESCRIPTION OF THE MODEL. An impulse control is a se-
quence

θn, vn,

where θn is a stopping time with respect to the filtration

F t = σ(D(s), s ≤ t),

and vn is a random variable Fθn measurable. Denoting by V an impulse control,
the corresponding inventory is described by the formula

yx(t;V ) = x−D(t) +M(t;V ),

with
M(t) = M(t;V ) =

∑
{n|θn<t}

vn

Note that the inventory can become negative. Let

f(x) = hx+ + px−,

the cost function to be minimized is given by

Jx(V ) = E

[ ∞∑
n=0

(K + cvn) exp−αθn

+

ˆ ∞
0

f(y(t)) exp−αtdt
]
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14.6.3. INEQUALITIES FOR THE VALUE FUNCTION. Consider-
ing the value function

u(x) = inf
V

Jx(V ).

We can derive inequalities and complementarity slackness conditions for the func-
tion u(x), which will be referred again as the Quasi-Variational Inequality. We first
have

(14.6.1) u(x) ≤ K inf
v>0

(cv + u(x+ v)),

then

(14.6.2) − λ(u(x− 1)− u(x)) + αu(x) ≤ f(x).

The complementarity slackness condition expresses

(14.6.3) [((α+ λ)u(x)− λu(x− 1))− f(x)][u(x)−K − inf
v>0

(cv + u(x+ v))] = 0.

14.6.4. VALUE FUNCTION CORRESPONDING TO AN s, S POL-
ICY. Note that x ∈ R. There is no explicit boundary condition. However u(x)
should not have a growth faster that f(x) (namely linear growth). In a way similar
to that discussed in the deterministic case, the value function corresponding to an
s, S policy is defined as follows. We write

(14.6.4) us(x) + cx = us(s) + cs = K + inf
η>s

(cη + u(η)) = K + cS + u(S), ∀x ≤ s

(14.6.5) (α+ λ)u(x)− λu(x− 1)− f(x) = 0, ∀x ≥ s

Theorem 14.1. Assume
p > αc.

There exists a unique pair s, S and a unique continuous function us(x) with linear
growth such that equations (14.6.4), (14.6.5) are satisfied.

Proof. Noting that

us(s− 1) + c(s− 1) = us(s) + cs,

and
(α+ λ)us(s)− λus(s− 1) = f(s),

we get

us(x) + cx = cs+
f(s) + λc

α
, ∀x ≤ s.

Define

Hs(x) = us(x) + cx− cs− f(s) + λc

α
We get the following relations for Hs(x)

(14.6.6) (α+ λ)Hs(x)− λHs(x− 1) = g(x)− g(s), ∀x ≥ s; Hs(x) = 0, ∀x ≤ s,

where we have set
g(x) = f(x) + αcx.

We have

g(x)− g(s) =

{
−(p− αc)(x− s), ∀x < 0

(h+ αc)x+ (p− αc)s, ∀x ≥ 0
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When s < 0, we see in particular, thanks to the assumption, that

g(x)− g(s) ≤ 0, ∀s < x < 0.

In fact, noting that there exists a unique ν > 0 such that g(ν) = g(s). We have

s < x < ν ⇒ g(x)− g(s) < 0.

Define
gs(x) = (g(x)− g(s))1Ix>s.

We obtain

(14.6.7) Hs(x) =

[x−s]∑
j=0

gs(x− j)λj

(α+ λ)j+1
, ∀x ≥ s; Hs(x) = 0, ∀x ≤ s,

in which [x] is the integer part of x, the unique integer such that

[x] ≤ x < [x] + 1.

Thanks to the fact that gs(s) = 0, we can check that Hs(x) is a continuous function.
The quantity S = S(s) is obtained by

Hs(S) = inf
η>s

Hs(η).

Recalling the definition of f(x) we get at once

S(s) = s,∀s ≥ 0

Consider next the case s < 0. From formula (14.6.7) it follows immediately that

s < x < ν ⇒ Hs(x) < 0.

We can next write for x > ν

Hs(x) =

[x−ν]∑
j=0

gs(x− j)λj

(α+ λ)j+1
+

[x−s]∑
j=[x−ν]+1

gs(x− j)λj

(α+ λ)j+1
.

The first sum is composed of positive terms, and the second of negative terms.
We deduce easily the following estimate

Hs(x) ≥ gs(x)

α+ λ
+

gs(0)

α

(
λ

λ+ α

)[x−ν]

,

from which it follows that

Hs(x)→ +∞ as x→ +∞.

Recalling the continuity of Hs(x) it follows that it reaches its minimum on (s,∞).
Picking the smallest minimum S(s) we define the function S(s) for s < 0. Neces-
sarily

S(s) ≥ 0,

since Hs(x) decreases on s < x < 0. This follows from direct checking of formula
(14.6.7).

There remains to find s. It must satisfy the equation in s

inf
η>s

Hs(η) = −K.

We have
inf
η>s

Hs(η) = 0, ∀s ≥ 0.
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So we may assume s < 0. Consider s < x0 < 0. We can assert that

Hs(x0) ≤ gs(x0)

α+ λ
.

Therefore

inf
η>s

Hs(η) ≤ Hs(x0) ≤ gs(x0)

α+ λ
.

Letting s go to −∞, we obtain

inf
η>s

Hs(η)→ −∞, as s→ −∞

Finally we show that infη>s Hs(η) is an increasing function of s on (−∞, 0). That
will prove that there exists one and only one value of s such that this function
equals −K. Consider s′ < s < 0. We are going to prove that

Hs′(x) < Hs(x), ∀s′ < s < x.

This will imply the desired result. We note that

gs′(x) < gs(x), ∀x.
Writing

Hs′(x)−Hs(x) =

[x−s]∑
j=0

(gs′(x− j)− gs(x− j))λj

(α+ λ)j+1
+

[x−s′]∑
j=[x−s]+1

gs′(x− j)λj

(α+ λ)j+1
.

The first term is negative from the property mentioned just above. In the second
term we note that

[x− s] + 1 ≤ j ≤ [x− s′]⇒ s′ ≤ x− j < s < 0,

and the second term is also negative. The property is proved, and s is defined
uniquely. �

14.6.5. OPTIMALITY OF AN s, S POLICY. We now turn to proving
that the function us(x) defined above with the choice of s is indeed the optimal
policy, i.e. that us(x) = u(x).

Theorem 14.2. We assume cα− p < 0. Then, the s, S policy is optimal.

Proof. We have to verify the inequalities, the complementarity slackness con-
dition being trivially satisfied. The inequality

(α+ λ)u(x)− λu(x− 1) ≤ f(x), ∀x ≤ s,

amounts to g(x) − g(s) ≥ 0, ∀x ≤ s. Since s < 0, this property is satisfied. The
second inequality reduces to

Hs(x) ≤ K + inf
η>x

Hs(η), ∀x ≥ s

Since K = − infη>s Hs(η) the right hand side is certainly positive. So the inequality
is obvious whenever Hs(x) ≤ 0. This occurs in particular for s < x < ν. The
function Hs(x) can be negative beyond ν and there exists a first point x0 with
ν < x0 and Hs(x0) = 0. So it is sufficient to prove the inequality for x ≥ x0. We
also note that

gs(x0) = −λHs(x0 − 1) ≥ 0.
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Let ξ ≥ 0. We shall consider x > x0 − ξ. Since ξ is arbitrary, we may have x < s.
We can write the equation for Hs(x) in a way which is valid for any x as follows
(recalling the definition of gs(x))

(α+ λ)Hs(x)− λHs(x− 1) = gs(x).

We can next write the following inequalities

(α+ λ)Hs(x)− λHs(x− 1)1Ix−1≥x0−ξ ≤ gs(x),

Hs(x0 − ξ) ≤ 0.

The reason of the truncation is to be able to work on the domain x ≥ x0 − ξ. The
price to pay is that we can write only an inequality. Note Indeed that

Hs(x− 1)1Ix−1<x0−ξ ≤ 0,

from the definition of x0.
Define next

Ms(x) = Hs(x+ ξ) +K ≥ 0.

We can write

(α+ λ)Ms(x)− λMs(x− 1)1Ix−1≥x0−ξ ≥ gs(x+ ξ) + αK,

Ms(x0 − ξ) = K.

We claim that
gs(x+ ξ) ≥ gs(x)

Note that
gs(x+ ξ) ≥ gs(x0) > 0.

The claim is thus obvious if x < s. If x > s then we have to prove that

g(x+ ξ) ≥ g(x).

If x > 0 this follows from convexity. If s < x < 0 then

g(x+ ξ)− g(x) ≥ g(x0)− g(s) > 0.

Therefore setting
Ys(x) = Hs(x)−Ms(x),

we deduce that Ys(x) ≤ 0. This result is valid for x > x0− ξ, hence also for x > x0.
The proof of Theorem 14.2 has been completed. �
14.6.6. COMPUTATION OF DERIVATIVE. We will compute the deriva-

tives H ′
s(x+ 0) and H ′

s(x− 0). For x ≥ s we have

H ′
s(x+ 0) =

[x−s]∑
j=0

g′s(x− j + 0)λj

(α+ λ)j+1

We can compute also H ′
s(x− 0) by the formula

H ′
s(x− 0) =

{∑[x−s]
j=0

g′s(x−j−0)λj

(α+λ)j+1 , if [x− s] < x− s∑[x−s]−1
j=0

g′s(x−j−0)λj

(α+λ)j+1 , if [x− s] = x− s

with H ′
s(s− 0) = 0.

It follows that for x < 0

(14.6.8) H ′
s(x+ 0) = −p− αc

α

(
1−

(
λ

λ+ α

)[x−s]+1
)
,
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(14.6.9) H ′
s(x− 0) =

⎧⎨⎩H ′
s(x+ 0), if [x− s] < x− s

−p−αc
α

(
1−

(
λ

λ+α

)x−s
)
, if [x− s] = x− s

It follows that for x < 0, H ′
s(x) is discontinuous only at points x such that x− s is

a negative integer. The discontinuity is

H ′
s(x+ 0)−H ′

s(x− 0) = −p− αc

λ+ α

(
λ

λ+ α

)x−s

.

If s = [s] then the discontinuity points are negative integers −n with 1 ≤ n ≤ −s.
We have

H ′
s(−n+ 0) = −p− αc

α

(
1−

(
λ

λ+ α

)−n−s+1
)
,

H ′
s(−n− 0) = −p− αc

α

(
1−

(
λ

λ+ α

)−n−s
)
,

and for −n < x < −n+ 1

H ′
s(x) = H ′

s(−n+ 0).

Therefore for s negative integer, x < 0, H ′
s(x) is piece wise constant negative and

decreasing with discontinuity points at values x = −n, 0 ≤ n ≤ −s.
Assume next that [s] < s, note that [s] + 1 = −[−s]. We consider the intervals

(s, s+ 1), (s+ 1, s+ 2), · · · , (s+ [−s], 0).
An interval is of the form (s+ n− 1, s+ n) with n running from 1 to [−s] + 1. For
the last one the end s+ [−s] + 1 is replaced by 0. We have

s+ n− 1 < x < s+ n⇒ [x− s] = n− 1,

and

H ′
s(x) = H ′

s(s+ n− 1 + 0) = −p− αc

α

(
1−

(
λ

λ+ α

)n)
.

We obtain that for [s] < s, x < 0, H ′
s(x) is piece wise constant negative and

decreasing with discontinuity points at values s + n − 1 with n running from 1 to
[−s] + 1.

Consider now x ≥ 0, hence [x] ≥ 0. We have [x− s] ≥ [x]. We compute easily

H ′s(x+ 0) =
h+ αc

α

(
1−

(
λ

λ+ α

)[x]+1
)

(14.6.10)

−p− αc

α

(
λ

λ+ α

)[x]+1
(
1−

(
λ

λ+ α

)[x−s]−[x]
)
.

The situation is more complex for H′s(x− 0). We have 4 situations, depending on
whether x and x− s are integers or not. If [x− s] < x− s and [x] < x then

(14.6.11) H ′
s(x− 0) = H ′

s(x+ 0).
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If [x− s] < x− s and [x] = x which implies [x− s] = x+ [−s] then

H ′
s(x− 0) =

h+ αc

α

(
1−

(
λ

λ+ α

)x)
(14.6.12)

−p− αc

α

(
λ

λ+ α

)x
(
1−

(
λ

λ+ α

)[−s]+1
)
.

Comparing with (14.6.10) we observe a discontinuity

(14.6.13) H ′s(x+ 0)−H ′
s(x− 0) =

1

λ+ α

(
λ

λ+ α

)x

(h+ p).

If [x− s] = x− s then [x] = x− s+[s]. Note that in this case x = [x] only if s = [s].
If [s] < s we obtain

H ′
s(x− 0) =

h+ αc

α

(
1−

(
λ

λ+ α

)[x]+1
)

(14.6.14)

−p− αc

α

(
λ

λ+ α

)[x]+1
(
1−

(
λ

λ+ α

)[−s]
)
,

and if [s] = s we obtain

H ′
s(x− 0) =

h+ αc

α

(
1−

(
λ

λ+ α

)x)
(14.6.15)

−p− αc

α

(
λ

λ+ α

)x
(
1−

(
λ

λ+ α

)−s
)

We obtain again a discontinuity: When [x− s] = x− s and [s] < s

H ′
s(x+ 0)−H ′

s(x− 0) = −p− αc

λ+ α

(
λ

λ+ α

)[x]−[s]

.

When [x] = x and [s] = s we get

H ′
s(x+0)−H ′

s(x−0) =
1

λ+ α

(
λ

λ+ α

)x
[
h+ αc+ (p− αc)

(
1−

(
λ

λ+ α

)−s
)]

.

We begin with the case s = [s], where s is an integer. We have [x−s] = [x]−s. The
only possible discontinuities are the positive integers. So we consider the intervals

(0, 1), · · · (n− 1, n), · · · .
If n− 1 < x < n, we have

[x− s] = n− 1− s < x− s,

therefore

H ′
s(x) = H ′

s(n− 1 + 0)

=
h+ αc

α

(
1−

(
λ

λ+ α

)n)
− p− αc

α

(
λ

λ+ α

)n
(
1−

(
λ

λ+ α

)−s
)
.

So for x ≥ 0 and s a negative integer, the function H ′
s(x) is piecewise constant, has

discontinuity points at values x which are positive integers. The function H ′
s(x) is

increasing.
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Consider now x ≥ 0 with [s] < s. Consider n− 1 < x < n, then [x] = n− 1 and

H ′
s(n−1+0) =

h+ αc

α

(
1−

(
λ

λ+ α

)n)
−p− αc

α

(
λ

λ+ α

)n
(
1−

(
λ

λ+ α

)[−s]
)
,

H ′
s(n−1−0)=

h+αc

α

(
1−

(
λ

λ+α

)n−1
)
−p− αc

α

(
λ

λ+α

)n−1
(
1−

(
λ

λ+ α

)[−s]+1
)
.

Then for n− 1 < x < n+ [−s] + s we have

[x− s] = n− 1 + [−s], H ′
s(x) = H ′

s(n− 1 + 0),

and for n+ [−s] + s < x < n we have

[x− s] = n+ [−s], [x− s]− [x] = [−s] + 1

and

H ′
s(x) =

h+ αc

α

(
1−

(
λ

λ+ α

)n)
− p− αc

α

(
λ

λ+ α

)n
(
1−

(
λ

λ+ α

)[−s]+1
)

= H ′s(n− 0).

We have a discontinuity at n+ [−s] + s given by

H ′
s(n+ [−s] + s+ 0)−H ′

s(n+ [−s] + s− 0) = H ′
s(n− 0)−H ′

s(n− 1 + 0)

= −p− αc

α+ λ

(
λ

λ+ α

)n+[−s]

.

So for x ≥ 0, [s] < s H ′
s(x) has discontinuity points at x = n and x = n + [−s] +

s, n > 0. It is piecewise constant, but not increasing. It increases at n and decreases
at n+ [−s] + s. However

H ′
s(n+1+0)−H ′

s(n+0)=
1

λ+α

(
λ

λ+α

)n+1
[
h+αc+(p−αc)

(
1−

(
λ

λ+α

)[−s]
)]

The minimum S(s) must satisfy H ′
s(S + 0) ≥ 0. Therefore S is necessarily an

integer. If s is an integer, we deduce

H ′
s(x+ 0) ≥ 0, ∀x > S.

Hence
Hs(x) = inf

η>x
Hs(η), ∀x ≥ S.

Now for s ≤ x ≤ S we have
Hs(x) ≤ 0,

and
inf
η>x

Hs(η) = Hs(S) = −K
If s is not an integer, we can only deduce

H ′
s(n+ 1 + 0) ≥ H ′

s(n+ 0) ≥ 0, ∀n > S.

We may have some negative values of the derivative. This can occur at intervals
(n+ [−s] + s, n). However, we know that for x ≥ s

Hs(x) ≤ K +Hs(x+ ξ), ∀ξ ≥ 0
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14.6.7. OBTAINING S. The number S is characterized by the fact that it
is the first number strictly larger than s such that

H ′
s(S − 0) ≤ 0, H ′

s(S + 0) ≥ 0.

Since H ′
s(x) is piecewise constant it is the first integer n such that

H ′
s(n+ 0) =

1

α

[
(αc+ h)

(
1−

(
λ

α+ λ

)n+1
)

−(p− ρc)

(
λ

ρ+ λ

)n+1
(
1−

(
λ

ρ+ λ

)[−s]
)]

≥ 0,

and

H ′
s(n− 1 + 0) =

1

ρ

[
(ρc+ h)

(
1−

(
λ

ρ+ λ

)n)

−(p− ρc)

(
λ

ρ+ λ

)n
(
1−

(
λ

ρ+ λ

)[−s]
)]

< 0.

14.7. ERGODIC CASE FOR THE POISSON DEMAND

The objective now is to let α tend to 0. In this case

gs(x) = (f(x)− f(s))1Ix>s.

Next the function Hs(x) becomes

(14.7.1) Hs(x) =

[x−s]∑
j=0

gs(x− j)

λ
, ∀x ≥ s; Hs(x) = 0, ∀x ≤ s

The number S(s) is obtained by computing the left and right derivatives

H ′
s(x+ 0) =

[x−s]∑
j=0

g′s(x− j + 0)

λ

H ′
s(x− 0) =

{∑[x−s]
j=0

g′s(x−j−0)
λ , if [x− s] < x− s∑[x−s]−1

j=0
g′s(x−j−0)

λ , if [x− s] = x− s

and we write
H ′

s(S + 0) ≥ 0; H ′
s(S − 0) ≤ 0

Lemma 14.1. Assume −s to be integer and

−ps

h
not integer,

then
S(s) =

[
−ps

h

]
.

Proof. Note that
[S − s] = [S]− s.

Recalling that

g′s(x+ 0) =

{
h, if x ≥ 0

−p, if x < 0
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and

g′s(x− 0) =

{
h, if x > 0

−p, if x ≤ 0

The first condition implies
[S] + 1 ≥ −ps

h
.

The equality is not possible, because of the assumption hence

[S] + 1 > −ps

h
.

For the second condition we have to consider the case S − s integer or not integer.
If it is not an integer then S cannot be integer, but then H ′

s(S−0) = H ′
s(S+0) = 0

which is not possible. If S is integer then the second condition amounts to

hS + ps ≤ 0,

hence the result. �

We can then compute Hs(S) by the formula

Hs(S) =
1

λ

[
−ps

2

2
+ p

s

2
+ S

(
ps+ h

S + 1

2

)]
.

To define the optimum s we must write the equation

Kλ = p
s2

2
− p

s

2
− S

(
ps+ h

S + 1

2

)
.

If we approximate S by −p s
h we deduce easily that s is defined by

(14.7.2) s = −
√

2hKλ

p(h+ p)
,

and the quantity ordered S − s is given by

(14.7.3) S − s =

√
2Kλ(p+ h)

ph
.

We see that as p→∞ we obtain exactly the EOQ formulas.
LITTLE’S LAW:

Since we have Backlog and waiting time, a natural question is whether Little’s
Law applies to this model. Waiting starts between the moment the stock is zero
till the time it becomes s < 0. If τ denotes this random time we have

τ = inf{t|D(t) = −s}.
To simplify we assume s integer. Then

D(τ) = −s.
Since on 0, τ we have

x(t) = −D(t),

the average backlog is
1

τ

ˆ τ

0

D(t)dt,
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and the average waiting time is

E
1

τ

ˆ τ

0

(τ − t)dt =
1

2
Eτ.

Little’s Law is the following relation

E
1

τ

ˆ τ

0

D(t)dt = λ
1

2
Eτ.

The left hand-side can be written as

E

ˆ 1

0

D(ρτ)dρ.

The result follows from the following property:

Exercise 14.10. Check the formula

ED(τ) = λEτ,

for any stopping time with respect to the filtration F t generated by the process
D(t).

The proof of the property goes as follows. Suppose

τ = νh,

where ν is a random integer and h is a deterministic real number. Then

D(νh) =
∑
j≥0

(D((j + 1)h)−D(jh))1Ijh<νh.

Noting that
1Ijh<νh is F jh measurable,

and D((j + 1)h)−D(jh) is independent from Fjh, we deduce easily

ED(νh) =
∑
j≥0

hE1Ij<ν = λhEν.

So the result is true for stopping times of the form νh. Now writing

ED
([ τ

h

]
h
)
≤ ED(τ) ≤ ED

([ τ
h

]
h+ h

)
,

it follows
λE

([ τ
h

])
h ≤ ED(τ) ≤ λE

([ τ
h

]
+ 1

)
h,

and the result follows.

14.8. POISSON DEMAND WITH LEAD TIME

14.8.1. DESCRIPTION OF THE MODEL. We introduce a determinis-
tic lead-time L and we assume that we do not order while waiting for a delivery.
This can be justified by logistics and security reasons. Therefore the model is
transformed as follows:

yx(t;V ) = x−D(t) +M(t− L;V ),

with
M(t;V ) =

∑
{n|θn<t}

vn,
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and the impulse times θn verify

θn+1 > θn + L.

The cost function is given by

Jx(V ) = E

[ ∞∑
n=0

(K + cvn) exp−αθn +

ˆ ∞
0

f(yx(t;V )) exp−αtdt
]
.

At time 0 we assume that there is no delivery in the pipe line.

14.8.2. INEQUALITIES FOR THE VALUE FUNCTION. The value
function

u(x) = inf
V

Jx(V ),

satisfies the following set of inequalities and complementarity slackness conditions
(Variational Inequality)

u(x) ≤ K + E

ˆ L

0

f(x−D(t)) exp−ρtdt(14.8.1)

+ inf
v≥0

[cv + Eu(x+ v −D(L)) exp−αL] = M(u)(x),

and

(14.8.2) − λ(u(x− 1)− u(x)) + αu(x) ≤ f(x).

The complementarity slackness condition expresses

(14.8.3) [((α+ λ)u(x)− λu(x− 1))− f(x)][u(x)−M(u)(x)] = 0

14.8.3. OPTIMAL s, S POLICY. The concept of s, S policy extends easily.
It is convenient to introduce the function

g(x) = f(x) + αcx+ λE

ˆ L

0

(f(x− 1−D(t))− f(x−D(t))) exp−αtdt

−αE
ˆ L

0

f(x−D(t)) exp−αtdt

and we set
gs(x) = (g(x)− g(s))1Ix>s.

We solve as before, for a given s

(14.8.4) (α+ λ)Hs(x)− λHs(x− 1) = gs(x), ∀x ≥ s; Hs(x) = 0, ∀x ≤ s

We define next the value function corresponding to s

us(x) = Hs(x)− cx+ E

ˆ L

0

f(x−D(t)) exp−αtdt+ C(s),

where C(s) depends only on s. We want

(α+ λ)us(x)− λus(x− 1) = f(x), ∀x ≥ s.

We check easily that the constant C(s) must satisfy

αC(s) = g(s) + λc.

On the other hand

C(s) = K + inf
η≥s

[cη + Eus(η −D(L)) exp−αL].
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We finally derive the equation to obtain the value of s
(g(s) + λc)(1− exp−αL)

α
= K + cλL exp−αL(14.8.5)

+

{
inf
η≥s

cη(1− exp−αL) + exp−αL E[Hs(η −D(L))

+

ˆ L

0

f(η −D(t+ L)) exp−αt dt]
}

There is a useful transformation of the preceding relations, by making use of an
important identity, namely

exp−αL Ef(x−D(L))− f(x) + (α+ λ)

ˆ L

0

f(x−D(t)) exp(14.8.6)

−αtdt− λ

ˆ L

0

f(x− 1−D(t)) exp−αtdt = 0, ∀x

Exercise 14.11. Show identity (14.8.6). Check that it reduces to the identity

−x+ + exp−αL E(x−D(L))+ + (α+ λ)E

ˆ L

0

(x−D(t))+ exp−αtdt

−λE
ˆ L

0

(x− 1−D(t))+ exp−αtdt = 0.

The easiest way is to show that the derivative in x of this expression vanishes. Since
it is 0 for x ≤ 0, it vanishes for all x.

With this expression we can assert that

(14.8.7) g(x) = αcx+ exp−αL Ef(x−D(L)),

so we get the

Lemma 14.2. The function g(x) is convex and continuous.

Proof. It follows immediately from the convexity of f . �

The function g is not continuously differentiable, and piece-wise linear.

Lemma 14.3. Assume
αc− p exp−αL < 0,

then the function g(x) satisfies

g(x)→ +∞, as |x| → +∞.

It has a unique minimum denoted n̂ which is a positive integer.

Proof. Note that

g′(x) = αc− p exp−αL, if x < 0,

and the assumption implies that g(x) decreases for x < 0. Moreover it guaranties
that

g(x)→ +∞, as x→ −∞.

The same property holds trivially when x → +∞. Since the function is piece-
wise linear with discontinuities at positive integers, the minimum is integer. It is a
positive number, since the function decreases for x < 0. �
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Writing explicitly

g(x) = (αc− p exp−αL)x+λLp exp−αL+(h+ p) exp−(α+λ)L

[x]∑
j=0

(x− j)
(λL)j

j!
.

We deduce

g′(n+ 0) = αc− p exp−αL+ (h+ p) exp−(α+ λ)L
n∑

j=0

(λL)j

j!
.

This is strictly increasing in n. Hence the minimum is unique.
We next transform the equation of which s is a solution, namely equation

(14.8.5). We use a new identity

E

ˆ L

0

g(x−D(t)) exp−αtdt = cx(1− exp−αL) + λcL exp−αL(14.8.8)

−λc1− exp−αL
α

+ exp−αLE
ˆ L

0

f(x−D(t+ L)) exp−αtdt

With this identity we can write equation (14.8.5) as
(14.8.9)

0 = K + inf
η≥s

E

[
exp−αLHs(η −D(L)) +

ˆ L

0

(g(η −D(t))− g(s)) exp−αtdt
]

Define

ψs(x) = E

[
exp−αLHs(x−D(L)) +

ˆ L

0

(g(x−D(t))− g(s)) exp−αtdt
]
,

then we get the equation
0 = K + inf

η≥s
ψs(η).

We can prove a new expression for ψs(x). We have the

Lemma 14.4.

ψs(x) = Hs(x) + exp−(α+ λ)L

∞∑
j=[(x−s)+]+1

(g(x− j)− g(s))λj

(α+ λ)j+1
(14.8.10)

∞∑
k=j+1

((α+ λ)L)k

k!
.

Proof. We use the formulasˆ L

0

(g(x−D(t))− g(s)) exp−αtdt

= exp−(α+ λ)L

∞∑
j=0

(g(x− j)− g(s))λj

(α+ λ)j+1

∞∑
k=j+1

((α+ λ)L)k

k!
,

and for x ≥ s

exp−αL EHs(x−D(L))

= exp−(α+ λ)L

[x−s]∑
j=0

(g(x− j)− g(s))λj

(α+ λ)j+1

j∑
k=0

((α+ λ)L)k

k!
.
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To obtain the first one, one needs to compute the integral

Aj =

ˆ L

0

(λt)j

j!
exp−(α+ λ)tdt.

One can check, by an induction argument, that

Aj =
λj exp−(α+ λ)L

(α+ λ)j+1

∞∑
k=j+1

((α+ λ)L)k

k!
.

The result is obtained by using the definition of Hs(x).
Collecting results we can write, for x ≥ s

ψs(x) =

[x−s]∑
j=0

(g(x− j)− g(s))λj

(α+ λ)j+1
(14.8.11)

+exp−(α+ λ)L

∞∑
j=[x−s]+1

(g(x− j)− g(s))λj

(α+ λ)j+1

∞∑
k=j+1

((α+ λ)L)k

k!
,

and for x ≤ s

(14.8.12) ψs(x) = exp−(α+ λ)L

∞∑
j=0

(g(x− j)− g(s))λj

(α+ λ)j+1

∞∑
k=j+1

((α+ λ)L)k

k!

�

14.8.4. EXISTENCE OF S(s). Consider s fixed. We shall show that ψs(x)
is bounded below and tends to +∞ as x→ +∞. From formula (14.8.11) recalling
the definition of n̂ we have

ψs(x) ≥ g(n̂)− g(s)

α
.

Also

ψs(x) ≥ g(x)− g(s)

α+ λ
+

λ

α

g(n̂)− g(s)

α+ λ
.

So the minimum of ψs(x) is attained and we define S(s) as the smallest minimum.

14.8.5. EXISTENCE OF s. It remains to solve equation (14.8.9).

Theorem 14.3. There exists a s solution of (14.8.9) such that s < n̂. It is unique
in the interval (−∞, n̂].

Proof. Define
z(s) = inf

η≥s
ψs(η).

Equation (14.8.9) means
z(s) +K = 0.

Note that
z(n̂) ≥ 0,

which follows immediately from the definition of ψs(η). We are going to show that
z(s) is increasing for s < n̂. Take

s′ < s < η.
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We have the formula

ψs′(η)− ψs(η) =

[η−s]∑
j=0

(g(s)− g(s′))λj

(α+ λ)j+1
+

[η−s′]∑
j=[η−s]+1

(g(η − j)− g(s′))λj

(α+ λ)j+1

− exp−(α+ λ)L

[η−s′]∑
j=[η−s]+1

(g(η − j)− g(s))λj

(α+ λ)j+1

∞∑
k=j+1

((α+ λ)L)k

k!

+ exp−(α+ λ)L

∞∑
j=[η−s′]+1

(g(s)− g(s′))λj

(α+ λ)j+1

∞∑
k=j+1

((α+ λ)L)k

k!
.

Hence
g(s)− g(s′) < 0

Furthermore for [η − s] + 1 ≤ j ≤ [η − s′] we have

s ≥ η − j ≥ s′

Collecting results we can assert that

s′ < s < n̂, s′ < s < η → ψs′(η) < ψs(η)

Therefore for s′ < s < n̂ we can assert that

z(s′) ≤ inf
η≥s

ψs′(η) ≤ inf
η≥s

ψs(y) = z(s).

We next check that
z(s)→ −∞ as s→ −∞.

It is sufficient to show that

ψs(x)→ −∞ as s→ −∞, ∀x fixed.

Recalling that for x < 0, s < 0

g(x)− g(s) = (αc− p exp−αL)(x− s),

we may derive easily the inequality

exp−(α+ λ)L
∞∑

j=[x−s]+1

(g(x− j)− g(s))λj

(α+ λ)j+1

∞∑
k=j+1

((α+ λ)L)k

k!

≤ (p exp−αL− αc)
+∞∑

j=[x−s]+1

jλj

(α+ λ)j+1
→ 0 as s→ −∞

Consider next
[x−s]∑
j=0

(g(x− j)− g(s))λj

(α+ λ)j+1

=

[x−n̂]∑
j=0

(g(x− j)− g(s))λj

(α+ λ)j+1
+

[x−s]∑
j=[x−n̂]+1

(g(x− j)− g(s))λj

(α+ λ)j+1

The second term is positive. We use the fact that for s < 0

g(x)− g(s) = (αc− p exp−αL)(x− s) + (h+ p) exp−αL E(x−D(L))+,

and for x > s

g(x)− g(s) ≤ (h+ p) exp−αL E(x−D(L))+ ≤ (h+ p) exp−αL x+
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Therefore
[x−s]∑

j=[x−n̂]+1

(g(x− j)− g(s))λj

(α+ λ)j+1
≤ (h+ p) exp−αL x+

α
.

So we can assert

lim sup
s→−∞

ψs(x) ≤
[x−n̂]∑
j=0

(g(x− j)− g(s))λj

(α+ λ)j+1
+

(h+ p) exp−αL x+

α
.

The first sum is composed of terms, each of them tends to −∞ as s → −∞. This
concludes the proof of Theorem 14.3. �

14.8.6. OPTIMALITY OF THE s, S POLICY. We have to check the
set of inequalities and complementarity slackness conditions. The complementarity
slackness property is clearly satisfied. When x < s we have

us(x) = −cx+ E

ˆ L

0

f(x−D(t)) exp−αtdt+ g(s) + λc

α
,

and we must check that

(α+ λ)us(x)− λus(x− 1) ≤ f(x).

Using the value of us(x) this amounts to g(x) ≥ g(s) which is obviously satisfied
since s ≤ n̂.

The difficult part is for x ≥ s where we must satisfy the inequality (14.8.1).
Replacing with Hs(x) this amounts to

Hs(x) + (g(s) + λc)
1− exp−αL

α
≤ K + cλL exp−αL+ inf

η≥x

{
cη(1− exp−αL)

+ exp−αL E

[
Hs(η −D(L)) +

ˆ L

0

f(η −D(t+ L)) exp−αtdt
]}

,

which is interpreted as

(14.8.13) Hs(x) ≤ K + inf
η≥x

ψs(η).

Since the right hand side is positive, this has to be checked only when x > x0 first
value for which Hs(x) is positive or equal to 0.

Recalling the formula

H ′s(x+ 0) =

[x−s]∑
j=0

g′(x− j + 0)λj

(α+ λ)j+1
,

we note that x0 ≥ n̂.
We can also write for x integer the formula(

α+ λ

λ

)x

H ′
s(x+ 0) =

x∑
k=−[−s]

g′(k + 0)

α+ λ

(
α+ λ

λ

)k

.

Consider then x ≥ x0, integer. We may assume H ′
s(x0 +0) ≥ 0, which corresponds

to assuming Hs(x) > 0 slightly after x0, otherwise the property we want to prove
is valid beyond x0.
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Therefore
x0∑

k=−[−s]

g′(k + 0)

α+ λ

(
α+ λ

λ

)k

≥ 0.

Since for k ≥ n̂, g′(k + 0) ≥ 0, we deduce
x∑

k=−[−s]

g′(k + 0)

α+ λ

(
α+ λ

λ

)k

≥ 0, ∀x ≥ x0.

It follows that H ′
s(x+ 0) ≥ 0, ∀x ≥ x0. Therefore

Hs(x) ≤ Hs(y), ∀y ≥ x ≥ x0.

Noting that Hs(y) ≤ ψs(y), ∀y ≥ s, we deduce trivially

Hs(x) ≤ K + ψs(y), ∀y ≥ x ≥ x0,

and the proof has been completed.

14.9. ERGODIC APPROACH FOR POISSON DEMAND WITH
LEAD TIME

14.9.1. STUDY OF THE FUNCTION ψs(x). We consider now the case
α = 0. We first get

g(x) = Ef(x−D(L)),

so

g(x) =

⎧⎪⎨⎪⎩
−px+ λpL, if x ≤ 0

−p∑∞
k=[x]+1(x− k) (λL)k

k! exp−λL
+h

∑[x]
k=0(x− k) (λL)k

k! exp−λL,
if x ≥ 0

We next compute the function ψs(x). We have for x ≥ s

ψs(x) =
1

λ

⎧⎨⎩
[x−s]∑
j=0

(g(x−j)−g(s))+exp−λL
∞∑

j=[x−s]+1

(g(x−j)−g(s))
∞∑

k=j+1

(Lλ)k

k!

⎫⎬⎭ ,

and for x ≤ s

ψs(x) =
1

λ

∞∑
j=0

(g(x− j)− g(s))

∞∑
k=j+1

(Lλ)k

k!
.

In the sequel, to simplify a little we assume s integer. We can give explicit formulas
for ψs(x), depending on the sign of s. The computation is tedious but not difficult.
It is sufficient to consider x ≥ s.

Assume s ≤ x ≤ 0 integer we have

ψs(x) = pL(s− x) +
1

2
λL2p− p

λ
exp−λL

[x]−s∑
j=0

(λL)j

j!
(14.9.1)

·
[(

x− 1

2
[x]− 1

2
j

)
([x]− j + 1)− s(x− j) +

s2

2
− s

2

]
.

We use the fact that
g(x)− g(s) = p(s− x),

for s < x < 0.
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The next case is s < 0 < x. Noting that, in that case,

g(x)− g(s) = p(s− x) + (h+ p)E(x−D(L))+,

it is easy to check that the formula giving ψs(x) is the formula (14.9.1) with an
additional term

h+ p

λ

[x]∑
j=0

E(x− j −D(L))+.

This term is equal to

h+ p

λ
exp−λL

[x]∑
j=0

(λL)j

j!

(
x− 1

2
[x]− 1

2
j

)
([x]− j + 1).

Collecting results we obtain, for s < 0 < x

ψs(x) = −pL(x− s) +
1

2
λL2p+(14.9.2)

+
h

λ
exp−λL

[x]∑
j=0

(λL)j

j!

(
x− 1

2
[x]− 1

2
j

)
([x]− j + 1)

− p

λ
exp−λL

[x]−s∑
j=[x]+1

(λL)j

j!

(
x− 1

2
[x]− 1

2
j

)
([x]− j + 1)

+
p

λ
exp−λL

[x]−s∑
j=0

(λL)j

j!

(
(x− j)s+

s

2
− s2

2

)
.

Consider now the case 0 < s. We recall that

g(x)− g(s) = p(s− x) + (h+ p)E[(x−D(L))+ − (s−D(L))+].

Again we have to add to the expression (14.9.1) an additional term given by

h+ p

λ

⎡⎣[x]−s∑
j=0

E[(x− j −D(L))+ − (s−D(L))+]

+ exp−λL
∞∑

j=[x]−s+1

E[(x− j −D(L))+ − (s−D(L))+]
∑

k=j+1

(Lλ)k

k!

⎤⎦
We can express the additional term multiplying h+p

λ as follows

exp−λL
[x]−s∑
j=0

s−1∑
k=0

(x− j − s)
(λL)k

k!
+ exp−λL

[x]−s∑
j=0

[x]−j∑
k=s

(x− j − k)
(λL)k

k!

+exp−2λL
[

[x]∑
j=[x]−s+1

⎛⎝[x]−j∑
m=0

(x−j−s)
(λL)m

m!
−

s∑
m=[x]−j+1

(s−m)
(λL)m

m!

⎞⎠
·

∞∑
k=j+1

(λL)k

k!

]
− exp−2λL

∞∑
j=[x]+1

s∑
m=0

(s−m)
(λL)m

m!

∞∑
k=j+1

(λL)k

k!
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After transformation we obtain

exp−λL
s−1∑
k=0

(λL)k

k!
([x]− s+ 1)

(
x− [x]

2
− s

2

)

+exp−λL
[x]∑
k=s

(λL)k

k!
([x]− k + 1)

(
x− [x]

2
− k

2

)

+exp−2λL
[x]∑

j=[x]−s+1

[x]−j∑
m=0

∞∑
k=j+1

(x− j − s)
(λL)m

m!

(λL)k

k!

− exp−2λL
[x]∑

j=[x]−s+1

s∑
m=[x]−j+1

(s−m)
(λL)m

m!

∞∑
k=j+1

(λL)k

k!

−
∞∑

j=[x]+1

s∑
m=0

(s−m)
(λL)m

m!

∞∑
k=j+1

(λL)k

k!
.

14.9.2. LOCAL MINIMUM. We next compute the derivative ψ′s(x + 0).
We first have for s < x < 0

(14.9.3) ψ′s(x+ 0) = −pL− p

λ
exp−λL

[x]−s∑
j=0

([x]− j + 1− s)
(λL)j

j!
.

We next consider the case s < 0 < x. We have

ψ′s(x+ 0) = −pL− p

λ
exp−λL

[x]−s∑
j=[x]+1

([x]− j + 1− s)
(λL)j

j!
(14.9.4)

+
exp−λL

λ

[x]∑
j=0

(λL)j

j!
(h([x]− j + 1) + ps).

Finally for 0 < s < x we have

ψ′s(x+ 0) = −pL− p

λ
exp−λL

[x]−s∑
j=0

([x]− j + 1− s)
(λL)j

j!
(14.9.5)

+
h+ p

λ
exp−λL

[
s−1∑
j=0

(λL)j

j!
([x]− s+ 1) +

[x]∑
j=s

(λL)j

j!
([x]− j + 1)

· exp−λL
[x]+s∑

j=[x]+1

∞∑
l=j−s+1

(λL)l

l!

j∑
k=[x]+1

Cj−k
l

]
.

We can check for s < 0 < x the formula

ψ′s(x+ 1 + 0)− ψ′s(x+ 0) = exp−λL
⎡⎣h
λ

[x]+1∑
j=0

(λL)j

j!
− p

λ

[x]+1−s∑
j=[x]+2

(λL)j

j!

⎤⎦ .
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Define for n ≥ 0 integer

ξ(n) = exp−λL
⎡⎣h
λ

n+1∑
j=0

(λL)j

j!
− p

λ

n+1−s∑
j=n+2

(λL)j

j!

⎤⎦ .

We have

ξ(n+ 1)− ξ(n) =
(λL)n+2

(n+ 2)!

exp−λL
λ

[
h+ p− p

(λL)−s

(n+ 3) · · · (n+ 2− s)

]
.

Define n0 = n0(s) to be the first positive integer such that

(n+ 3) · · · (n+ 2− s) ≥ p(Lλ)−s

h+ p

Lemma 14.5. For s ≤ 0, there exists one and only one value S which is a local
minimum. i.e. such that

ψ′s(S + 0) ≥ 0, ψ′s(S − 1 + 0) < 0.

The minimum S is the unique value satisfying this condition

Proof. n0 is the minimum of ξ(n). We first check that

(14.9.6) ξ(0) ≥ 0⇒ ξ(n) ≥ 0, ∀n.
Hence

ψ′s(n+ 0) is increasing.

If ψ′s(0+) ≥ 0, then ψ′s(n+0) ≥ 0, ∀n. Therefore S = 0. If ψ′s(0+) < 0, noting that
ψ′s(n + 0) > 0, for n sufficiently large, there exists one and only one S satisfying
the property of local minimum.

Let us prove the property (14.9.6). Note that

ξ(0) ≥ 0⇒ h(1 + λL) ≥ p
1−s∑
j=2

(λL)j

j!
.

Therefore

ξ(n) ≥ p exp−λL
λ(1 + λL)

⎡⎣1−s∑
j=2

(λL)j

j!

n+1∑
j=0

(λL)j

j!
−

n+1−s∑
j=n+2

(λL)j

j!
(1 + λL)

⎤⎦ .

Let us set

bj =
(λL)j

j!
, ν = 1− s ≥ 1.

The positivity of ξ(n) will be a consequence of the inequality
ν∑

j=0

bj

n+1∑
k=0

bk −
n+ν∑
j=0

bj

1∑
k=0

bk

To prove the inequality it is enough to prove that∑n+ν
j=0 bj∑n+1
j=0 bk

is decreasing in n.
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Comparing the terms in n and in n+ 1 this amounts to proving

bn+1+ν

n+1∑
k=0

bk ≤ bn+2

n+ν∑
j=0

bj ,

and it is sufficient to prove

bn+1+ν

n+1∑
k=0

bk ≤ bn+2

n+ν∑
j=ν−1

bj = bn+2

n+1∑
k=0

bν−1+k

It is thus sufficient to check that
bk

bn+2
≤ bν−1+k

bn+1+ν
, ∀k ≤ n+ 1.

This results in checking the property

(k + 1) · · · (n+ 2) ≤ (k + ν) · · · (n+ 1 + ν), ∀k ≤ n+ 1,

which is satisfied.
It remains to consider the case ξ(0) < 0, in which case ξ(n0) < 0.
Since ξ(n) > 0 for n sufficiently large, there exists S1 > n0 such that

ξ(S1) ≥ 0, ξ(S1 − 1) < 0.

Then
ξ(n) ≥ 0 ∀n ≥ S1; ξ(n) < 0 ∀0 ≤ n < S1.

Therefore S1 is uniquely defined.
Hence

ψ′s(n+ 1 + 0)− ψ′s(n+ 0) ≥ 0, ∀n ≥ S1,

ψ′s(n+ 1 + 0)− ψ′s(n+ 0) < 0, ∀0 ≤ n < S1.

Therefore S1 is the minimum of ψ′s(n + 0). If this minimum is positive, we can
conclude that S = 0. If not, it is easily checked that there exists a unique local
minimum S > S1 This completes the proof. �

We now turn to the case s > 0, in which case naturally S(s) ≥ s > 0. We first
compute the derivative

ψ′s(x+ 0) = Rs([x]) = −pL+
h

λ
exp−λL

[x]−s∑
j=0

(λL)j

j!
([x]− s− j + 1)

+
h+ p

λ
exp−λL

[
s−1∑
k=0

(λL)k

k!
([x]− s+ 1)

+

[x]∑
k=s

(λL)k

k!
([x]− k + 1)−

[x]−s∑
k=0

(λL)k

k!
([x]− k + 1− s)

+ exp−λL
[x]∑

j=[x]+1−s

[x]−j∑
m=0

∞∑
k=j+1

(λL)m

m!

(λL)k

k!

]
.
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The function Rs(n), n ≥ s is increasing in n. We can indeed check

Rs(n+ 1)−Rs(n) =
h

λ
exp−λL

n+1−s∑
j=0

(λL)j

j!

+
h+ p

λ
exp−λL

⎡⎣ n+1∑
j=n+2−s

(λL)j

j!
− exp−λL

s−1∑
m=0

n+2−m∑
j=n+2−s

(λL)j

j!

(λL)m

m!

⎤⎦ ,

and
Rs(n+ 1)−Rs(n) ≥ 0, ∀n ≥ s

We next consider Rs(s), s ≥ 0. We first check

Rs(s) = −pL+
h

λ
exp−λL+

h+ p

λ
exp−λL

[
−

∞∑
j=s+1

(λL)j

j!

+ exp−λL
s∑

j=1

s−j∑
m=0

∞∑
k=j+1

(λL)m

m!

(λL)k

k!

]
.

It is easy to check that Rs(s) is an increasing function. We can proceed to define
S(s) in a unique way. We shall need ŝ to be the first positive integer such that
Rs(s) ≥ 0. This number is uniquely defined.

Lemma 14.6. For s ≥ ŝ we have S(s) = s and for 0 ≤ s ≤ ŝ S(s) is the first
integer such that Rs(S) ≥ 0.

Proof. The proof is immediate from the monotonicity property of Rs(x). �
LITTLE’S LAW FOR THE LEAD TIME CASE:. We consider Little’s law for

positive lead time L. Suppose that at starting time the initial stock is x. Define
successively

θ = inf{t|x−D(t) ≤ 0};
τ = inf{t|x−D(t) ≤ s}.

Note that
D(τ)−D(θ) = −s, if τ �= θ, θ, τ �= 0.

At time τ an order is made of size S − s if τ > 0, and of size S − x if τ = 0. It is
delivered at time τ + L. So after delivery the inventory is S − D(τ + L) + D(τ).
Note that we assume s integer (positive or negative).

The possibility of backlog exists only when θ < τ + L. Otherwise there is no
backlog and no waiting time. If S − D(τ + L) + D(τ) > 0 then the backlog is
absorbed at time τ + L. If it is not positive, the population D(τ + L)−D(τ)− S
has to wait till the next delivery. Defining

τ1 = inf{t ≥ τ + L|S −D(t) +D(τ) ≤ s} − τ − L,

then this part of the population will be served at time τ + L+ τ1 + L, Note that

S −D(τ + L) +D(τ) < s⇒ τ1 = 0.

Moreover

S −D(τ + L) +D(τ) > s⇒ S −D(τ + L+ τ1) +D(τ) = s.

Exercise 14.12. Check the formula

λEτ1 = E(S − s−D(τ + L) +D(τ))+.
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A cycle is the interval min(θ, τ), τ + L. We consider the demands which arrive
during a cycle, the backlog they constitute till they are served and the corresponding
waiting time. If θ > τ +L there is no backlog and no waiting time. The population
which is served at time τ + L is

−s+min(S,D(τ + L)−D(τ)) if τ > 0,

and

−x+min(S,D(L)) if τ = 0.

If the inventory at τ + L is negative then all demands during the cycle cannot be
satisfied at time τ +L. The leftover will be served at time τ +L+ τ1 +L. Its level
is (S −D(τ + L) +D(τ))−. The average backlog can thus be expressed as

B =

ˆ 1

0

(D(θ + ρ(τ + L− θ)+ −D(θ))dρ+ (S −D(τ + L) +D(τ))−
L

τ + L− θ

+(S −D(τ + L) +D(τ))−τ11I{S−s−D(τ+L)+D(τ)>0}

Then the expected backlog is

EB =
λ

2
E(τ + L− θ)+ + LE

(S −D(τ + L) +D(τ))−

τ + L− θ

+E

[
τ11I{S−s−D(τ+L)+D(τ)>0}

(S −D(τ + L) +D(τ))−

τ + L− θ

]
.

We can consider now the waiting time. First we note that the whole population
has to wait during the cycle an average time 1

2 (τ + L− θ)+. In addition the carry
over has to wait an additional time L+ τ1, where τ1 can be 0. Weighting with the
population ratios we obtain an expected average waiting time

EWT =
1

2
E(τ + L− θ)+ + LE

(S −D(τ + L) +D(τ))−

D(τ + L)−D(θ)

+E

[
τ11I{S−s−D(τ+L)+D(τ)>0}

(S −D(τ + L) +D(τ))−

D(τ + L)−D(θ)

]
Little’s Law:

EB = λEWT,

is not verified. It is verified approximately if we neglect the probability of carry
over. Namely we assume that

Prob {D(τ + L)−D(τ) > S} ∼ 0,

which means
∞∑

j=S+1

(λL)j

j!
∼ 0.

Another approximation consists in replacing the total population D(τ +L)−D(θ)
by λ(τ + L − θ) in the coefficient of (S −D(τ + L) +D(τ))−. These two random
variables have the same expected value. With these approximations Little’s Law
remains valid. These approximations require a not too large lead time.
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14.10. POISSON DEMAND WITH LEAD TIME: USE OF
INVENTORY POSITION

14.10.1. FORMULATION OF THE PROBLEM. Considering the prob-
lem defined in the preceding section, we change slightly the notation, since the state
of the system will not be the inventory, but a new concept, called Inventory Posi-
tion. The impulse control will still be denoted by

M(t;V ) =
∑

{n|θn<t}
vn,

and this time there is no constraint on the stopping times θn The inventory will be
denoted by ỹx(t;V ). However, x does not represent the initial inventory, but the
initial inventory position.

With respect to the real inventory, the inventory position adds all the orders
which have not been yet delivered. So, the evolution of the inventory position
yx(t;V ) is described by

yx(t;V ) = x−D(t) +M(t;V ),

where x is its initial value, which will become a part of the inventory at time L.
Clearly we have the relation

ỹx(t+ L;V ) = yx(t;V )−D(t+ L) +D(t).

This relation defines the inventory at times larger than L. Before L the inventory
is not influenced by decisions taken in the lead time interval. If we do not have
a record of orders before 0, then the inventory before L is what it is at time 0
depleted by the demand. At any rate the corresponding cost is fixed and there is
no optimization possibility.

The cost corresponding to an impulse control V is given by

Jx(V ) = E

[ ∞∑
n=0

(K + cvn) exp−αθn +

ˆ ∞
L

f(ỹx(t;V )) exp−αtdt
]
.

In this writing we have not included the cost on the interval 0, L which is a constant.
This cost can be immediately written as

Jx(V ) = E

[ ∞∑
n=0

(K + cvn) exp−αθn

+exp−αL
ˆ ∞
0

f(yx(t;V )−D(t+ L) +D(t)) exp−αtdt
]

We note that D(t+L)−D(t) is independent of yx(t;V ). Therefore, we can introduce
the function

φ(x) = exp−αL Ef(x−D(L)),

and the cost is given by

Jx(V ) = E

[ ∞∑
n=0

(K + cvn) exp−αθn +

ˆ ∞
0

φ(yx(t;V )) exp−αtdt
]
.

We obtain for the inventory position the same problem as that for the inventory
without lead time but with an integral cost φ(x) instead of f(x). The corresponding
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function g(x) is the same as the one entering in the problem considered in the
previous section, see equation (14.8.7).

14.10.2. PROBLEM FOR THE VALUE FUNCTION. The value func-
tion

u(x) = inf
V

Jx(V ),

satisfies the set of inequalities and complementarity conditions

u(x) + cx ≤ K + infη≥x(cη + u(η));

(α+ λ)u(x)− λu(x− 1) ≤ φ(x);

[(α+ λ)u(x)− λu(x− 1)− φ(x)][u(x) + cx−K − infη≥x(cη + u(η))] = 0.

14.10.3. s, S POLICY. As we have done in the case without delays, we look
for a function us(x) such that

us(x) + cx = us(s) + cs, ∀x ≤ s

(α+ λ)us(x)− λus(x− 1) = φ(x), ∀x ≥ s

us(s) + cs = K + inf
η≥s

(cη + us(η)).

The last expression is an equation for s, once the function us(x) is uniquely deter-
mined. To define us(x) for any s, we need the value of us(s) This number is given
by

us(s) =
φ(s) + λc

α
.

This motivates the introduction of the function Hs(x) solution of

Hs(x) = 0, ∀x ≤ s

(α+ λ)Hs(x)− λHs(x− 1) = g(x)− g(s), ∀x ≥ s

0 = K + inf
η≥s

Hs(η),

and the function g(x) is defined by

g(x) = φ(x) + ρcx,

which is the function already introduced in the last section (14.8.7). We have the
relation

Hs(x) = us(x) + cx− cs− λc+ φ(s)

α
.

We recall the the formula for Hs(x)

(14.10.1) Hs(x) =

[x−s]∑
j=0

(g(x− j)− g(s))λj

(α+ λ)j+1
, ∀x ≥ s; Hs(x) = 0, ∀x ≤ s.

The theory developed in section 14.6 applies, with a minimum of g(x) which is n̂
which is a positive integer instead of 0.

Consider first S(s) which minimizes Hs(η), η ≥ s. We have

S(s) = s, if s ≥ n̂

Consider next the case s < n̂. As in section 14.6 we prove that Hs(x) reaches its
minimum on (s,∞). Picking the smallest minimum S(s) we define the function
S(s) for s < n̂. Necessarily

S(s) ≥ n̂.
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There remains to find s. It must satisfy the equation in s

min
η≥s

Hs(η) = −K.

Again the theory of section 14.6 proves the existence and uniqueness of the solution
s. We next can state the equivalent of Theorem 14.2

Theorem 14.4. We assume cα− p exp−αL < 0. Then, the s, S policy is optimal.

14.11. ERGODIC THEORY FOR LEAD TIME WITH INVENTORY
POSITION

14.11.1. FORMULATION OF THE PROBLEM. We consider now α =
0. The problem reduces to the following. First

g(x) = Ef(x−D(L)),

and φ(x) = g(x).
The function Hs(x) satisfies

Hs(x)−Hs(x− 1) =
g(x)− g(s)

λ
, ∀x ≥ s; Hs(x) = 0, ∀x ≤ s.

The pair s, S are defined by

Hs(S) = inf
η≥s

Hs(η) = −K.

We get

Hs(x) =
1

λ

[x−s]∑
j=0

(g(x− j)− g(s)).

The derivative to the right satisfies

H ′
s(x+ 0) =

1

λ

[x−s]∑
j=0

g′(x− j + 0).

The function Hs(x) being piece-wise linear the computation of Hs(x) reduces to
the case x integer with the formula

Hs(x) = Hs([x]) +H ′
s([x] + 0)(x− [x]).

So we can consider x integer. Then

Hs(x) =
1

λ

x+[−s]∑
j=0

(g(x− j)− g(s)) =
1

λ

x∑
k=−[−s]

(g(k)− g(s)),

and

H ′
s(x+ 0) =

1

λ

x∑
k=−[−s]

g′(k + 0).

To obtain s, S, S integer we proceed as follows: we write the conditions

H ′
s(S + 0) =

1

λ

S∑
k=−[−s]

g′(k + 0) ≥ 0;

H ′
s(S − 1 + 0) =

1

λ

S−1∑
k=−[−s]

g′(k + 0) < 0,
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and

Hs(S) =
1

λ

S∑
k=−[−s]

(g(k)− g(s)) = −K.

Next we use the identity

g(k + 1) = g(−[−s]) +
k∑

j=−[−s]

g′(j + 0).

The second relation writes

−Kλ = (g(−[−s])− g(s))(S + [−s] + 1) +
S−1∑

j=−[−s]

g′(j + 0)(S − j).

Using the first conditions we can write

(14.11.1)

S−1∑
j=−[−s]

g′(j + 0)j < Kλ+ (g(−[−s])− g(s))(S + [−s] + 1);

S∑
j=−[−s]

g′(j + 0)j ≥ Kλ+ (g(−[−s])− g(s))(S + [−s] + 1).

To which we add

(14.11.2)

S−1∑
j=−[−s]

g′(j + 0) < 0;

S∑
j=−[−s]

g′(j + 0) ≥ 0.

14.11.2. APPROXIMATION. If we approximate s by its integer value, we
get the following system

(14.11.3)

S−1∑
j=s

g′(j + 0)j < Kλ;

S∑
j=s

g′(j + 0)j ≥ Kλ.

(14.11.4)

S−1∑
j=s

g′(j + 0) < 0;

S∑
j=s

g′(j + 0) ≥ 0.

First we notice that if we neglect K, we get a base stock policy

s = S = n̂.

Next we approximate the conditions by the equations
S∑

j=s

g′(j + 0) = 0,
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and
S∑

j=s

jg′(j + 0) = Kλ.

We proceed with continuous approximation of these relations

(14.11.5)
g(s) = g(S)ˆ S

s

xg′(x+ 0)dx = Kλ

14.11.3. INTERPRETATION. We can recover the system (14.11.5) by
performing a direct reasoning on the cost function. We consider a pair s, S which
we assume integers. Applying an s, S policy the evolution of the stock is described
as follows. Set Q = S − s and define successively the sequence of stopping times

Tn+1 = Tn + τn, T0 = 0,

with
τn = inf{t > 0|D(Tn + t)−D(Tn) ≥ Q},

and set τ0 = τ .
The stopping times τn are independent random variables and identically dis-

tributed as the random variable τ . Consider the evolution of the stock starting
with S, denoted yS(t). We have

yS(t) = S −D(t) +D(Tn), Tn ≤ t < Tn+1,

and we can interpret Tn as

Tn+1 = inf{t ≥ Tn|yS(t− 0) ≤ s},
and

yS(Tn) = S, yS(Tn − 0) ≤ s.

Define

Cα(s,Q) = E

ˆ ∞
0

exp−αtφ(yS(t))dt.
We compute

Cα(s,Q) =

∞∑
n=0

E

ˆ Tn+1

Tn

exp−αtφ(S −D(t) +D(Tn))dt,

Cα(s,Q) =

∞∑
n=0

E exp−αTn

ˆ τn

0

exp−αtφ(S −D(Tn + t) +D(Tn))dt,

and by independence considerations

Cα(s,Q) =

∞∑
n=0

E(exp−ατ)nE
ˆ τ

0

exp−αtφ(S −D(t))dt.

Finally we obtain

(14.11.6) Cα(s,Q) =
E
´ τ
0
exp−αtφ(S −D(t))dt

1− E(exp−ατ)
Consider now the evolution of the stock starting at x, any value. We define first

τx = inf{t > 0|D(t) ≥ x− s}.
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We define next successively Tn,x as follows:

T0,x = τx; Tn+1,x = Tn,x + τn,x
τn,x = inf{t > 0|D(Tn,x + t)−D(Tn,x) ≥ Q} .

We define yx(t) by the relations

yx(t) = x−D(t), t < τx
yx(t) = S −D(t) + +D(Tn,x), Tn,x ≤ t < Tn+1,x

yx(Tn,x) = S; xx(Tn,x − 0) ≤ s

We consider

uα(x) = E

ˆ ∞
0

exp−αtφ(yx(t))dt.
In the above notation, we do not write explicitly s, S. On the other hand we note
explicitly α, since we will let α tend to 0. Note also that

uα(S) = Cα(s,Q) = Cα.

In the same way we have obtained the formula for Cα, we can check the following
formula

uα(x) = E

ˆ τx

0

exp−αtφ(x−D(t))dt+ CαE exp−ατx
From the preceding formula we notice that

x ≤ s⇒ τx = 0⇒ uα(x) = Cα.

A key point now is to obtain the probability distribution of τx. To simplify a little
we will assume x, s integers. We have

P (τx ≤ t) = P (D(t) ≥ x− s) = exp−λt
∞∑

j=x−s

(λt)j

j!
.

This probability distribution has a density given by

d

dt
P (τx ≤ t) = λ exp−λt (λt)x−s−1

(x− s− 1)!
.

This has sense whenever x− s ≥ 1 If x = s then
d

dt
P (τx ≤ t) = λ exp−λt,

and the density is 0 for x < s.
It is then possible to compute the function E exp−ατx. We leave as an exercise

to show that

E exp−ατx =

(
λ

α+ λ

)x−s

.

Next we can write

E

ˆ τx

0

exp−αtφ(x−D(t))dt = E

ˆ ∞
0

exp−αt1I{τx>t}φ(x−D(t))dt

E

ˆ τx

0

exp−αtφ(x−D(t))dt = E

ˆ ∞
0

exp−αρt1I{D(t)<x−s}φ(x−D(t))dt.

Introducing the notation
φ̃s(x) = φ(x)1Ix>s,
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we have

E

ˆ τx

0

exp−αtφ(x−D(t))dt = E

ˆ ∞
0

exp−ρtφ̃s(x−D(t))dt

Collecting results, we obtain the formula

uα(x) = E

ˆ ∞
0

exp−αtφ̃s(x−D(t))dt+ Cα

(
λ

α+ λ

)x−s

.

In ergodic theory, one is interested in the behavior of αuα(x) as α → 0, for any
fixed x. From the above formula, it is clear that

lim
α→0

αuα(x) = lim
α→0

αCα.

It is easy to check that

lim
α→0

αCα =
λHs(S)

Q
,

where

Hs(S) = E

ˆ ∞
0

φ̃s(S −D(t))dt.

It is easy to check the relation

Hs(S)−Hs(S − 1) =
φ̃s(S)

λ
=

φ(S)

λ
.

By induction, one checks the formula

Hs(S) =

Q−1∑
j=0

φ(S − j)

λ
.

Finally we have obtained

lim
α→0

αuα(x) = lim
α→0

αCα =

S∑
k=s+1

φ(k)

Q
.

Recalling that, from standard ergodic theory arguments

lim
α→0

αuα(x) = lim
T→∞

1

T

ˆ T

0

φ(yx(t))dt =

S∑
k=s+1

φ(k)

Q
.

The right hand side can be interpreted as Eφ(X) where X is a random variable
distributed uniformly on s+ 1, · · · , S.

We can now proceed with the optimization of the parameters s, S. We optimize
the ergodic cost

lim
α→0

αE

[
(K + cQ)

∞∑
0

exp−αTn +

ˆ ∞
0

exp−αtφ(yx(t))dt
]
.

From previous results, this amounts to

L(s,Q) =
λK

Q
+

Q∑
k=1

g(s+ k)

Q
,

recalling
g(x) = Ef(x−D(L)).
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To write necessary conditions we consider the continuous approximation which
writes

L(s,Q) =
λK

Q
+

1

Q

ˆ Q

0

g(s+ x)dx.

It is easy to recover the conditions (14.11.5).



CHAPTER 15

INVENTORY CONTROL WITH DIFFUSION
DEMAND

15.1. INTRODUCTION

We continue the study of Inventory Control in continuous time. We want to
consider a quite general demand process, combining deterministic rate and Poisson
jumps as in Chapter 14 plus a diffusion term. We follow the work of [9] and the
complement [4]. We will use the full power of Q.V.I (Quasi-Variational Inequali-
ties) to solve the Dynamic Programming problem associated to the impulse control
problem. We then check that the optimal feedback is obtained by an s, S policy.

15.2. PROBLEM FORMULATION

15.2.1. DEMAND PROCESS. The demand process is composed of three
parts: a deterministic part with constant rate ν. It was called λ in

Chapter 14, but λ will be used for the compound Poisson part. We consider a
probability space Ω,A, P on which are defined a Poisson process n(t) with intensity
rate λ, a Wiener process w(t) and a sequence of independent identically distributed
random variables ξ1, · · · , ξi, · · · All these random variables and stochastic processes
are mutually independent. The random variables ξi have a probability density μ
on R+. We define the compound Poisson process by

N(t) =
∑

i≤n(t)

ξi.

The demand on an interval (0, t) is then given by

D(t) = νt+N(t) + σw(t),

where σ is a positive coefficient. Let F t = σ(D(s), s ≤ t)
An impulse control is a sequence

θn, vn,

where θn is a stopping time with respect to the filtration F t and vn is a random
variable Fθn measurable. Denoting by V an impulse control, the corresponding
inventory is described by the formula

yx(t;V ) = x−D(t) +M(t;V ),

with
M(t) = M(t;V ) =

∑
{n|θn<t}

vn

287
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15.2.2. CONTROL PROBLEM. Let again

f(x) = hx+ + px−.

We define the cost functional

(15.2.1) Jx(V ) = E

[ ∞∑
n=0

(K + cvn) exp−αθn +

ˆ ∞
0

f(yx(t;V )) exp−αtdt
]
,

and the value function
u(x) = inf Jx(V )

To obtain the relations of Dynamic Programming we can assume sufficient smooth-
ness and write the optimality principle. If we do not order for a small amount of
time δ then we can write

u(x) ≤ δf(x) + (1− αδ)Eu(x−D(δ)),

and
Eu(x−D(δ)) = Eu(x− δν −N(δ)− σw(δ)).

Formally

N(δ) =

{
0, w.p. 1− λδ

∈ (ξ, ξ + dξ), w.p. λδμ(ξ)dξ

and w(δ) is Gaussian with mean 0 and variance δ. Therefore

Eu(x−D(δ)) � (1− λδ)Eu(x− νδ − σw(δ)) + λδ

ˆ ∞
0

u(x− ξ)μ(ξ)dξ

Expanding up to the first order in δ assuming second order smoothness of u we
obtain the inequality

Au(x) + αu(x) ≤ f(x),

in which A is the integro-differential operator

(15.2.2) Au(x) = −1

2
σ2u”(x) + νu′(x)− λ

ˆ ∞
0

(u(x− ξ)− u(x))μ(ξ)dξ.

In case we make an order of size v, then the inventory becomes instantaneously
x+ v and we we write the inequality

u(x) ≤ K + cv + u(x+ v), ∀v ≥ 0

so
u(x) ≤M(u)(x),

with

(15.2.3) M(u)(x) = K + inf
v>0

[cv + u(x+ v)]

and since one of the two decisions must be taken, we have the complementarity
slackness condition

(Au(x) + αu(x)− f(x))(u(x)−M(u)(x)) = 0.
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15.2.3. QUASI-VARIATIONAL INEQUALITY. We shall assume

∃π̄ > 0, such that
ˆ ∞
0

exp π̄ξ μ(ξ)dξ = +∞

(15.2.4)
ˆ ∞
0

expπξ μ(ξ)dξ < +∞, ∀π < π̄

We look for a function u(x) which is C1, a.e. twice differentiable with linear growth
such that

(15.2.5)
Au(x) + αu(x) ≤ f(x) a.e.

u(x) ≤M(u)(x)
(Au(x) + αu(x)− f(x))(u(x)−M(u)(x)) = 0 a.e.

We call this system of relations a Q.V.I. (Quasi-Variational Inequality)

15.3. s, S POLICY

15.3.1. NOTATION. Let us set

G(x) = u(x) + cx;

g(x) = f(x) + αcx,

then the Q.V.I is slightly modified into

AG(x) + αG(x) ≤ g(x) + cν + cλξ̄(15.3.1)
G(x) ≤ K + inf

η>x
G(η)

(15.3.2) (AG(x) + αG(x)− (g(x) + cν + cλξ̄))

(
G(x)−K − inf

η>x
G(η)

)
= 0,

in which ξ̄ denotes the mean of a random variable with probability μ

ξ̄ =

ˆ +∞

0

ξμ(ξ)dξ.

If s is a real number we define Gs(x) by solving the following problem

AGs(x) + αGs(x) = g(x) + cν + cλξ̄ x > s(15.3.3)
Gs(x) = K + inf

η>s
Gs(η) x ≤ s

Since we want the solution to be C1 we must impose the condition

(15.3.4) G′s(s) = 0

15.3.2. FUNCTION Hs(x). It is natural to look for the derivative

Hs(x) = G′s(x)

which is the solution of

AHs(x) + αHs(x) = g′(x) x > s(15.3.5)
Hs(x) = 0 x ≤ s

Since g′(x) is bounded we look for bounded solutions

Proposition 15.1. We assume (15.2.4). Then, for any s there exists a unique
continuous bounded function solution (15.3.5). The solution is C2 on (s,+∞).



290 15. INVENTORY CONTROL WITH DIFFUSION DEMAND

Proof. Let us prove uniqueness. It means that a bounded solution of

AHs(x) + αHs(x) = 0 x > s

Hs(x) = 0 x ≤ s

is 0. This follows from Maximum principle considerations. We have

AHs(x)+αHs(x) = −1

2
σ2Hs”(x)+νH ′

s(x)+(λ+α)Hs(x)−λ
ˆ x−s

0

Hs(x−ξ)μ(ξ)dξ.

Suppose Hs(x) becomes strictly positive. Let us prove that it cannot have a local
maximum. If it has a local maximum x∗ > s then we may assume that it is the
smallest one. In such a point

H ′
s(x

∗) = 0, Hs”(x
∗) < 0,

and ˆ x∗−s

0

Hs(x
∗ − ξ)μ(ξ)dξ ≤ Hs(x

∗)
ˆ x∗−s

0

μ(ξ)dξ ≤ Hs(x
∗).

Therefore AHs(x
∗) > 0, which is a contradiction. Therefore H ′

s(x) > 0. Since
Hs(x) is bounded, we must have H ′

s(x)→ 0 as x→ +∞. Therefore there is a point
x∗ such that Hs”(x

∗) < 0. In such a point, necessarily AHs(x
∗) > 0, and we have

a contradiction again. Therefore Hs(x) ≤ 0 and a similar reasoning shows that it
cannot become strictly negative.

To prove existence, we shall construct an explicit solution. However, we need
preliminaries. Let us denote

μ̂(π) =

ˆ +∞

0

expπξ μ(ξ)dξ, π < π̄

We consider the function

χ(π) = −σ2

2
π2 − νπ + λ+ α− λμ̂(π),

for π ≤ π̄. We first note that

χ(π̄) = χ(−∞) = −∞;

χ′(π) = −σ2π − ν − λ

ˆ +∞

0

ξ expπξ μ(ξ)dξ;

χ”(π) = −σ2 − λ

ˆ +∞

0

ξ2 expπξ μ(ξ)dξ < 0;

χ′(π̄) = −∞, χ′(−∞) = +∞, χ′(0) < 0.

Therefore χ′(π) is strictly decreasing from +∞ to -∞. There exists a unique π0 < 0
such that χ′(π0) = 0. Hence π0 is the maximum of χ(π). Since χ(0) = α, we get
χ(π0) > 0. Therefore χ(π) has only two zeros β1 and β2 with

β2 < π0 < 0 < β1 < π̄.

Let also

χ0(π) = −σ2

2
π2 − νπ + λ+ α,

and let β0 be the positive root of χ0(π) = 0. Since χ(π) < χ0(π), we have χ(β0) < 0
and thus

β1 < β0 < π̄.
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To proceed we introduce the following problem:

− 1

2
σ2Γ”(x) + νΓ′(x) + (λ+ α)Γ(x)− λ

ˆ x

0

Γ(x− ξ)μ(ξ)dξ = 0, ∀x > 0

Γ(0) = 1, Γ(+∞) = 0(15.3.6)

We shall prove in Lemma 15.1 below that there exists one and only one solution of
(15.3.6) such that

(15.3.7) exp−β0x < Γ(x) < exp−β1x

We will also prove the property

(15.3.8) Γ′(0) =
2ν

σ2
+ β2.

We can now exhibit the solution of (15.3.5), namely

(15.3.9) Hs(x) =

ˆ x

s

Γ(x− ξ)Q(ξ)dξ,

with

(15.3.10) Q(x) =
2

σ2

ˆ +∞

x

expβ2(η − x) g′(η)dη.

From the estimate (15.3.7) we check that Hs(x) remains bounded and a direct
calculation shows that it is indeed a solution of equation (15.3.5). �

Let us state the

Lemma 15.1. There exists one and only one solution of equation (15.3.6) such
that (15.3.7) holds.

Proof. The uniqueness is proved by maximum principle considerations as for
Hs(x) in Proposition 15.1. To prove the existence, we first check that

Γ(x) = exp−β0x Γ(x) = exp−β1x,

satisfy

(15.3.11) − 1

2
σ2Γ”(x) + νΓ

′
(x) + (λ+ α)Γ(x)− λ

ˆ x

0

Γ(x− ξ)μ(ξ)dξ ≥ 0;

(15.3.12) − 1

2
σ2Γ”(x) + νΓ′(x) + (λ+ α)Γ(x)− λ

ˆ x

0

Γ(x− ξ)μ(ξ)dξ ≤ 0.

We then consider the sequence

−1

2
σ2Γn+1”(x) + νΓ′n+1(x) + (λ+ α)Γn+1(x) = λ

ˆ x

0

Γn(x− ξ)μ(ξ)dξ;

Γ0(x) = Γ(x),

with boundary conditions

Γn(0) = 1, Γn(+∞) = 0.

Suppose that
Γ(x) ≤ Γn(x) ≤ Γ(x),

then Γn+1(x) is easily obtained by solving a 2nd order differential equation, the
important property is to check that

Γn(x) ≤ Γn+1(x) ≤ Γ(x).
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Let us prove it for n = 0. This amounts to

Γ(x) ≤ Γ1(x) ≤ Γ(x),

which is easy to check, thanks to (15.3.11), (15.3.12) and the equation of Γ1(x).
Assuming the property holds at n, one checks immediately that it holds at n + 1.
Therefore the sequence Γn(x) is a monotone increasing sequence. The limit Γ(x) is
a solution of (15.3.6) and satisfies (15.3.7) par construction. Let us check (15.3.8).
We first check that Γ′(+∞) = 0. Indeed, we write equation (15.3.6) as

(15.3.13) − 1

2
σ2Γ”(x) + νΓ′(x) + (λ+ α)Γ(x) = θ(x),

with

θ(x) = λ

ˆ x

0

Γ(x− ξ)μ(ξ)dξ,

and we can state the estimate

0 ≤ θ(x) ≤ λμ̂(β1) exp−β1x.
Now we can obtain the solution of (15.3.13) as a second-order differential equation
with right hand-side. Noting

β̄0 = −β0 − 2ν

σ2
,

which is the negative root of χ0(π) = 0, we obtain easily

Γ(x) = C exp−β0x+
2

σ2(β0 − β̄0)[ˆ x

0

exp−β0(x− ξ)θ(ξ)dξ +

ˆ +∞

x

exp β̄0(ξ − x)θ(ξ)dξ

]
,

and

Γ′(x) = −β0C exp−β0x− 2

σ2(β0 − β̄0)

·
[
β0

ˆ x

0

exp−β0(x− ξ)θ(ξ)dξ + β̄0

ˆ +∞

x

exp β̄0(ξ − x)θ(ξ)dξ

]
.

But

0 ≤
ˆ x

0

exp−β0(x− ξ)θ(ξ)dξ ≤ λμ̂(β1)

β0 − β1
(exp−β1x− exp−β0x)

0 ≤
ˆ +∞

x

exp β̄0(ξ − x)θ(ξ)dξ ≤ λμ̂(β1)

β1 − β̄0

exp−β1x

which implies Γ′(+∞) = 0. We can then test equation (15.3.6) with expπx, with
π < 0. We set

Γ̂(π) =

ˆ +∞

0

expπx Γ(x)dx,

which is well defined.
Using boundary conditions, we compute easily

σ2

2
(Γ′(0)− π)− ν + Γ̂(π)χ(π) = 0,

and applying this relation with π = β2 we obtain the relation (15.3.8).
We must have Γ′(0) < 0. Let us check indeed this property.
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Let us prove the property

(15.3.14)
2ν

σ2
+ β2 < −β1

which will imply Γ′(0) < 0. This follows from noting first χ′(− ν

σ2
) < 0. Therefore

− ν

σ2
> π0 > β2 ⇒ −2 ν

σ2
− β2 > β2.

Next
χ
(
−2 ν

σ2
− β2

)
= λμ̂(β2)− λμ̂

(
−2 ν

σ2
− β2

)
< 0.

Combining results, the inequality (15.3.14) follows immediately. �

15.3.3. OBTAINING THE s, S POLICY. We find now s,Gs(x) solution
of (15.3.3), (15.3.4). We first construct for any s, Gs(x) solution of the first equation
(15.3.3) and of (15.3.4). For s fixed we simply define

Gs(x) = Gs(s) +

ˆ x

s

Hs(ξ)dξ, x > s(15.3.15)

= Gs(s), x ≤ s

We define in this way a C1 function, and (15.3.4) is clearly satisfied. Let us check
that the first equation (15.3.3) is satisfied for a convenient choice of Gs(s). The
function is also C2 for x > s. We reinterpret the first equation (15.3.3) using the
definition of Gs(x). We obtain, after rearrangements, for x > s

−σ2

2
H ′

s(x) + νHs(x) + αGs(s) + (λ+ α)

ˆ x

s

Hs(ξ)dξ

−λ
ˆ x−s

0

μ(ξ)

(ˆ x−ξ

s

Hs(η)dη

)
dξ = g(x) + cν + cλξ̄.

On the other hand, from (15.3.5), by integration between s and x, we get

−σ2

2
H ′

s(x) +
σ2

2
H ′

s(s) + νHs(x) + (λ+ α)

ˆ x

s

Hs(ξ)dξ −

λ

ˆ x−s

0

μ(ξ)

(ˆ x−ξ

s

Hs(η)dη

)
dξ = g(x)− g(s).

Noting that H ′
s(s) = Q(s) and comparing the two relations we obtain the value of

Gs(s), namely

(15.3.16) Gs(s) =
σ2

2 Q(s) + g(s) + cν + cλξ̄

α
.

To proceed we make the standard assumption

(15.3.17) p− αc > 0.

We can give an explicit formula for Q(x), namely

(15.3.18) Q(x) =
2

β2σ2
(p− αc− (h+ p) expβ2x

−),

therefore we have

Q′(x) =
2(h+ p)

σ2
exp−β2x 1Ix<0,
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hence Q(x) is an increasing function with

Q(−∞) =
2

β2σ2
(p− αc), Q(x) = − 2

β2σ2
(h+ αc), ∀x ≥ 0

Proposition 15.2. Assuming (15.3.17), the function Gs(x) defined by (15.3.15)
attains its infimum for x > s. Taking the smallest minimum, we define in a unique
way a function S(s) such that

(15.3.19) Gs(S(s)) = inf
η≥s

Gs(η).

Proof. Let x0 < 0 the unique point such that Q(x0) = 0. It is given explicitly
by

exp−β2x0 =
p− αc

h+ p
.

Then for s > x0 we have Hs(x) > 0. Therefore Gs(x) is increasing for x > s, and
the minimum is attained in s. So in this case, S(s) = s. We next assume that
s < x0. For s < x < x0 we have Hs(x) < 0 and thus Gs(x) decreases on (s, x0).
Considering x > 0 we can write

Hs(x) =

ˆ 0

s

Γ(x− ξ)Q(ξ)dξ = − 2

σ2β2
(h+ αc)

ˆ x

0

Γ(ξ)dξ.

Using the estimates on Γ(x) and the minimum value of Q(x) we can show easily
the inequality

Hs(x) ≥ 2

σ2β2
(p−αc)

1− expβ1s

β1
exp−β1x− 2

σ2β2
(h+αc)

1− exp−β0x
β0

, ∀x ≥ 0.

Therefore also
lim inf
x→+∞Hs(x) ≥ − 2

σ2β2β0
(h+ αc),

which implies also Gs(x)→ +∞ as x→ +∞. Collecting results we see that Gs(x)
attains its infimum for x > s. Taking the smallest infimum we define in a unique
way S(s). Necessarily S(s) > x0. �

Consider s < x0, S(s) minimizes Gs(x), hence

G′s(S(s)) = Hs(S(s)) = 0; G”s(S(s)) = H ′
s(S(s)) > 0.

Also
S′(s)H ′s(S(s)) +

∂Hs

∂s
(S(s)) = 0.

Since
∂Hs

∂s
(S(s)) = −Γ(S(s)− s)Q(s) > 0,

we obtain

(15.3.20) S′(s) < 0, if s < x0

S′(s) = 1, if s > x0
.

Let us check that

(15.3.21) S′(x0 − 0) = −1.
Indeed, since s < x0 < S(s) we can writeˆ x0

s

Γ(S(s)− ξ)Q(ξ)dξ +

ˆ S(s)

x0

Γ(S(s)− ξ)Q(ξ)dξ = 0.
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As s ↑ x0 we have S(s) ↓ x0. In the two integrals

Γ(S(s)− ξ) � 1, Q(ξ) � Q′(x0)(ξ − x0),

which implies
(s− x0)

2 � (S(s)− x0)
2,

and taking account of the signs we get

x0 − s � S(s)− x0,

hence
S(s)− x0

s− x0
→ −1,

which implies the result.
We can turn to the problem of finding s such that the second equation (15.3.3)

is satisfied. Since we look for a single number, we need one equation. We write

Gs(s) = K + inf
η>s

Gs(η),

which is equivalent of

(15.3.22) 0 = K +

ˆ S(s)

s

Hs(η)dη.

It is then natural to study the function

γ(s) =

ˆ S(s)

s

Hs(η)dη,

we have γ(s) = 0 for s ≥ x0 and for s < x0

γ′(s) =
ˆ S(s)

s

∂Hs

∂s
(η)dη = −Q(s)

ˆ S(s)

s

Γ(η − s)dη > 0.

Note also that γ(s) is C1. Remembering the estimate on Γ(x) we obtain the estimate

γ′(s) ≥ −Q(s)

β0
(1− exp−β0(S(s)− s)) ≥ −Q(s)

β0
(1− exp−β0(x0 − s)).

Let us take s < s1 < x0, since Q(s) increases we get easily

γ′(s) ≥ −Q(s1)

β0
(1− exp−β0(x0 − s1)) > 0.

This implies that γ(s)→ −∞ as s→ −∞. Therefore is strictly monotone increasing
from −∞ to 0, as s increases from −∞ to x0. It follows that there exists a unique
s < x0 such that γ(s) = −K. We can now state the

Theorem 15.1. We assume (15.2.4) (15.3.17). Then there exists a unique pair
s,Gs(x) such that Gs(x) ∈ C1 and (15.3.3), (15.3.4) are satisfied.

Proof. We have proved that the number s such that γ(s) = −K and the corre-
sponding function Gs(x) defined by (15.3.15), (15.3.16) satisfy the (15.3.3), (15.3.4).
It is unique since its derivative must coincide with Hs(x) which is uniquely defined
by (15.3.5), and the value Gs(s) is uniquely defined by (15.3.16). Furthermore, be-
cause of the second relation (15.3.3), the number s must satisfy γ(s) = −K, which
has a unique solution. �

Setting S(s) = S for the unique value s defined in Theorem 15.1, we obtain the
s, S policy.
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15.4. SOLVING THE Q.V.I

It remains to show that the s, S policy solves the problem. This amounts
to showing that the function Gs(x) defined by (15.3.3), (15.3.4) solves the Q.V.I.
(15.3.1), (15.3.2).

Theorem 15.2. Same assumptions as in Theorem 15.1. The function Gs(x) de-
fined by (15.3.3), (15.3.4) solves the Q.V.I. (15.3.1), (15.3.2).

Proof. We first note that

inf
η>x

Gs(η) = inf
η>s

Gs(η), ∀x ≤ s.

Indeed we note that for x < η < s we have

Gs(η) = Gs(s) > inf
η>s

Gs(η).

Therefore the function Gs(x) satisfies the complementarity slackness condition
(15.3.2). It remains to show that it satisfies the inequalities (15.3.1). This amounts
to

(15.4.1) AGs(x) + αGs(x) ≤ g(x) + cν + cλξ̄ x ≤ s;

(15.4.2) Gs(x) ≤ K + inf
η>x

Gs(η) x ≥ s.

We begin with (15.4.1). Since Gs(x) = Gs(s) for x ≤ s, the inequality (15.4.1)
amounts to

αGs(s) ≤ g(x) + cν + cλξ̄ x ≤ s,

and from the definition of Gs(s) we get

σ2

2
Q(s) + g(s) ≤ g(x) x ≤ s,

which is true since Q(s) ≤ 0 and g(s) ≤ g(x) x ≤ s ≤ 0.
We turn now to (15.4.2). Define

Bs(x) = Gs(x)− inf
η>x

Gs(η).

We want to show that

(15.4.3) Bs(x) ≤ K, ∀x ≥ s.

We begin with s ≤ x ≤ x0. The function Gs(x) decreases on (s, x0), therefore

Gs(x) ≤ Gs(s) = K + inf
η>s

Gs(η)

≤ K + inf
η>x

Gs(η),

and (15.4.3) is satisfied. We can then assume x > x0. Suppose there exists a point
x′ > x0 such that Bs(x

′) ≥ K. We can assume it is the first point such that this
occurs. Necessarily

Bs(x
′) = K, Bs(x) < K, ∀x, s < x < x′

Consider Gs(η), η > x′. Its infimum is attained, since Gs(x)→ +∞, as x→ +∞.
Taking the smallest minimum we define a unique point x3 such that

(15.4.4) Gs(x3) = inf
η≥x′

Gs(η).
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We can claim that x3 �= x′ since

Bs(x
′) = Gs(x

′)−Gs(x3) = K,

therefore x3 is a local minimum, which implies

(15.4.5) G′s(x3) = 0, G”s(x3) > 0

Define next x2 to be the smallest maximum of Gs(η), η ≤ x3

(15.4.6) Gs(x2) = sup
η≤x3

Gs(η)

The maximum is attained since

sup
η≤x3

Gs(η) = sup
s≤η≤x3

Gs(η),

and the function Gs(x) is continuous. Let us check that x2 ≥ x′. Indeed suppose
that x2 < x′. Then

inf
η≥x2

Gs(η) ≤ inf
η≥x′

Gs(η),

and
Gs(x2)− inf

η≥x2

Gs(η) ≥ Gs(x
′)− inf

η≥x′
Gs(η) = K

which contradicts the definition of x′. Moreover x2 �= x3 since

Gs(x2)−Gs(x3) ≥ Gs(x
′)−Gs(x3) = K.

Therefore x2 is also a local maximum and we have

(15.4.7) G′s(x2) = 0 G”s(x2) < 0.

So we have x′ ≤ x2 < x3. Let us prove the property

(15.4.8) Gs(x)−Gs(y) ≤ Gs(x2)−Gs(x3), ∀x ≤ y ≤ x3.

Indeed, if x < x′ then

Gs(x)−Gs(y) ≤ Gs(x)− inf
η≥x

Gs(η) < K ≤ Gs(x2)−Gs(x3),

and if x ≥ x′ then x′ ≤ x ≤ y ≤ x3 and

Gs(x)−Gs(y) ≤ Gs(x2)−Gs(x3),

from the definition of x2 and x3.
Finally, let us define x1 such that

(15.4.9) Gs(x1) = inf
η≤x′

Gs(η).

For the same reasons as in the definition of x2 the point x1 is well defined as the
smallest minimum. Moreover x1 �= x′. Indeed

Gs(x
′) = K + inf

η≥x′
Gs(η),

and recalling that x′ > x0 > s and Gs(x) decreases on (s, x0)

Gs(x
′) ≥ K + inf

η≥s
Gs(η) = Gs(s) > Gs(x0) ≥ inf

η≤x′
Gs(η) = Gs(x1),

consequently x1 is a local minimum and thus

(15.4.10) G′s(x1) = 0, G”s(x1) > 0.

Note the sequence

(15.4.11) s < x0 ≤ x1 < x′ ≤ x2 < x3.
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We can now proceed with a contradiction argument, to show that a point like x′

cannot exist. We recall that for x > s the function Gs(x) satisfies

(15.4.12) − 1

2
σ2Gs”(x)+ νG′s(x)+ (α+λ)Gs(x)−λ

ˆ ∞
0

Gs(x− ξ)μ(ξ)dξ = l(x),

with
l(x) = g(x) + cν + cλξ̄.

Recalling that x0 < 0, we examine two possibilities:
- If x2 < 0 then we write (15.4.12) at points x1 and x2. We have

−1

2
σ2Gs”(x1) + νG′s(x1) + (α+ λ)Gs(x1)− λ

ˆ ∞
0

Gs(x1 − ξ)μ(ξ)dξ = l(x1);

−1

2
σ2Gs”(x2) + νG′s(x2) + (α+ λ)Gs(x2)− λ

ˆ ∞
0

Gs(x2 − ξ)μ(ξ)dξ = l(x2),

and we use
G′s(x1) = G′s(x2) = 0;

Gs”(x1) > 0, Gs”(x2) < 0;

Gs(x2)−Gs(x2 − ξ) > 0, Gs(x1)−Gs(x1 − ξ) < 0;

l(x1) > l(x2),

therefore necessarily Gs(x1) > Gs(x2) which is impossible.
- If x2 ≥ 0 then we write (15.4.12) at points x2 and x3. We have

−1

2
σ2Gs”(x3) + νG′s(x3) + (α+ λ)Gs(x3)− λ

ˆ ∞
0

Gs(x3 − ξ)μ(ξ)dξ = l(x3)

We have then
G′s(x3) = G′s(x2) = 0

Gs”(x3) > 0 Gs”(x2) < 0

Gs(x2 − ξ)−Gs(x3 − ξ) ≤ Gs(x2)−Gs(x3)

l(x2) < l(x3),

it follows that Gs(x2) − Gs(x3) < 0 which is also a contradiction. Hence a point
like x′ cannot exist, which proves that (15.4.3) is satisfied and completes the proof
that the function Gs(x) solves the Q.V.I. �

15.5. ERGODIC THEORY

15.5.1. NOTATION AND MODEL. We want now let α → 0. We will
index the functions with α. So we have the quasi-variational inequality

AGα(x) + αGα(x) ≤ gα(x)

Gα(x) ≤ K + inf
η>x

Gα(η)(15.5.1)

(AGα(x) + αGα(x)− gα(x))

(
Gα(x)−K + inf

η>x
Gα(η)

)
= 0,

with

(15.5.2) gα(x) = f(x) + αcx+ cν + cλξ̄.
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The function Gα(x) is obtained from an s, S policy. We define successively Γα(x)
by

−1

2
σ2Γα”(x) + νΓ′α(x) + λΓα(x)− λ

ˆ x

0

Γα(x− ξ)μ(ξ)dξ

+αΓα(x) = 0, ∀x > 0(15.5.3)
Γα(0) = 1, Γα(+∞) = 0

Let for π < π̄, χα(π) be the function

(15.5.4) χα(π) = −σ2

2
π2 − νπ + λ− λμ̂(π) + α

The maximum is attained in a point π0 < 0 which does not depend on α. We know
that χα(π) has two zeros β2α < π0 and 0 < β1α < π̄. We next define

(15.5.5) Qα(x) =
2

σ2

ˆ +∞

x

expβ2α(η − x)g′α(η)dη

and for any s and x ≥ s

(15.5.6) Hα,s(x) =

ˆ x

s

Γα(x− ξ)Qα(ξ)dξ

the function Hα,s(x) is extended by 0 for x < s. We then define the function
Gα,s(x) as follows

(15.5.7) G′α,s(x) = Hα,s(x) Gα,s(s) =
σ2

2 Qα(s) + gα(s)

α

We also need

(15.5.8) χ0α(π) = −σ2

2
π2 − νπ + λ+ α

which has two zeros, β0α > 0 and β̄0α < 0.
We know that

exp−β0αx ≤ Γα(x) ≤ exp−β1αx

Let x0α be the unique zero of Qα(x). We know that there exists a unique sα < x0α

such that

(15.5.9) 0 = K + inf
x≥sα

ˆ x

sα

Hα,sα(ξ)dξ.

The function

(15.5.10) Gα(x) = Gα,sα(x)

is the solution of the Q.V.I (15.5.1). We also define the number Sα > x0α that

(15.5.11) 0 = K +

ˆ Sα

sα

Hα,sα(ξ)dξ Hα,sα(Sα) = 0
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15.5.2. PASSING TO THE LIMIT. We can now let α→ 0. We set

(15.5.12) χ(π) = −σ2

2
π2 − νπ + λ− λμ̂(π) = lim

α→0
χα(π)

(15.5.13) χ0(π) = −σ2

2
π2 − νπ + λ = lim

α→0
χ0α(π)

The roots converge
β0α → β0 > 0 β̄0α → β̄0 < 0

β2α → β2 < 0 β1α → β1 = 0.

The second property β1 = 0 instead of a strictly positive number has consequences
on the limit of Γα(x). The property that Γα(x) tends to 0 as x → +∞ cannot be
maintained, so the limit problem for Γα(x) is the following

− 1

2
σ2Γ”(x) + νΓ′(x) + λΓ(x)− λ

ˆ x

0

Γ(x− ξ)μ(ξ)dξ = 0(15.5.14)

exp−β0x ≤ Γ(x) ≤ 1, Γ(0) = 1, Γ′(x) bounded,

and
Γα(x) ↑ Γ(x), as α ↓ 0.

Define

θ(x) = λ

ˆ x

0

Γ(x− ξ)μ(ξ)dξ,

then we can write the formula

Γ(x) = C exp−β0x+
2

σ2(β0 − β̄0)[ˆ x

0

exp−β0(x− ξ)θ(ξ)dξ +

ˆ +∞

x

exp β̄0(ξ − x)θ(ξ)dξ

]
,

with

1 = C +
2

σ2(β0 − β̄0)

ˆ +∞

0

exp β̄0ξ θ(ξ)dξ.

Also setting

θα(x) = −αΓα(x) + λ

ˆ x

0

Γα(x− ξ)μ(ξ)dξ,

we can also write

Γα(x) = Cα exp−β0x+
2

σ2(β0 − β̄0)

·
[ˆ x

0

exp−β0(x− ξ)θα(ξ)dξ +

ˆ +∞

x

exp β̄0(ξ − x)θα(ξ)dξ

]
,

with

1 = Cα +
2

σ2(β0 − β̄0)

ˆ +∞

0

exp β̄0ξ θα(ξ)dξ.

From these formulas and the monotone convergence of Γα(x) to Γ(x) it is easy to
check that Γα(x) converges uniformly to Γ(x) on any compact of R+. Also

Qα(x)→ Q(x) uniformly,
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with

Q(x) =
2

σ2

ˆ +∞

x

expβ2(η − x)f ′(η)dη

=
2

β2σ2
(p− (h+ p) expβ2x

−)

We call
x0 = lim

α→0
x0α exp−β2x0 =

p

h+ p
.

For any s we have
Hα,s(x)→ Hs(x),

uniformly on compact sets of R, with

(15.5.15) Hs(x) =

ˆ x

s

Γ(x− ξ)Q(ξ)dξ.

Consider now the function

γα(s) = inf
x≥s

ˆ x

s

Hα,s(ξ)dξ =

ˆ Sα(s)

s

Hα,s(ξ)dξ.

We first check that

(15.5.16) 0 > s > s̄⇒ lim sup
α→0

Sα(s) ≤ B(s̄),

for some bound B(s̄) > 0 to be made precise below.
Without loss of generality we may assume Sα(s)> 0. We have then Hα,s(Sα(s))=

0. Therefore

−
ˆ x0α

s

Γα(Sα(s)− ξ)Qα(ξ)dξ =

ˆ Sα(s)

x0α

Γα(Sα(s)− ξ)Qα(ξ)dξ,

hence ˆ Sα(s)

0

Γα(Sα(s)− ξ)Qα(ξ)dξ ≤ −
ˆ x0α

s

Γα(Sα(s)− ξ)Qα(ξ)dξ.

Using

Qα(ξ) = − 2

β2ασ2
(h+ αc), ξ ≥ 0 ;Qα(ξ) ≥ 2

β2ασ2
(p− αc),

we deduce

(h+ αc)

ˆ Sα(s)

0

Γα(ξ)dξ ≤ (p− αc)

ˆ x0α

s

Γα(Sα(s)− ξ)dξ

≤ (p− αc)(x0α − s̄)

Let M > 0 and set SM
α (s) = min(M,Sα(s)). We have

(h+ αc)

ˆ SM
α (s)

0

Γα(ξ)dξ ≤ (p− αc)(x0α − s̄).

Let SM (s) = lim supα→0 S
M
α (s). By taking the limsup in the preceding inequality

we obtain

h

ˆ SM (s)

0

Γ(ξ)dξ ≤ p(x0 − s̄).
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However we have the property

(15.5.17)
ˆ +∞

0

Γ(ξ)dξ = +∞.

Indeed if we consider for π < 0

Γ̂(π) =

ˆ +∞

0

expπξ Γ(ξ)dξ,

we deduce from the equation (15.5.14) that

Γ̂(π) =
σ2

2

π − β2

χ(π)
.

As π ↑ 0, we know that χ(π) → 0, hence Γ̂(π) ↑ +∞, which implies (15.5.17). We
can then define a unique B(s̄) such thatˆ B(s̄)

0

Γ(ξ)dξ =
p(x0 − s̄)

h
,

and thus
SM (s) ≤ B(s̄),

and letting M ↑ +∞, we get the property (15.5.16).
Let us take s < x0. We can assume also for α small s < x0α. Therefore

Hα,s(Sα(s)) = 0. From the estimate (15.5.16) we can assume that for α small Sα(s)
remains bounded by 2B(s̄). By extracting a subsequence such that Sα(s)→ S∗ we
obtain easily Hs(S

∗) = 0 and also

γα(s)→ γ(s) = inf
η>s

ˆ η

s

Hs(ξ)dξ =

ˆ S∗

s

Hs(ξ)dξ

We call again S(s) the first point such that Hs(S(s)) = 0.
We have shown above, in the proof of Theorem 15.1 that

γ′α(s) ≥ −
Qα(s1)

β0α
(1− exp−β0α(x0α − s1)) > 0,

whenever s < s1 < x0α. Let us fix s1 < x0. For α sufficiently small we can assume
s1 < x0α and for s < s1

γ′α(s) ≥ −
Q(s1)

2β0
(1− exp−β0(x0 − s1)) = a(s1) > 0,

and thus
γα(s1)− γα(s) ≥ (s1 − s)a(s1).

Since γα(s1) < 0, in fact
−γα(s) ≥ (s1 − s)a(s1).

Consider now sα. Either sα ≥ s1 or sα < s1 in which case from the inequality above

K ≥ (s1 − sα)a(s1).

So in all cases

(15.5.18) sα ≥ s1 − K

a(s1)
= s̄.

But then from (15.5.16) we can also assert that

(15.5.19) Sα = Sα(sα) ≤ 2B(s̄),
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for α sufficiently small. Therefore we can extract a subsequence such that sα →
s, Sα → S. Also γ(s) = −K. However, for the same reasons as for sα, there is a
unique s which satisfies this relation. Hence the full sequence sα → s. Define

(15.5.20) ρα = αGsα(sα)→ ρ =
σ2

2
Q(s) + f(s) + cν + cλξ̄.

We can then set
G̃α(x) = Gα(x)− ρα

α
,

and claim the following ergodic result

Theorem 15.3. We assume (15.2.4). The function G̃α(x), (respectively its deriva-
tive) converges uniformly on compact sets to G(x), (respectively its derivative) and
the pair G(x), ρ is the solution of the Q.V.I.

AG(x) + ρ ≤ l(x)

G(x) ≤ K + infη>x G(η)(15.5.21)
(AG(x) + ρ− l(x))(G(x)−K + infη>x G(η)) = 0,

with
l(x) = f(x) + cν + cλξ̄.

The function G(x) is C1, its derivative has linear growth. It is given by an s, S
policy

AG(x) + ρ = l(x), x > s(15.5.22)
G(x) = K + infη>s G(η), x ≤ s

15.6. PROBABILISTIC INTERPRETATION

We will develop in this section the probabilistic counterpart of the Q.V.I ap-
proach of the previous sections. We extend the approach of [32] to the diffusion
and Poisson case. The idea is to optimize in the class of s, S policies and to show
that we solve also the Q.V.I in this way.

15.6.1. STUDY OF THE PROCESS WITH AN s, S CONTROL. Let
s < S two given numbers. We will define the process ys,Sx (t) subject to an s, S policy,
with initial value x. Recalling the demand

D(t) = νt+N(t) + σw(t),

in the interval 0, t we define

τxs = inf{t ≥ 0|x−D(t) ≤ s},
and if x > s

ys,Sx (t) = x−D(t), ∀t < τxs .

Next we set
ys,Sx (τxs ) = S.

We set
τ s,Sx,1 = τxs ,

and suppose we have defined τ s,Sx,n and ys,Sx (τs,Sx,n ) = S. We then define

τs,Sx,n+1 = τs,Sx,n + inf{t ≥ 0|S −D(τ s,Sx,n + t) +D(τs,Sx,n ) ≤ s}.
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Clearly τs,Sx,n+1 > τs,Sx,n . We next set

ys,Sx (τ s,Sx,n + t) = S −D(τ s,Sx,n + t) +D(τ s,Sx,n ), ∀t < τs,Sx,n+1 − τ s,Sx,n ,

and again ys,Sx (τs,Sx,n+1) = S. We have in this way defined a process which is con-
trolled by an s, S policy. It has jumps at times τ s,Sx,n , the impulse times and the size
of the of the impulses at time τs,Sx,n is S − ys,Sx (τ s,Sx,n − 0). Note that this impulse is
larger or equal to S − s. The process ys,Sx (t) has also jumps due to the compound
Poisson part of the demand. It is a Markov process for which we are going to
describe the infinitesimal generator.

Let us recall that the infinitesimal generator is the linear operator defined on
the set of functions ϕ(x) such that the limit

lim
ε→0

Eϕ(ys,Sx (ε))− ϕ(x)

ε
= As,Sϕ(x),

is defined. Since
ys,Sx (ε) = ys,SS (ε), ∀x ≤ s,

we need to have

(15.6.1) ϕ(x) = ϕ(S), ∀x ≤ s.

Performing the same approximate reasoning done in section 15.2, we obtain easily

As,Sϕ(x) =

{
−Aϕ(x), if x > s

−Aϕ(S), if x ≤ s
,

in which A is the second order differential operator defined in equation (17.2.4). Its
domain is the set of functions which are bounded with bounded first and second
derivatives and which satisfy (15.6.1). It is sufficient to assume that the functions ϕ
and Aϕ are bounded and that (15.6.1) is satisfied. Although we refer to the domain
of A it will be convenient to speak of the domain of A.

15.6.2. INVARIANT MEASURE. We are going to show the following

Theorem 15.4. The process ys,Sx (t) has a unique invariant measure defined as
follows

ms,S(x) =
m̃s,S(x)´ +∞

s
m̃s,S(ξ)dξ

,

with

(15.6.2) m̃s,S(x) =

⎧⎪⎨⎪⎩
0, if x ≤ s

expβ2x
´ x
s
exp−β2ξΓ(S − ξ)dξ, if s ≤ x ≤ S

expβ2x
´ S
s
exp−β2ξΓ(S − ξ)dξ, if S ≤ x

,

in which Γ(x) is the unique solution of

− σ2

2
Γ”(x) + νΓ′(x) + λΓ(x)− λ

ˆ x

0

Γ(x− ξ)μ(ξ)dξ = 0(15.6.3)

Γ(0) = 1 0 ≤ Γ(x) ≤ 1

and β2 is the unique negative root of

−σ2

2
β2
2 − νβ2 + λ− λμ̂(β2) = 0.
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Moreover for any ϕ(x) bounded

(15.6.4) Φs,S
α (x) = E

ˆ +∞

0

exp−αt ϕ(ys,Sx (t))dt,

satisfies

(15.6.5) αΦs,S
α (x)→

ˆ +∞

s

ϕ(x)ms,S(x)dx.

Proof. We note that m̃s,S(x) in formula (15.6.2) is continuous but not C1.
The derivative is discontinuous in S. We begin to prove that ms,S(x) is an invariant
measure and the unique one, which is continuous and C1 except for S. We begin
by proving that ms,S(x) must vanish on the interval (−∞, s). Indeed an invariant
measure must satisfyˆ

ms,S(x)ϕ(x)dx =

ˆ
ms,S(x)Eϕ(ys,Sx (ε))dx, ∀ε

Take a test function ϕ(x) which vanishes on s,+∞. We get from the preceding
relationˆ s

−∞
ms,S(x)ϕ(x)dx = Eϕ(ys,SS (ε))

ˆ s

−∞
ms,S(x)dx+

ˆ +∞

s

ms,S(x)Eϕ(ys,Sx (ε))dx

Letting ε→ 0 in the right hand side, we obtain

ϕ(S)

ˆ s

−∞
ms,S(x)dx+

ˆ +∞

s

ms,S(x)ϕ(x)dx = 0,

from the choice of ϕ. Let now pick ϕ(x) in the domain of the infinitesimal generator.
An invariant measure must satisfy

ˆ +∞

s

ms,S(x)Aϕ(x)dx = 0.

We write m(x) for ms,S(x) to simplify notation. We recall the regularity properties
on m and perform integration by parts. We get

−σ2

2
[ϕ(S)(m′(S + 0)−m′(S − 0)) + ϕ(s)m′(s)]

−λϕ(S)
ˆ +∞

s

m(x)

(ˆ +∞

x−s

μ(ξ)dξ

)
dx+

ˆ +∞

s

ϕ(x)

(
−σ

2

2
m′′(x)−νm′(x)+λm(x)

)
dx

−λ
ˆ +∞

s

m(x)

(ˆ x−s

0

ϕ(x− ξ)μ(ξ)dξ

)
dx = 0.

Using the fact that ϕ satisfies ϕ(s) = ϕ(S) and rearranging we obtain

−ϕ(S)
[
σ2

2
(m′(S + 0)−m′(S − 0) +m′(s))

+λ

ˆ +∞

s

m(x)

(ˆ +∞

x−s

μ(ξ)dξ

)
dx

]
+

ˆ +∞

s

ϕ(x)

(
−σ2

2
m′′(x)− νm′(x)

+λm(x)− λ

ˆ +∞

0

m(x+ ξ)μ(ξ)dξ

)
dx = 0.
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This implies

−σ2

2 m′′(x)− νm′(x) + λm(x)− λ
´ +∞
0

m(x+ ξ)μ(ξ)dξ = 0, x ∈ (s,+∞)

m(x) = 0, x ≤ s m′discontinuous in S(15.6.6)

and we must have m ≥ 0 with the normalisation property
´ +∞
s

m(x)dx = 1. Note
that the condition

(15.6.7)
σ2

2
(m′(S+0)−m′(S−0)+m′(s))+λ

ˆ +∞

s

m(x)

(ˆ +∞

x−s

μ(ξ)dξ

)
dx = 0,

is not an additional condition. It follows from (15.6.6) and the normalisation prop-
erties. So (15.6.6) and the normalisation properties constitute the equation for the
invariant measure. Let us prove that (15.6.2) is a solution and the unique one. We
can check that expβ2x satisfies the integro-differential equation (15.6.6). It goes to
0 as x→ +∞. It cannot be the solution on (s,+∞), but if we impose the value at
S equal to expβ2S then it is the unique solution on (S,+∞). Note that imposing
the normalisation condition or the value at a point are equivalent. So we may fix
the value at S equal to expβ2S. There can then be only one solution of (15.6.6)
which is C2 on (S,+∞) and vanishes at ∞. This follows from maximum principle
considerations.

We can then write the equation on (s, S) as follows

−σ2

2
m′′(x)− νm′(x) + λm(x)− λ

ˆ S−x

0

m(x+ ξ)μ(ξ)dξ

= λ expβ2x

ˆ +∞

S−x

expβ2ξ μ(ξ)dξ, s < x < S

m(s) = 0; m(S) = expβ2S

This equation can have only one solution, from maximum principle considerations.
If we make the change of unknown function

m(x) = v(x) expβ2x,

then we obtain an equation for v(x), namely

−σ2

2
v′′(x)− (ν + β2σ

2)v′(x) + λv(x)μ̂(β2)

−λ
ˆ S−x

0

v(x+ ξ) expβ2ξ μ(ξ)dξ = λ

ˆ +∞

S−x

expβ2ξ μ(ξ)dξ,

v(s) = 0; v(S) = 1

Considering w(x) = v′(x) we get, taking into account the value v(S) = 1

−σ2

2
w′′(x)− (ν + β2σ

2)w′(x) + λw(x)μ̂(β2)− λ

ˆ S−x

0

w(x+ ξ) expβ2ξ μ(ξ)dξ = 0,

and if we write
w(x) = exp−β2x z(S − x),

we see that z(x) = Γ(x). Collecting results, we obtain that m̃s,S(x) is a solution of
(15.6.6) with all conditions satisfied, with of course a different value at S. Therefore
ms,S(x) is the unique invariant measure satisfying the regularity properties, the
boundary conditions and the normalization property.
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Let us now prove (15.6.5). We have

Φs,S
α (x) = E

ˆ τx
s

0

exp−αt ϕ(ys,Sx (t))dt

+
n+1∑
n=1

E

ˆ τs,S
x,n+1

τs,S
x,n

exp−αt ϕ(ys,Sx (t))dt.

Then using conditioning and independence properties, for n ≥ 1

E

ˆ τs,S
x,n+1

τs,S
x,n

exp−αt ϕ(ys,Sx (t))dt

= E exp−ατ s,Sx,n

ˆ τs,S
x,n+1−τs,S

x,n

0

exp−αt ϕ(ys,Sx (τs,Sx,n + t))dt

= E exp−ατ s,Sx,n E

ˆ τS
s

0

exp−αt ϕ(ys,SS (t))dt

= E exp−ατxs (E exp−ατSs )n−1 E

ˆ τS
s

0

exp−αt ϕ(ys,SS (t))dt.

We obtain the formula

Φs,S
α (x) = E

ˆ τx
s

0

exp−αt ϕ(ys,Sx (t))dt

+E exp−ατxs
E
´ τS

s

0 exp−αt ϕ(ys,SS (t))dt

1− E exp−ατSs
.(15.6.8)

Then

(15.6.9) αΦs,S
α (x)→ E

´ τS
s

0
ϕ(ys,SS (t))dt

EτSs
.

If we define

ζs(x;ϕ) = E

ˆ τx
s

0

ϕ(ys,Sx (t))dt,

then we have proven that

αΦs,S
α (x)→ ζs(S;ϕ)

ζs(S; 1)
.

However ζs(x;ϕ) is the solution of the problem

Aζs(x) = ϕ(x) x > s(15.6.10)
ζs(x) = 0 x ≤ s

and it has the explicit solution

(15.6.11) ζs(x;ϕ) =
2

σ2

ˆ x

s

Γ(x− ξ)

ˆ +∞

ξ

expβ2(η − ξ)ϕ(η)dη.

We deduce, after some easy changes of integration

ζs(S;ϕ) =
2

σ2

ˆ S

s

ϕ(η) expβ2η

(ˆ η

s

exp−β2ξΓ(S − ξ)dξ

)
dη

+
2

σ2

ˆ +∞

S

ϕ(η) expβ2η

(ˆ S

s

exp−β2ξΓ(S − ξ)dξ

)
dη
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and we recognize as expected

ζs(S;ϕ) =
2

σ2

ˆ +∞

s

ϕ(x)m̃s,S(x)dx.

The result follows. �

We now present a useful result

Lemma 15.2. For any z ∈ domain of A, we have the equalityˆ +∞

s

m(x)z(x)Az(x)dx =
1

2

ˆ +∞

s

σ2mz′2dx(15.6.12)

+
λ

2

ˆ +∞

s

ˆ +∞

0

m(x)(z(x)− z(x− ξ))2μ(ξ)dxdξ.

Proof. We consider the quantity on the left hand side. Since we will perform
two integration by parts, we have to be careful that m′ is discontinuous in S. On
the other hand z′ is continuous in S.

After one integration by parts we can writeˆ +∞

s

m(x)z(x)Az(x)dx =
1

2

ˆ +∞

s

σ2mz′2dx+

ˆ S

s

zz′
(
σ2

2
m′ + νm

)
dx

+λ

ˆ +∞

s

ˆ +∞

0

m(x)z(x)(z(x)− z(x− ξ))μ(ξ)dxdξ.

Noting that

zz′ =
1

2
(z2)′,

we can perform a second integration by parts which leads toˆ S

s

zz′
(
σ2

2
m′ + νm

)
dx = −1

2

ˆ +∞

s

z2
(
σ2

2
m” + νm′

)
dx+

+
σ2

4
z2(S)(m′(S − 0)−m′(S + 0)−m′(s)).

The next step is to considerˆ +∞

s

ˆ +∞

0

m(x)z(x)(z(x)− z(x− ξ))μ(ξ)dxdξ

=
1

2

ˆ +∞

s

ˆ +∞

0

m(x)(z(x)− z(x− ξ))2μ(ξ)dxdξ

+
1

2

ˆ +∞

s

ˆ +∞

0

m(x)(z2(x)− z2(x− ξ))μ(ξ)dxdξ.

We also useˆ +∞

s

ˆ +∞

0

m(x)z2(x− ξ)μ(ξ)dxdξ =

ˆ +∞

s

ˆ +∞

0

m(x+ ξ)z2(x)μ(ξ)dxdξ

+z2(S)

ˆ +∞

s

ˆ +∞

0

m(x+ ξ)μ(ξ)dxdξ.

Collecting results and making use of the equation of the invariant measure, see
(15.6.6), (15.6.7) we obtain many simplifications. Eventually we obtain (15.6.14)

�
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The function Φs,S
α (x) (we drop the notation s, S) defined in (15.6.4) is the

solution of

AΦα(x) + αΦα(x) = ϕ(x), ∀x > s

Φα(x) = Φα(S), ∀x ≤ s

The solution Φα(x) belongs to the domain of A. It will be useful to prove a density
result.

Lemma 15.3. For any bounded function ϕ we can construct a sequence ϕε belong-
ing to the domain of A such that

||ϕε|| = sup
x
|ϕε(x)| ≤ ||ϕ||

ˆ +∞

s

m(x)|ϕε(x)− ϕ(x)|2dx → 0, as ε→ 0(15.6.13)

Proof. We consider the solution of the problem

Aϕε(x) +
ϕε(x)

ε
=

ϕ(x)

ε
, ∀x > s

ϕε(x) = ϕε(S), ∀x ≤ s

Set
ϕ̃ε(x) = ϕε(x)− ||ϕ||,

then

Aϕ̃ε(x) +
ϕ̃ε(x)

ε
=

ϕ(x)− ||ϕ||
ε

, ∀x > s

ϕ̃ε(x) = ϕ̃ε(S), ∀x ≤ s

and thus ϕ̃ε(x) ≤ 0. Similarly

ϕε(x) + ||ϕ|| ≥ 0,

and the first property (15.6.22) follows. From Lemma 15.2 we can assert that

1

2

ˆ +∞

s

σ2m(ϕε)
2dx+

λ

2

ˆ +∞

s

ˆ +∞

0

m(x)(ϕε(x)− ϕε(x− ξ))2μ(ξ)dxdξ

+

ˆ +∞

s

m
ϕ2
ε

ε
dx =

ˆ +∞

s

m
ϕϕε

ε
dx.

It follows that ˆ +∞

s

mϕ2
εdx ≤

ˆ +∞

s

mϕεfdx.

Consider the Hilbert space L2
m(R) of functions z such thatˆ +∞

s

mz2dx < +∞.

The sequence ϕε remains bounded in this Hilbert space. If we consider a weakly
convergent subsequence converging towards ϕ∗ thenˆ +∞

s

m(ϕ∗)2dx ≤ lim sup

ˆ +∞

s

mϕ2
εdx ≤ lim

ˆ +∞

s

mϕεϕdx =

ˆ +∞

s

mϕ∗ϕdx.

Nowˆ +∞

s

m(ϕε − ϕ∗)2dx ≤
ˆ +∞

s

mϕεϕdx+

ˆ +∞

s

m(ϕ∗)2dx− 2

ˆ +∞

s

mϕεϕ
∗dx,
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hence

(15.6.14) lim sup

ˆ +∞

s

m(ϕε − ϕ∗)2dx ≤
ˆ +∞

s

mϕ∗ϕdx−
ˆ +∞

s

m(ϕ∗)2dx.

Noting that
√
εϕ′ε remains bounded in L2

m(R), it follows from the equation of ϕε

that

ε

ˆ +∞

s

Aϕεzdx→ 0, ∀z smooth with compact support in (s,+∞),

therefore we deduce immediately that ϕ∗ = ϕ and from (15.6.14) the property
(15.6.22) is obtained, which completes the proof. �

15.6.3. ERGODICITY. The result of Theorem 15.4, although sufficient to
study ergodic control and the limit of Bellman equation, as we shall see in the next
sections, does not prove full ergodicity. To complete we need to prove the

Theorem 15.5. We have the property

(15.6.15) Eϕ(ys,Sx (t))→
ˆ +∞

s

ϕ(ξ)ms,S(ξ)dξ, as t→ +∞, ∀x, ∀ϕ bounded.

Proof. We shall use the fact that

zs,S(x, t) = Eϕ(ys,Sx (t)),

is the solution of the Cauchy problem

∂z

∂t
+Az = 0, x > s

z(x, t) = z(S, t), x ≤ s, t > 0(15.6.16)
z(x, 0) = ϕ(x)

We proceed with estimates. We first derive an energy equality. By testing (15.6.16)
with mz and making use of Lemma 15.2 we can state

1

2

d

dt

ˆ +∞

s

m(x)z2(x, t)dx+
1

2

ˆ +∞

s

σ2m

(
∂z

∂x

)2

dx(15.6.17)

+
λ

2

ˆ +∞

s

ˆ +∞

0

m(x)(z(x)− z(x− ξ))2μ(ξ)dxdξ = 0

We deduce the estimates

(15.6.18)
ˆ +∞

0

ˆ +∞

s

σ2m

(
∂z

∂x

)2

(x, t)dxdt ≤
ˆ +∞

s

m(x)ϕ2(x)dx

(15.6.19)

λ

ˆ +∞

0

ˆ +∞

s

ˆ +∞

0

m(x)(z(x)− z(x− ξ))2μ(ξ)dξdxdt ≤
ˆ +∞

s

m(x)ϕ2(x)dx.

Also

(15.6.20)
ˆ +∞

s

m(x)z2(x, t)dx ≤
ˆ +∞

s

m(x)ϕ2(x)dx, ∀t.

This inequality implies that without loss of generality we may assume that ϕ is
in the domain of A. Indeed considering the approximation ϕε defined in Lemma
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15.3 and noting by zε(x, t) the corresponding solution of the Cauchy problem, we
deduce from the estimate (15.6.20) thatˆ +∞

s

m(x)(zε(x, t)− z(x, t))2dx ≤
ˆ +∞

s

m(x)(ϕε − ϕ)2(x)dx.

Suppose we have proven that

zε(x, t)→
ˆ +∞

s

m(x)ϕε(x)dx, as t→ +∞, ∀ε > 0

then writing

ϕ̄ =

ˆ +∞

s

m(x)ϕ(x)dx, ϕ̄ε =

ˆ +∞

s

m(x)ϕε(x)dx

ˆ +∞

s

m(x)(z(x, t)− ϕ̄)2dx

≤ 3

[ˆ +∞

s

m(x)(zε(x, t)−z(x, t))2dx+

ˆ +∞

s

m(x)(zε(x, t)−ϕ̄ε)
2dx+(ϕ̄ε−ϕ̄)2

]
≤ 3

[ˆ +∞

s

m(x)(ϕε − ϕ)2(x)dx+

ˆ +∞

s

m(x)(zε(x, t)− ϕ̄ε)
2dx+ (ϕ̄ε − ϕ̄)2

]
but then

lim sup
t→+∞

ˆ +∞

s

m(x)(z(x, t)− ϕ̄)2dx ≤ 3

[ˆ +∞

s

m(x)(ϕε − ϕ)2(x)dx+ (ϕ̄ε − ϕ̄)2
]
,

and letting ε→ 0 we obtainˆ +∞

s

m(x)(z(x, t)− ϕ̄)2dx→ 0, as t→ +∞

We deduce also
z(x, t)→ ϕ̄ a.e. x > s

So we assume that ϕ belongs to the domain of A. We can then obtain further
estimates.

We define the function
u(x, t) =

∂z

∂t
(x, t),

which is solution of
∂u

∂t
+Au = 0, x > s

u(x, t) = u(S, t), x ≤ s, t > 0(15.6.21)
u(x, 0) = −Aϕ

As for z we can write

(15.6.22)
ˆ +∞

0

ˆ +∞

s

σ2m

(
∂u

∂x

)2

(x, t)dxdt ≤
ˆ +∞

s

m(x)(Aϕ)2(x)dx

λ

ˆ +∞

0

ˆ +∞

s

ˆ +∞

0

m(x)(u(x)− u(x− ξ))2μ(ξ)dξdxdt(15.6.23)

≤
ˆ +∞

s

m(x)(Aϕ)2(x)dx
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(15.6.24)
ˆ +∞

s

m(x)u2(x, t)dx ≤
ˆ +∞

s

m(x)(Aϕ)2(x)dx, ∀t.

In particular we have shown that
ˆ +∞

0

ˆ +∞

s

m

(
∂2z

∂x∂t

)2

(x, t)dxdt ≤ 1

σ2

ˆ +∞

s

m(x)(Aϕ)2(x)dx

Noting that
ˆ +∞

s

m

(
∂z

∂x

)2

(x, t)dx =

ˆ +∞

s

m(ϕ′)2(x)dx+2

ˆ t

0

ˆ +∞

s

m
∂z

∂x
(x, τ)

∂2z

∂x∂t
(x, τ)dxdτ

the right hand side has a limit as t → +∞, thanks to the estimates above. So´ +∞
s

m
(
∂z
∂x

)2
(x, t)dx has a limit as t → +∞. This limit must be 0 thanks to the

estimate (15.6.18). Recalling that z is bounded, we can state that for any compact
subset of [s,+∞) we can find a subsequence of z(x, t) which converges uniformly.
The limit is necessarily a constant and since

ˆ +∞

s

m(x)z(x, t)dx =

ˆ +∞

s

m(x)ϕ(x)dx,

this limit is necessarily
´ +∞
s

m(x)ϕ(x)dx. By the uniqueness of the limit, the full
sequence converges uniformly on any compact. So we have obtained the result for
ϕ in the domain of A and also the general result, by the approximation above.
However we have proven the result (15.6.15) only a.e. x. We want to prove now
that it is true for any initial value x. We will need two important intermediary
results. The first one is

(15.6.25) z(x, t) is continuous in x, ∀t > 0 15.6.43

This property allows us to assume with no loss of generality that ϕ(x) is continuous
and bounded. Indeed, clearly

lim
t→+∞ z(x, t) = lim

t→+∞ z(x, t+ 1),

and z(x, t+ 1) satisfies the same equation as z(x, t) except for the initial condition
which is z(x, 1) instead of ϕ(x). But then z(x, 1) is continuous and bounded. The
second important result is that in the case when ϕ(x) is continuous and bounded, we
can improve the approximation result of Lemma 15.3 as follows: The approximation
ϕε(x) defined in Lemma 15.3 satisfies

(15.6.26) sup
s≤x≤M

|ϕε(x)− ϕ(x)| → 0, as ε→ 0, ∀M ≥ s.

We will also prove the following regularity property for z(x, t)

(15.6.27)
ˆ +∞

s

m3(x)

(
∂z

∂x

)2

(x, t)dx ≤ C
t+ 1

t
||ϕ||2, ∀t > 0.

Note that here ϕ is only measurable and bounded. When ϕ belongs to the domain
of A we have seen above that a better estimate holds. As a consequence we will
have, noting yx(t) the process ys,Sx (t)

(15.6.28) sup
t≥δ

sup
s0≤x≤M

E1Iyx(t)≥R → 0, as R→ +∞, ∀δ > 0, s < s0 ≤M.
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The intermediary results (15.6.43), (15.6.26), (15.6.27), (15.6.28) will be proved
later. We now assume ϕ(x) continuous and bounded. We want to prove that

(15.6.29) z(x, t)→
ˆ +∞

s

m(x)ϕ(x)dx as t→ +∞, ∀x.

It is sufficient to assume x > s. So let us pick x0 > s. Using z(x, t) = Eϕ(yx(t)) we
can write

Eϕ(yx0(t))−
ˆ

mϕdx = Eϕ(yx0(t))− Eϕε(yx0(t)) + Eϕε(yx0(t))−
ˆ

mϕεdx

+

ˆ
mϕεdx−

ˆ
mϕdx.

Now for R > x0 we have

|Eϕ(yx0
(t))− Eϕε(yx0

(t))| ≤ 2||ϕ||E1Iyx(t)≥R + sup
s≤x≤R

|ϕε(x)− ϕ(x)|,

hence ∣∣∣∣Eϕ(yx0(t))−
ˆ

mϕdx

∣∣∣∣ ≤ 2||ϕ||E1Iyx(t)≥R + sup
s≤x≤R

|ϕε(x)− ϕ(x)|

+

∣∣∣∣Eϕε(yx0
(t))−

ˆ
mϕεdx

∣∣∣∣+ ∣∣∣∣ˆ mϕεdx−
ˆ

mϕdx

∣∣∣∣ .
Since ϕε belongs to the domain of A, fixing ε and R, we can let t→ +∞ and deduce

lim sup
t→+∞

∣∣∣∣Eϕ(yx0(t))−
ˆ

mϕdx

∣∣∣∣ ≤ 2||ϕ|| sup
t≥δ

E1Iyx(t)≥R + sup
s≤x≤R

|ϕε(x)− ϕ(x)|+

+

∣∣∣∣ˆ mϕεdx−
ˆ

mϕdx

∣∣∣∣ .
But then letting ε → 0, then R → +∞ and making use of properties (15.6.26),
(15.6.28) the right hand side tends to 0. So the property (15.6.15) is fully proven.

PROOF OF INTERMEDIARY RESULTS:

PROOF OF REGULARITY:

We know that

|z(x, t)| ≤ ||ϕ||, ´ +∞
0

´ +∞
s

m(x)

(
∂z

∂x

)2

(x, t)dxdt ≤ 1
σ2 ||ϕ||2(15.6.30)

´ +∞
0

´ +∞
s

´ +∞
0

m(x)(z(x)− z(x− ξ))2μ(ξ)dξdxdt ≤ 1
λ ||ϕ||2
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We now test the equation (15.6.16) with m3 ∂z

∂t

t

t+ 1
and obtain

t

t+ 1

ˆ +∞

s

m3(x)

(
∂z

∂t

)2

(x, t)dx

+
t

t+ 1

ˆ +∞

s

m
3
2
∂z

∂t

[
3

2
σ2m

1
2m′

∂z

∂x
+ νm

3
2
∂z

∂x

]
(x, t)dx

−λ t

t+ 1

ˆ +∞

s

m3 ∂z

∂t

[ˆ +∞

0

(z(x− ξ, t)− z(x, t))μ(ξ)dξ

]
dx

+
σ2

4

t

t+ 1

d

dt

ˆ +∞

s

m3(x)

(
∂z

∂x

)2

(x, t)dx = 0

hence

1

2

t

t+ 1

ˆ +∞

s

m3(x)

(
∂z

∂t

)2

(x, t)dx+
σ2

4

t

t+ 1

d

dt

ˆ +∞

s

m3(x)

(
∂z

∂x

)2

(x, t)dx

≤
ˆ +∞

s

m

(
∂z

∂x

)2 (
3

2
σ2m′ + νm

)2

(x, t)dx

+λ2

ˆ +∞

s

m3

ˆ +∞

0

(z(x− ξ, t)− z(x, t))2μ(ξ)dξ.

From the estimates already obtained (15.6.30) we deduce (15.6.27) and also

(15.6.31)
ˆ +∞

0

t

t+ 1

ˆ +∞

s

m3(x)

(
∂z

∂t

)2

(x, t)dxdt ≤ C||ϕ||2.

PROOF OF (15.6.27):
Let x0 ∈ [s0,M ]. Take ρ such that

0 < ρ ≤ s0 − s

2
.

We call
zR(x, t) = E1Iyx(t)≥R.

We use the estimate ˆ +∞

s

m3(x)

(
∂zR
∂x

)2

(x, t)dx ≤ C
t+ 1

t
,

and the constant does not depend on R. In particular we deduce

(15.6.32)
ˆ M+

s0−s
2

s+ s0
2

(
∂zR
∂x

)2

(x, t)dx ≤ Cs0,M

(
1 +

1

t

)
,

where we have used the fact that m(x) has a positive infimum on the interval
[ s+s0

2 , M + s0−s
2 ]. Now we have
ˆ +∞

s

mzR(x, t)dx =

ˆ +∞

s

m1IR(x)dx =

ˆ +∞

R

m(x)dx

≥
ˆ x0+ρ

x0−ρ

mzR(x, t)dx
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Now for x ∈ [x0 − ρ, x0 + ρ] we have

|zR(x, t)−zR(x0, t)|≤ρ
1
2

(ˆ M+
s0−s

2

s+s0
2

(
∂zR
∂x

)2

(x, t)dx

) 1
2

≤ρ
1
2 (Cs0,M )

1
2

(
1+

1

t

) 1
2

.

Let now assume t ≥ δ and set

Cs0,M,δ = (Cs0,M )
1
2

(
1 +

1

δ

) 1
2

,

we can write, using previous estimatesˆ +∞

R

m(x)dx ≥ (zR(x0, t)− ρ
1
2Cs0,M,δ)

ˆ x0+ρ

x0−ρ

mdx,

and thus

zR(x0, t) ≤ ρ
1
2Cs0,M,δ +

´ +∞
R

m(x)dx´ x0+ρ

x0−ρ mdx
,

thus also

sup
x∈[s0,M ]

sup
t≥δ

zR(x0, t) ≤ ρ
1
2Cs0,M,δ +

´ +∞
R

m(x)dx

infx∈[s0,M ]

´ x+ρ

x−ρ
m(ξ)dξ

.

Letting R→ +∞, then ρ to 0, we obtain the property (15.6.27). This argument is

PROOF OF CONTINUITY (15.6.43):

We first prove the continuity of z(x, t) for t fixed positive, inside (s,+∞). It is
a direct consequence of the estimate (15.6.27). Indeed for any fixed positive t and
any compact [s0,M ] z(x, t) has its partial derivative in x bounded in L2(s0,M).
Therefore it is a continuous function of x on [s0,M ].

So what remains is to prove the continuity to the right in s, namely

(15.6.33) z(s+ ε, t)→ z(S, t) ∀t > 0, as ε→ 0.

Since on the left of s, z(x, t) = z(S, t), the property (15.6.33) will imply continuity in
x at any point. Recall the notation τx,n introduced in section 15.6.1 to characterize
the trajectory yx(t), with τx,0 = 0 , τx,1 = τxs and

τx,n+1 = τx,n +Xx,n, n ≥ 1,

with
Xx,n = inf{u ≥ 0|S −D(τx,n + u) +D(τx,n)}.

The variables Xx,n are independent and have an identical probability distribution,
that of τSs . If we define

Fx(t) = E1Iτx
s <t,

then the probability distribution of Xx,n is FS(t). Note that

yx(t) =

{
x−D(t), if t < τxs
S −D(t) +D(τx,n), if τx,n ≤ t < τx,n+1

We can then obtain a formula for z(x, t), t > 0. We have

z(x, t) = Eϕ(x−D(t))1It<τx
s
+

+∞∑
n=1

Eϕ(S −D(t) +D(τx,n))1Iτx,n≤t<τx,n+1
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Define
Ψ(x, t) = Eϕ(x−D(t))1It<τx

s
,

then, recalling F t = σ(D(s), s ≤ t), by conditioning with respect to Fτx,n and using
the independence properties one can check that

Eϕ(S −D(t) +D(τx,n))1Iτx,n≤t<τx,n+1 = E1Iτx,n≤tΨ(S, t− τx,n), n ≥ 1.

Since

τx,n = τxs +

n−1∑
j=1

Xx,j , n ≥ 2,

using the independence properties, we check easily

E1Iτx,n≤t = Fx ⊗ F
⊗(n−1)
S (t),

where F
⊗(n−1)
S denotes the n− 1 times convolution of the probability distribution

FS . The cumulative distribution function FS(t) has a density fS(t) and

dF
⊗(n−1)
S (t) = f

⊗(n−1)
S (t)dt.

Note that for n = 1 there is no density and F
(0)
S (t) = 1, ∀t > 0. In that case

f
(0)
S (t)dt must be replaced with the Dirac measure in 0. Collecting results we can

finally write the formula

(15.6.34) z(x, t) = Ψ(x, t) +

∞∑
n=1

ˆ t

0

fx(t− η)

(ˆ η

0

Ψ(S, ξ)f
⊗(n−1)
S (η − ξ)dξ

)
dη

So we have to consider the limit of

z(s+ ε, t) = Ψ(s+ ε, t) +

ˆ t

0

fs+ε(t− η)Ψ(S, η)dη

+
∞∑

n=2

ˆ t

0

fs+ε(t− η)

(ˆ η

0

Ψ(S, ξ)f
⊗(n−1)
S (η − ξ)dξ

)
dη(15.6.35)

However Ψ(x, t) is the solution of the Cauchy problem
∂Ψ

∂t
+AΨ = 0, x > s

Ψ(x, t) = 0, x ≤ s(15.6.36)
Ψ(x, 0) = ϕ(x)

This is a classical Cauchy problem with Dirichlet boundary conditions. Note that
the solution does not depend on the value of ϕ(x) for x ≤ s. It is then standard to
check that

Ψ(s+ ε, t)→ 0, as ε→ 0, ∀t > 0.

Now if we take ϕ(x) = 1 in (15.6.35) then we see that

E1It<τs+ε
s

→ 0, as ε→ 0, ∀t > 0.

This implies
1It<τs+ε

s
→ 0 a.s. as ε→ 0, ∀t > 0.

It is then easy to check that

E
τ s+ε
s

1 + τs+ε
s

→ 0,
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and also τ s+ε
s → 0, a.s. But then we can pass to the limit in formula (15.6.35) and

get

z(s+ ε, t) → Ψ(S, t) +
∞∑

n=2

ˆ t

0

Ψ(S, ξ)f
⊗(n−1)
S (t− ξ)dξ

= z(S, t)

the last equality is checked by comparing with (15.6.34).

PROOF OF (15.6.26):

We begin by proving a weaker result. Let 0 < a0 ≤ M

2
, then we have

(15.6.37) sup
s+a0≤x≤M

|ϕε(x)− ϕ(x)| → 0, as ε→ 0.

This result needs the continuity of ϕ(x) but not necessarily ϕ(s) = ϕ(S). We use

ϕε(x) =
1

ε
E

ˆ +∞

0

exp− t

ε
ϕ(yx(t))dt

= E

ˆ +∞

0

exp−u ϕ(yx(εu))du

For T fixed set

ϕT
ε (x) = E

ˆ T

0

exp−u ϕ(yx(εu))du,

and

(15.6.38) |ϕε(x)− ϕT
ε (x)| ≤ ||ϕ|| exp−T.

We next assert that for u ≤ T

Eϕ(yx(εu)) = Eϕ(x−D(εu)) + E(ϕ(yx(εu))− ϕ(x−D(εu)))1Iτx
s ≤εT ,

hence for u ≤ T

(15.6.39) |Eϕ(yx(εu))− Eϕ(x−D(εu))| ≤ 2||ϕ||E1Iτx
s ≤εT .

It is readily seen that

E1Iτx
s ≤εT ≤ P

(
νεT + σ sup

0≤u≤εT
w(u) +N(εT ) ≥ a0

)
= Θao(εT ).

This quantity is of course equal to 1 when νεT ≥ a0. To evaluate this quantity
when νεT < a0 we shall recall the following probability distributions

P

(
sup

0≤u≤εT
w(u) ≤ y

)
=

2√
2πεT

ˆ y

0

exp− ξ2

2εT
dξ

(see I. Karatzas, S. Shreve [27]), and

P (N(εT ) ≤ y) = 1− λεT

ˆ +∞

y

μ(η)dη + o(ε)

But then

P

(
N(εT ) + σ sup

0≤u≤εT
w(u) ≥ y

)
≤ λεT + P

(
σ sup

0≤u≤εT
w(u) ≥ y

)
.
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Collecting results we obtain

(15.6.40) Θao
(Tε) ≤ λεT +

2√
2π

ˆ +∞
a0 − νεT

σ
√
εT

exp−ξ2

2
dξ.

Next if |D(εu)| < a0 we have x−D(εu) ∈ [s,M ]. Since ϕ(x) is uniformly continuous
on [s,M ] there exists a function γM (δ) which is monotone increasing and tends to
0 as δ goes to 0 and

|ϕ(x′)− ϕ(x”)| ≤ γM (δ) if |x′ − x”| ≤ δ.

Therefore

|ϕ(x−D(εu))− ϕ(x)| ≤ γM (|D(εu)|) + 4||ϕ||1I|D(εu)|≥a0
.

Since
|D(εu)| ≤ νεT + σ sup

0≤u≤εT
w(u) +N(εT ),

we get

E|ϕ(x−D(εu))− ϕ(x)| ≤ EγM

(
νεT + σ sup

0≤u≤εT
w(u) +N(εT )

)
+ 4||ϕ||Θao

(Tε).

Finally we obtain the estimate, for s+ a0 ≤ x ≤M

|ϕε(x)− ϕ(x)| ≤ 2||ϕ|| exp−T + 6||ϕ||Θao(Tε)

+EγM

(
νεT + σ sup

0≤u≤εT
w(u) +N(εT )

)
,

and

EγM

(
νεT+σ sup

0≤u≤εT
w(u)+N(εT )

)
≤ 2√

2π

ˆ +∞

0

γM (νεT+σ
√
εTξ) exp−ξ

2

2
dξ

+
2√
2π

λεT

ˆ +∞

0

exp−ξ2

2

(ˆ +∞

0

γM (νεT + σ
√
εTξ + v)μ(v)dv

)
dξ.

We can collect estimates and write

|ϕε(x)− ϕ(x)| ≤ 2||ϕ|| exp−T + CM (εT ),

and
CM (εT )→ 0, as εT → 0.

The result (15.6.37) follows easily.
We now complete the proof of (15.6.26). We assume ϕ(s) = ϕ(S). We have

first, using this assumption and assuming

s+ a0 < S < M, s+ 2a0 < M

(a0 will be small so it is not a restriction), then applying (15.6.37)

sup
s≤x≤M

|ϕε(x)− ϕ(x)|

≤ max

[
sup

s+a0≤x≤M
|ϕε(x)− ϕ(x)|, sup

s≤x≤s+a0

|ϕε(x)− ϕ(x)|
]

≤ sup
s+a0≤x≤M

|ϕε(x)− ϕ(x)|+ sup
s≤x≤s+a0

|ϕε(x)− ϕ(s)|+ sup
s≤x≤s+a0

|ϕ(x)− ϕ(s)|.
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The first term follows from (15.6.37), the third term will be treated by the uniform
continuity of ϕ(x) on [s,M ]. So we concentrate on the second term. We can write

ϕε(x)− ϕ(s) =

ˆ T

0

exp−u (Eϕ(yx(εu)− ϕ(s))du

+

ˆ +∞

T

exp−u Eϕ(yx(εu)− ϕ(s) exp−T.

Consider u ≤ T , then after considering possible cases, one can convince oneself of
the relation

Eϕ(yx(εu))− ϕ(s) = −ϕ(s)[E1Iτx
s ≤εu1I|D(εu)−D(τx

s )|≥a0
+ E1Iτx

s >εu1I|D(εu)|≥a0
]

+E(ϕ(x−D(εu))− ϕ(s))1Iτx
s >εu1I|D(εu)|<a0

+Eϕ(S −D(εu) +D(τxs ))1Iτx
s ≤εu1I|D(εu)−D(τx

s )|≥a0

+E(ϕ(S −D(εu) +D(τxs ))− ϕ(S))1Iτx
s≤εu1I|D(εu)−D(τx

s )|<a0

+Eϕ(yx(εu))1Iτx,2≤εu.

We then take account of the estimates

1I|D(εu)|≥a0
≤ 1IνεT+N(εT )+σ sup0≤u≤εT w(u) + 1IνεT+N(εT )+σ sup0≤u≤εT −w(u),

and therefore
E1I|D(εu)|≥a0

≤ 2Θao(εT ).

With some additional effort we can also check that

E1Iτx
s ≤εu1I|D(εu)−D(τx

s )|≥a0
≤ 2Θao

(εT );

E1Iτx,2≤εu ≤ ΘS−s(εT ).

Also
E|ϕ(x−D(εu))− ϕ(s)|1I|D(εu)|<a0

≤ γM (2a0);

E|ϕ(S −D(εu) +D(τxs ))− ϕ(S)|1I|D(εu)−D(τx
s )|<a0

≤ γM (a0),

where γM (δ) is the modulus of continuity of ϕ(x) on [s,M ]. Collecting results we
can assert that for u ≤ T

|Eϕ(yx(εu))− ϕ(s)| ≤ ||ϕ||(4Θao(εT ) + ΘS−s(εT )) + γM (2a0) + γM (a0),

and thus

sup
s≤x≤s+a0

|ϕε(x)−ϕ(s)| ≤ ||ϕ||(4Θao
(εT )+ΘS−s(εT )+2 exp−T )+γM (2a0)+γM (a0),

which implies

lim sup
ε→0

sup
s≤x≤s+a0

|ϕε(x)− ϕ(s)| ≤ 2||ϕ|| exp−T + γM (2a0) + γM (a0).

Therefore also

lim sup
ε→0

sup
s≤x≤M

|ϕε(x)− ϕ(x)| ≤ 2||ϕ|| exp−T + γM (2a0) + γM (a0)

+ sup
s≤x≤s+a0

|ϕ(x)− ϕ(s)|.

Letting a0 tend to 0, then T tend to +∞, we see that the right hand side is 0. This
completes the proof of intermediary results and thus also the proof of Theorem
15.5 �
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15.6.4. CHAPMAN-KOLMOGOROV EQUATION. From the formula
(15.6.34) we can see that yx(t) has a density for any t > 0. This follows directly
that the fact that x−D(t) has a density for t > 0. Therefore for ϕ(x) ≥ 0,

Ψ(x, t) ≤ Eϕ(x−D(t)) =

ˆ
�(ξ, t)ϕ(ξ)dξ,

where �(ξ, t) is the density of x−D(t). Therefore we can write

z(x, t) = Eϕ(yx(t)) =

ˆ
p(ξ, t)ϕ(ξ)dξ,

and p(ξ, t) is the density of the variable yx(t). Formally we can write

p(ξ, 0) = δ(ξ − x).

Since z(x, t) = 0 if ϕ = 0 on (s,+∞) (see formula (15.6.34) again) we have p(ξ, t) =
0 for ξ ≤ s. The Chapman-Kolmogorov equation describes the evolution of p(ξ, t).
With considerations similar as those for the invariant measure we can derive this
equation and obtain

∂p

∂t
− σ2

2

∂2p

∂ξ2
− ν

∂p

∂ξ
− λ
´ +∞
0

(p(ξ + η, t)− p(ξ, t))μ(η)dη = 0, if ξ > s

p(ξ, t) = 0, if ξ ≤ s(15.6.41)
p(ξ, 0) = δ(ξ − x)

We have proven the weak convergenceˆ
p(ξ, t)ϕ(ξ)dξ →

ˆ
m(ξ)ϕ(ξ)dξ, as t→ +∞.

Note that
∂p

∂ξ
has a discontinuity in S with the relation

σ2

2

(
∂p

∂ξ
(S + 0, t)− ∂p

∂ξ
(S − 0, t) +

∂p

∂ξ
(s+ 0, t)

)
+λ

ˆ +∞

s

p(x, t)

ˆ +∞

x−s

μ(ξ)dξ = 0.

We do not develop details on the Chapman-Kolmogorov equation, since it has no
explicit solution, and all results on ergodic theory can bypass this equation.

15.6.5. COST ASSOCIATED WITH AN s, S POLICY. We can now
compute the cost associated with an s, S policy as defined by (17.2.2) for a general
impulse control. The impulse times are the random times τs,Sx,n and the impulses
(orders) are S−ys,Sx (τs,Sx,n−0), n ≥ 1. Recalling formula (15.6.8), and using similar
reasoning one convinces oneself that the associated cost is given by

us,S
α (x) = E

ˆ τx
s

0

exp−αt f(ys,Sx (t))dt+ E[exp−ατxs (K(15.6.42)

+c(S − ys,Sx (τxs − 0)))] + E exp−ατxs
E
´ τS

s

0
exp−αt f(ys,SS (t))dt

1− E exp−ατSs

+E exp−ατxs
E
[
exp−ατSs (K + c(S − ys,SS (τSs − 0)))

]
1− E exp−ατSs

.
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We can also write this formula as

us,S
α (x) = E

ˆ τx
s

0

exp−αt f(ys,Sx (t))dt+ cE[exp−ατxs (s(15.6.43)

−ys,Sx (τxs − 0))] +
E exp−ατxs

1− E exp−ατSs

[
E

ˆ τS
s

0

exp−αt f(ys,SS (t))dt

+K + c(S − s) + cE[exp−ατSs (s− ys,SS (τSs − 0))

]
,

and thus

us,S
α (S) = −(K + c(S − s))(15.6.44)

+
1

1− E exp−ατSs

[
E

ˆ τS
s

0

exp−αt f(ys,SS (t))dt+K

+c(S − s) + cE[exp−ατSs (s− ys,SS (τSs − 0))

]
.

So we may write

us,S
α (x) = E

ˆ τx
s

0

exp−αt f(ys,Sx (t))dt+ cE[exp−ατxs (s(15.6.45)

−ys,Sx (τxs − 0))] + E exp−ατxs (us,S
α (S) +K + c(S − s)).

If we introduce
Gs,S

α (x) = us,S
α (x) + cx,

then we get

Gs,S
α (x) = E

ˆ τx
s

0

exp−αt f(ys,Sx (t))dt+ c(x− E[exp−ατxs ys,Sx (τxs − 0)])

+ E exp−ατxs (K +Gs,S
α (S)).

We use the relation

x− E[exp−ατxs ys,Sx (τxs − 0)] = E

ˆ τx
s

0

exp−αt (ν + λξ̄ + αys,Sx (t))dt,

which implies

(15.6.46) Gs,S
α (x) = E

ˆ τx
s

0

exp−αt gα(ys,Sx (t))dt+ E exp−ατxs (K +Gs,S
α (S)),

in which
gα(x) = f(x) + cν + cλξ̄ + αcx;

(15.6.47) Gs,S
α (S) =

E
´ τS

s

0
exp−αt gα(ys,SS (t))dt+KE exp−ατSs

1− E exp−ατSs
,

and we recover that Gs,S
α (x) is solution of the problem

AGs,S
α (x) + αGs,S

α (x) = gα(x) ∀x > s(15.6.48)
Gs,S

α (x) = K +Gs,S
α (S) ∀x ≤ s
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15.6.6. OPTIMIZATION. Can we optimize among s, S values? We know
from the Q.V.I. approach that there exists a unique pair s, S which minimizes
Gs,S

α (x) for any x. We recall that it is the solution of the following algebraic system.
Set

Hs,S
α (x) = (Gs,S

α )′(x),

which is not continuous for x = s. The conditions are

(15.6.49) Hs,S
α (s) = 0 Hs,S

α (S) = 0,

and the corresponding function becomes C1. The second condition is clear from the
general formula (15.6.26). Indeed S enters only through the term Gs,S

α (S) which
should be minimized. Note indeed that in the integral the part of the process ys,SS (t)
before the stopping time τxs does not depend on S.

The second condition is less obvious. Finding a unique s which minimizes
Gs,S

α (x) for any x does not seem obvious from formula (15.6.26). In particular it
should minimizes Gs,S

α (S). We then state the

Proposition 15.3. There exists a pair s, S which minimizes Gs,S
α (S). It satisfies

conditions (15.6.29) and minimizes Gs,S
α (x) for any x.

Proof. We will proceed with direct checking, since we have explicit formulas.
We note from (15.6.27) that

Gs,S
α (S) = −K +

E
´ τS

s

0
exp−αt gα(ys,SS (t))dt+K

1− E exp−ατSs
,

so we have to minimize the expression

Gs,S
α (s) =

E
´ τS

s

0 exp−αt gα(ys,SS (t))dt+K

1− E exp−ατSs
.

We then recall that

zα,s(x) = E

ˆ τx
s

0

exp−αt gα(yx(t))dt,

where yx(t) = x−D(t) is the solution of

Azα,s(x) + αzα,s(x) = gα(x), x > s

zα,s(x) = 0, x ≤ s

and is given by the formula

zα,s(x) =
2

σ2

ˆ x

s

Γα(x− ξ)

(ˆ +∞

ξ

expβ2α(η − ξ)gα(η)dη

)
dξ,

and

E

ˆ τS
s

0

exp−αt gα(ys,SS (t))dt = zα,s(S).

After rearranging the quantity to optimize becomes

Θα(s, S) =

´ S
s
Γα(S − ξ)

(´ +∞
ξ

expβ2α(η − ξ)gα(η)dη
)
dξ +K σ2

2´ S−s

0
Γα(x)dx

.
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The algebraic equations coming from the Q.V.I., recalling the expression of Hα,s(x),
see (15.5.5) and (15.5.6) amount to

(15.6.50)
ˆ S

s

Γα(S − ξ)

(ˆ +∞

ξ

expβ2α(η − ξ)g′α(η)dη
)
dξ = 0,

and

(15.6.51)
ˆ S

s

[ˆ x

s

Γα(x− ξ)

(ˆ +∞

ξ

expβ2α(η − ξ)g′α(η)dη
)
dξ

]
dx+K

σ2

2
= 0.

So what we have to do boils down to checking that in equaling to 0 the derivatives
of Θα(s, S) with respect to s and S we obtain indeed (15.6.30) and (15.6.31). This
is a pure algebraic equivalence. It is first useful to check thatˆ x

s

Γα(x− ξ)

(ˆ +∞

ξ

expβ2α(η − ξ)g′α(η)dη
)
dξ −

ˆ x

s

Γα(x− ξ)gα(ξ)dξ

−β2α

ˆ x

s

Γα(x− ξ)

(ˆ +∞

ξ

expβ2α(η − ξ)gα(η)dη

)
dξ.

Therefore (15.6.30) and (15.6.31) becomeˆ S

s

Γα(S − ξ)gα(ξ)dξ + β2α

ˆ S

s

Γα(S − ξ)(15.6.52)

·
(ˆ +∞

ξ

expβ2α(η − ξ)gα(η)dη

)
dξ = 0,

and

K
σ2

2
−
ˆ S

s

(ˆ x

s

Γα(x− ξ)gα(ξ)dξ

)
dx− β2α(15.6.53)

·
ˆ S

s

[ˆ x

s

Γα(x− ξ)

(ˆ +∞

ξ

expβ2α(η − ξ)gα(η)dη

)
dξ

]
dx = 0.

But this last relation is equivalent to

K
σ2

2
−
ˆ +∞

s

expβ2α(η − s)gα(η)dη

ˆ S−s

0

Γα(y)dy(15.6.54)

+

ˆ S

s

Γα(S − ξ)

(ˆ +∞

ξ

expβ2α(η − ξ)gα(η)dη

)
dξ = 0.

If we now take the derivatives of Θα(s, S) with respect to s and S, we can check
easily after rearrangement and combining equations that we get indeed the relations
(15.6.52) and (15.6.54).

Since we recover the values which allow to solve the Q.V.I. we know that the
value of s is uniquely defined, and S is also uniquely defined, provided we take the
smallest minimum. Since we have solved the Q.V.I. Gs,S

α (x) is minimized for any
x. This concludes the proof. �

15.6.7. ERGODIC CASE. We can now easily treat the ergodic case, as
α→ 0. We can check immediately that

lim
α→0

αus,S
α (x) = lim

α→0
αGs,S

α (x) = lim
α→0

αGs,S
α (s)(15.6.55)

= cν + cλξ̄ +
K + E

´ τS
s

0 f(yS(t))dt

EτSs
= ρs,S .
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Moreover Gs,S
α (x) − Gs,S

α (s) → Gs,S(x) uniformly on compact sets and Gs,S(x) is
the solution of

AGs,S(x) + ρs,S = cν + cλξ̄ + f(x), x > s

Gs,S(x) = 0, x ≤ s(15.6.56)
0 = K +Gs,S(S)

From this equation we can verify that

ρs,S = cν + cλξ̄ +

ˆ +∞

s

f(x)ms,S(x)dx(15.6.57)

+K
σ2

2
((ms,S)′(S − 0)− (ms,S)′(S + 0)),

which is also expression (15.6.55). Minimizing ρs,S with respect to s, S leads to
conditions

(Gs,S)′(S) = 0 (Gs,S)′(s) = 0,

and we recover the Q.V.I. of the ergodic case, see section 15.5.



CHAPTER 16

MEAN-REVERTING INVENTORY CONTROL

16.1. INTRODUCTION

In this chapter, we consider a situation in which the control of inventories is
done partly through impulse controls as in the previous chapter, and partly through
a smoothing procedure called mean-reverting. The mean-reverting procedure is a
given continuous feedback, which continuously increases or decreases the inventory
when it is below or above a given level. This action is not optimized and its cost
being fixed is omitted. The impulse control, which remains the decision, is thus
a complement. We will check that the s, S policy remains valid, with naturally
different values of the quantities s, S. The demand is a continuous diffusion, with-
out jumps. The case of jumps raises mathematical difficulties. The mean-reverting
inventory model has been considered in [13] and [14], with different techniques. In
fact, in these papers a two-band impulse control problem is considered. Unexpect-
edly, this situation turns out to be simpler, because one needs to solve differential
equations in a bounded domain, instead of differential equations in unbounded do-
mains as in the present case. There is also a difference in the cost function with
these papers, in which a quadratic cost is considered, whereas here our traditional
holding and shortage costs are considered. The quadratic cost is justified by the
fact that one tries to remain close to the targeted inventory and thus one minimizes
the distance to the target.

16.2. DESCRIPTION OF THE PROBLEM

16.2.1. THE MODEL. The demand process is composed of two parts: first
a deterministic part with constant rate ν. We next consider a probability space
Ω,A, P on which is defined a Wiener process w(t).

The demand on an interval (0, t) is then given by

D(t) = νt+ σw(t),

where σ is a positive coefficient. Let F t = σ(D(s), s ≤ t)
An impulse control is a sequence

θn, vn,

where θn is a stopping time with respect to the filtration F t and vn is a random
variable Fθn measurable. Denoting by V an impulse control, the corresponding
inventory is described by the formula

(16.2.1) yx(t;V ) = x+ k

(
γt−

ˆ t

0

yx(s;V )ds

)
−D(t) +M(t;V ),

325



326 16. MEAN-REVERTING INVENTORY CONTROL

with

M(t) = M(t;V ) =
∑

{n|θn<t}
vn.

The new element in equation (17.2.1) is the term

k

(
γt−

ˆ t

0

yx(s;V )ds

)
,

which describes the mean-reverting procedure. The increase or decrease of the
inventory takes place in a continuous manner. Therefore during an interval of time
dt, we increase the inventory by an amount k(γ − y(t))dt if the inventory y(t)
is smaller that the target γ ≥ 0, k ≥ 0. It is alternatively decreased by the same
amount if the inventory is larger than γ. If k = 0 the mean-reverting part disappears
and we recover the model of the previous chapter, except that there are no jumps.
Note that the term kγt can be combined with the deterministic part of the demand
−νt, and this will be apparent in the mathematical analysis. However, these terms
have a different economic interpretation, so we do not combine them. Accordingly,
we do not make any assumption on the sign of kγ − ν.

The cost functional will be identical to the situation without the mean-reverting
part. let

f(x) = hx+ + px−.

We define the cost functional by

(16.2.2) Jx(V ) = E

[ ∞∑
n=0

(K + cvn) exp−αθn +

ˆ ∞
0

f(yx(t;V )) exp−αtdt
]
,

and the value function

u(x) = inf Jx(V ).

16.2.2. Q.V.I. We can then write the Q.V.I arising from Dynamic Program-
ming. We introduce the operator

(16.2.3) Au(x) = −1

2
σ2u”(x) + (ν + k(x− γ))u′(x),

in which we see the term originated from the mean-reverting part. The operator A
has not constant coefficients anymore.

The Q.V.I. is given by

Au(x) + αu(x) ≤ f(x)

u(x) ≤M(u)(x)(16.2.4)
(Au(x) + αu(x)− f(x))(u(x)−M(u)(x)) = 0

with

M(u)(x) = K + inf
v>0

[cv + u(x+ v)].

As usual we look for a function which is C1 with linear growth. Standard arguments
show that the solution of the Q.V.I is the value function.
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16.2.3. TRANSFORMATION. As done in the previous chapter, it is con-
venient to consider the transformation

G(x) = u(x) + cx,

and thus the problem becomes: find a function G(x), with x ∈ R, which is C1 and
has linear growth, satisfying

AG(x) + αG(x) ≤ g(x) + c(ν − kγ)

G(x) ≤ K + infη≥x G(η)(16.2.5)
(AG(x) + αG(x)− g(x)− c(ν − kγ))(G(x)−K − infη≥x G(η)) = 0

The function g is given by

(16.2.6) g(x) = f(x) + c(α+ k)x.

16.3. s, S POLICY

16.3.1. THRESHOLD s. Given a number s, we look for a solution of (16.2.5)
as follows:

AGs(x) + αGs(x) = g(x) + c(ν − kγ), x > s(16.3.1)
Gs(x) = K + infη≥s Gs(η), x ≤ s

In order to get a function which is globally C1 we impose the condition

(16.3.2) G′s(s) = 0.

This is a relation to define s. We proceed by considering

Hs(x) = G′s(x),

which is the solution of

AHs(x) + (α+ k)Hs(x) = g′(x), x > s(16.3.3)
Hs(x) = 0, x ≤ s

we look for a bounded continuous solution Hs(x) of the Dirichlet problem (16.3.3),
for a given s. To define s, we use the second relation (16.3.1) which can be written
as follows

(16.3.4) 0 = K + inf
η≥s

ˆ η

s

Hs(η)dη.

Note that

(16.3.5) g′(x) =

{
h+ c(α+ k), if x > 0

−p+ c(α+ k), if x < 0

We make the assumption

(16.3.6) − p+ c(α+ k) < 0.
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16.3.2. GREEN FUNCTION. Although it is possible to prove the exis-
tence of a solution of (16.3.3) by an approximation procedure, it is important to
obtain an explicit formula as we have done in the standard case. For that purpose
we need a Green function, solution of the differential equation in the whole space,
without right hand side. We introduce the following problem

− 1
2σ

2Φ”(x) + (ν + k(x− γ))Φ′(x) + (α+ k)Φ(x) = 0, ∀x ∈ R(16.3.7)
Φ(0) = 1, Φ(+∞) = 0

We want to prove the

Theorem 16.1. We assume (16.3.6). There exists one and only one solution of
(16.3.7) such that

(16.3.8) Φ(x) > 0, Φ′(x) < 0, Φ”(x) > 0.

As x→ −∞,Φ(x)→ +∞, Φ′(x)→ −∞. Considering the roots βk < 0, β∗k > 0 of

−1

2
σ2β2 + νβ + α+ k = 0,

we have the growth condition

0 > Φ′(x) ≥
exp

k

σ2
(x− γ)2

β∗k − βk

[
βk

(
β∗k − Φ′(0) exp−kγ2

σ2

)
expβkx(16.3.9)

+β∗k

(
Φ′(0) exp−kγ2

σ2
− βk

)
expβ∗kx

]
, x ≤ 0

Proof. We begin by solving (16.3.7) in [0,+∞). It is a Dirichlet type boundary
value problem. It has one and only one solution and

0 ≤ Φ(x) ≤ 1, x ≥ 0,

and we have the energy relation

(16.3.10)
σ2

2

ˆ +∞

0

Φ′2dx+

(
α+

k

2

) ˆ +∞

0

Φ2dx = −σ2

2
Φ′(0) +

1

2
(ν − kγ).

If we next test the equation (16.3.7) with Φ′(x) and integrate between 0 and x > 0.
We obtain

−σ2

4
Φ′2(x) +

σ2

4
Φ′2(0) +

ˆ x

0

(ν + k(ξ − γ))Φ′2(ξ)dξ +
α+ k

2
(Φ2(x)− 1) = 0,

From this formula, one can convince oneself easily that Φ′2(x) has a limit as x →
+∞, but since Φ′2(x) is also an L1 function, necessarily this limit is 0. Therefore,
we obtain an additional energy relation

(16.3.11)
σ2

4
Φ′2(0) +

ˆ +∞

0

(ν + k(x− γ))Φ′2(x)dx =
α+ k

2
.

Since Φ(ε) < 1 = Φ(0), we see that Φ′(0) ≤ 0. In fact Φ′(0) < 0. Indeed, if we set
Ψ(x) = Φ′(x), then Ψ(x) satisfies

(16.3.12) − 1

2
σ2Ψ”(x) + (ν + k(x− γ))Ψ′(x) + (α+ 2k)Ψ(x) = 0, x > 0,

and we know already that Ψ(+∞) = 0. Therefore Ψ(0) cannot be 0, otherwise Ψ(x)
would be identically 0, hence Φ(x) would be constant on [0,∞) which is impossible.
Since Ψ(0) ≤ 0, in fact Ψ(0) < 0. Necessarily Ψ(x) ≤ 0 and cannot be 0 at any
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point, otherwise this point would be a maximum, which is impossible. Therefore
Ψ(x) < 0, ∀x ≥ 0. In addition Ψ′(x) cannot be negative or zero at any point.
Otherwise, Ψ(x) would have a negative local minimum, which is also impossible.
Therefore Ψ′(x) = Φ”(x) > 0, ∀x ∈ [0,∞).

We thus have proved the properties (16.3.8) for x ∈ [0,∞).
We next solve equation (16.3.7) in (−∞, 0] as a two-dimensional system of

linear differential equations, with given initial values at 0. For convenience, we will
change the sign of x, to solve a system on [0,∞). Define

y(x) = Φ(−x), z(x) = Φ′(−x), x > 0

then the pair y(x), z(x) is solution of

y′ = −z;(16.3.13)
z′ = 2

σ2 ((kx− (ν − kγ))z − (α+ k)y),

on [0,∞) with initial conditions y(0) = 1, z(0) = z0 = Φ′(0) < 0. Consider the
matrix

A(x) =
(

0 −1
− 2

σ2 (α+ k) 2
σ2 (kx− (ν − kγ)

)
,

then we associate to it a family of matrices, called Σ(x, x0), x ≥ x0, the fundamental
matrix satisfying the differential equation

d

dx
Σ(x, x0) = A(x)Σ(x, x0);

Σ(x0, x0) = I,

where I is the identity. From the theory of linear differential equations, the matrix
Σ(x, x0) is well defined, for any pair x ≥ x0. Moreover the solution of (16.3.13) is
given by (

y(x)
z(x)

)
= Σ(x, 0)

(
1
z0

)
,

so it is uniquely defined for any x > 0. Let

�(x) = exp− 2

σ2

[
k
(x+ γ)2

2
− νx

]
,

and
z̃(x) = z(x)�(x),

then the pair y(x), z̃(x) is the solution of

y′ = − z̃

�
(16.3.14)

z̃′ = − 2

σ2
(α+ k)�y

with initial conditions y(0) = 1, z̃(0) = z0 exp−kγ2

σ2
. It follows easily that y(x) >

0, z̃(x) < 0. After easy manipulations, we get the following integral equation for
z̃(x)

z̃(x) = z̃(0)− 2

σ2
(α+ k)y(0)

ˆ x

0

�(ξ)dξ(16.3.15)

+
2

σ2
(α+ k)

ˆ x

0

G(x, η)z̃(η)dη,
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with
G(x, η) =

ˆ x

η

�(ξ)

�(η)
dξ,

and
�(ξ)

�(η)
= exp− 2

σ2

[
k

2
(ξ − η)(ξ + η + 2γ)− ν(ξ − η)

]
.

For ξ ≥ η ≥ 0, we have
�(ξ)

�(η)
≤ exp

2ν

σ2
(ξ − η),

hence for x ≥ η ≥ 0

G(x, η) ≤
exp

2ν

σ2
(x− η)− 1

2ν

σ2

.

Also
�(x) ≤ exp

2ν

σ2
x.

We use these inequalities in (16.3.15) and note that y(0) = 1 and z̃(η) ≤ 0. After
rearrangements we obtain the inequality

z̃(x) ≥ z̃(0) +
α+ k

ν
y(0)− α+ k

ν
(16.3.16)

· exp 2ν

σ2
x

(
y(0)−

ˆ x

0

z̃(η) exp−2ν

σ2
ηdη

)
− α+ k

ν

ˆ x

0

z̃(η)dη.

We then introduce the function u(x) solution of

u(x) = z̃(0) +
α+ k

ν
y(0)− α+ k

ν
(16.3.17)

· exp 2ν

σ2
x

(
y(0)−

ˆ x

0

u(η) exp−2ν

σ2
ηdη

)
− α+ k

ν

ˆ x

0

u(η)dη.

One checks easily that u(x) satisfies

−σ2

2
u”(x) + νu′(x) + (α+ k)u(x) = 0,

and we also have

u(0) = z̃(0), u′(0) = − 2

σ2
(α+ k)y(0).

Considering the roots of

−σ2

2
β2 + νβ + (α+ k) = 0,

denoted by βk < 0, β∗k > 0, we can express the function u(x) by the formula

u(x) =
z̃(0)

β∗k − βk
(−βk expβ∗kx+ β∗k expβkx)(16.3.18)

− 2

σ2

(α+ k)y(0)

β∗k − βk
(expβ∗kx− expβkx).

Let us check that z̃(x) ≥ u(x). Indeed, if we set w(x) = z̃(x)− u(x), then we have
the inequity

w(x) ≥ α+ k

ν

ˆ x

0

(
exp

2ν

σ2
(x− η)− 1

)
w(η)dη,
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hence

w(x) ≥ −α+ k

ν

ˆ x

0

(
exp

2ν

σ2
(x− η)− 1

)
w−(η)dη;

w(x)− exp−2ν

σ2
x ≤ α+ k

ν

ˆ x

0

exp−2ν

σ2
η w−(η)dη.

From Gronwall’s inequity, we then assert that

w(x)− exp−2ν

σ2
x = 0,

which implies the result. Recalling that

z̃(0) = −y′(0) exp−kγ2

σ2
= Φ′(0) exp−kγ2

σ2
;

y(0) = Φ(0) = 1; β∗kβk = − 2

σ2
(α+ k); β∗k + βk =

2ν

σ2
,

and rearranging we can write

z(x) exp− k

σ2
(x+ γ)2 ≥ βk exp−βkx

β∗k − Φ′(0) exp−kγ2

σ2

β∗k − βk

+β∗k exp−β∗kx
−βk +Φ′(0) exp−kγ2

σ2

β∗k − βk
.

Finally recalling that z(x) = Φ′(−x),x ≥ 0, we deduce easily the estimate (16.3.9).
We have Φ(x) > 0, Φ′(x) < 0. Let s check that

(16.3.19) Φ′(x)→ −∞, as x→ −∞.

Indeed, from (16.3.14) z̃(x) is strictly decreasing. So

z(x) = z̃(x) exp
2

σ2

[
k
(x+ γ)2

2
− νx

]
≤ z̃(0) exp

2

σ2

[
k
(x+ γ)2

2
− νx

]
→ −∞, as x→ +∞

hence (16.3.19). Consider Ψ(x) = Φ′(x). It is a solution of (16.3.12) and Ψ(x) <
0,∀x ≤ 0. Moreover

Ψ(x)→ −∞, as x→ −∞
We also know that Ψ′(0) = Φ”(0) > 0. Necessarily

Ψ′(x) = Φ”(x) > 0, ∀x < 0

Otherwise there will be a point x0 in which Ψ′(x0) = 0. We can take the largest
negative such point. It is a local minimum for Ψ(x). But from equation (16.3.12)
Ψ(x) cannot have a negative local minimum for x < 0. This completes the proof. �

We call Φ(x) a Green function for the problem (16.3.3), by analogy with the
solution of linear P.D.E. Note that when k = 0,

Φ(x) = expβx,

where β is the negative root of

−σ2

2
β2 + νβ + α = 0.
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16.3.3. SOLUTION OF (16.3.3). Thanks to the Green function we can give
an explicit formula for the solution of (16.3.3). Let us set

ϑ(x) = �(−x)(16.3.20)

= exp− 2

σ2

[
k
(x− γ)2

2
+ νx

]
.

We begin by considering the function

(16.3.21) χ(x) = ϑ(x)Φ(x), x ∈ R,

which satisfies the differential equation

−σ2

2
χ”(x)− (k(x− γ) + ν)χ′(x) + αχ(x) = 0(16.3.22)

χ(0) = exp− k

σ2
γ2, χ(+∞) = 0

Lemma 16.1. There exists one and only one solution of (16.3.22). Moreover

(16.3.23) χ′(x) < 0, χ(x)→ +∞, as x→ −∞.

Proof. The function defined by (16.3.22) is a solution, by direct checking.
The uniqueness follows from the theory of linear differential equations, as for Φ(x).
We only have to prove that χ′(x) < 0. We necessarily have χ′(0) < 0, otherwise χ(x)
would increase for x > 0 close to 0. But then, since it tends to 0 as x→ +∞ χ(x)
would have a positive maximum on (0,+∞) which is impossible. We then have

χ′(x) = ϑ(x)Φ′(x)− 2

σ2
(k(x− γ) + ν).

Since Φ′(x) < 0, we have χ′(x) < 0 for x ≥ γ. If χ′(x) vanishes at some point x∗

in (0, γ) then the first such point must be a local minimum. But then χ(x) would
increase after x∗, close to x∗. But then there will be a positive local maximum,
which is not possible. Hence χ′(x) < 0, for x ≥ 0. When x < 0, again χ′(x)
cannot vanish and change sign otherwise χ(x) will have a positive local maximum.
It cannot have an inflection point, since the second derivative would be 0, which is
not possible from the second order equation (16.3.22). The fact that χ(x) → +∞
as x→ −∞ follows immediately from the fact that χ′(x) < 0 and χ”(x) > 0 for x
sufficiently negative. �

Then we state the

Theorem 16.2. The solution of (16.3.3) is unique and given by the formula

(16.3.24) Hs(x) =
2

σ2

ˆ x

s

Φ(x)

Φ(ξ)

(ˆ +∞

ξ

g′(η)
χ(η)

χ(ξ)
dη

)
dξ, x ≥ s.

Proof. The first thing to prove is that the function defined by (16.3.24), called
Hs(x) for simplicity is bounded. Since g′(x) is bounded, it is sufficient to prove
that the function

Zs(x) =
2

σ2

ˆ x

s

Φ(x)

Φ(ξ)

(ˆ +∞

ξ

χ(η)

χ(ξ)
dη

)
dξ, x ≥ s

is bounded. From the properties of the functions Φ(x) and χ(x) we can check easily
that it is sufficient to show that Z0(x) is bounded. But we are going to show that

(16.3.25) Z0(x) =
1− Φ(x)

α+ k
.
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Indeed, let us define by Z0(x) by (16.3.25). It is a bounded solution of

−σ2

2
Z0” + (ν + k(x− γ))Z ′0 + (α+ k)Z0 = 1, x > 0(16.3.26)

Z0(0) = 0

Define next

A(x) =
Z0(x)

Φ(x)
= − 1

α+ k
+

1

α+ k

1

Φ(x)

then, by direct computation we have

A”(x) +A′(x)
[
2
Φ′(x)
Φ(x)

− 2

σ2
(ν + k(x− γ))

]
= − 2

σ2Φ(x)
,

hence also
d

dx
(A′(x)Φ2(x)ϑ(x)) = − 2

σ2
Φ(x)ϑ(x).

But also from the definition of A(x)

A′(x)Φ2(x)ϑ(x) = − 1

α+ k
Φ′(x)ϑ(x).

Since on x > 0, Φ′(x) is bounded, the right hand side goes to 0 as x → +∞.
Therefore, necessarily

A′(x)Φ2(x)ϑ(x) =
2

σ2

ˆ +∞

x

χ(η)dη.

Now, since A(0) = 0, we get

A(x) =
2

σ2

ˆ x

0

1

Φ(ξ)

(ˆ +∞

ξ

χ(η)

χ(ξ)
dη

)
dξ,

and therefore, Z0(x) is also given by formula

Z0(x) =
2

σ2

ˆ x

0

Φ(x)

Φ(ξ)

(ˆ +∞

ξ

χ(η)

χ(ξ)
dη

)
dξ, x ≥ 0,

which proves that the right sense is also bounded. Next the function defined by
(16.3.24) is solution of (16.3.3).

Let us prove the uniqueness of a bounded solution. It is, of course, sufficient
to prove that a bounded solution of

AHs(x) + (α+ k)Hs(x) = 0, x > s

Hs(s) = 0

is 0. Suppose that Hs(x) becomes strictly positive. It cannot have a positive local
maximum. Otherwise, if x∗ is the smallest local maximum strictly greater than s
then

H ′s(x
∗) = 0, Hs”(x

∗) < 0,

and we get a contradiction. Therefore H ′s(x) > 0. Since Hs(x) is bounded, we must
have H ′

s(x) → 0, as x → +∞. Consider a point x0 such that ν + k(x0 − γ) > 0.
There exists a point x∗ such that Hs”(x

∗) < 0. At this point, there is again a
contradiction. Therefore Hs(x) ≤ 0. By a similar reasoning we see easily that Hs(x)
cannot become strictly negative. Hence it is 0. The proof has been completed. �
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16.3.4. FUNCTION Gs(x). Define first

(16.3.27) Q(x) =
2

σ2

ˆ +∞

x

g′(η)
χ(η)

χ(x)
dη.

So the function Hs(x) solution of (16.3.3) (s is a fixed parameter) can be written
as follows

(16.3.28) Hs(x) =

ˆ x

s

Φ(x)

Φ(ξ)
Q(ξ)dξ.

From the function Hs(x) we define the function Gs(x) by the formula

(16.3.29) Gs(x) =

{
Gs(s) +

´ x
s
Hs(ξ)dξ, x > s

Gs(s), x ≤ s
,

with the choice

(16.3.30) Gs(s) =
g(s) +

σ2

2
Q(s) + c(ν − kγ)

α
.

We then have the

Lemma 16.2. The function Gs(x) is C1 and satisfies

AGs(x) + αGs(x) = g(x) + c(ν − kγ), x > s

Proof. The fact that it is C1 is a consequence of Hs(s) = 0. Next the equation
of Hs(x) (16.3.3) can be written as follows

−σ2

2
Hs”(x) +

d

dx
[(ν + k(x− γ))Hs(x)] + αHs(x) = g′(x).

Integrating between s and x and rearranging we get for x > s

−σ2

2
Gs”(x) +

σ2

2
H ′

s(s) + (ν + k(x− γ))G′s(x) + αGs(x)− αGs(s) = g(x)− g(s),

and from the definition of Gs(s) the result follows, noting that H ′
s(s) = Q(s). �

Lemma 16.3. The function Gs(x) attains its infimum for x ≥ s.

Proof. From the definition of Q(x) (16.3.27) and the value of g′(x) we get
that Q(x) > 0 for x ≥ 0. For x < 0 we have the formula

σ2

2
Q(x)χ(x) = (−p+ c(α+ k))

ˆ 0

x

χ(η)dη + (h+ c(α+ k))

ˆ ∞
0

χ(η)dη,

which is clearly an increasing function. We recall, see Lemma 16.1, that χ(x)→ +∞
as x→ −∞. Therefore

Q(x)χ(x)→ −∞, as x→ −∞
It follows that there exists a unique point x0 < 0 such that

Q(x0) = 0, Q(x) > 0, ∀x > x0, Q(x) < 0, ∀x < x0 < 0

For s ≥ x0, Hs(x) > 0, hence Gs(x) increases. Therefore its minimum is at s.
Assume next s < x0 < 0.
We consider x > 0. Then we can write

AHs(x) + (α+ k)Hs(x) = h+ c(α+ k),
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therefore we can also write

Hs(x) =
h+ c(α+ k)

α+ k
+Φ(x)

(
Hs(0)− h+ c(α+ k)

α+ k

)
, ∀x ≥ 0.

This implies

Hs(x)→ h+ c(α+ k)

α+ k
, as x→ +∞

and thus
Gs(x)→ +∞, as x→ +∞

Since H ′
s(s) = Q(s) < 0, Hs(x) remains strictly negative for x close to s, larger

than s. Therefore Gs(x) decreases for x close to s, larger than s.
Since it goes to +∞ as x → +∞, it attains its minimum for x ≥ s, at points

�= s. �

We can define S(s) to be the smallest minimum of Gs(x) for x ≥ s. From the
proof of Lemma 16.3. we see that

(16.3.31) S(s) = s,∀s ≥ x0, S(s) > x0, ∀s < x0

16.3.5. OBTAINING s. The point s is the solution of (16.3.4) which means
also

(16.3.32) 0 = K +

ˆ S(s)

s

Hs(η)dη.

We have the

Proposition 16.1. There exists a unique s < x0 solution of (16.3.32).

Proof. We study the function

γ(s) =

ˆ S(s)

s

Hs(η)dη.

Clearly
γ(s) = 0, ∀s ≥ x0.

For s < x0, we have, noting that Hs(s) = Hs(S(s)) = 0,

γ′(s) =
ˆ S(s)

s

∂

∂s
Hs(η)dη

and from formula (16.3.28) we get

(16.3.33) γ′(s) = −Q(s)

Φ(s)

ˆ S(s)

s

Φ(x)dx,

and since Q(s) < 0, we see immediately that γ′(s) > 0. The important step is to
show that

(16.3.34) lim inf
s→−∞ γ′(s) ≥ p− c(α+ k)

α+ k
.

This will be done in the next Lemma. If (16.3.34) holds, then

(16.3.35) γ(s)→ −∞, as s→ −∞.

Since then, γ(s) increases from −∞ to 0, as s increases from −∞ to 0. Therefore
there exists a unique s < x0 such that γ(s) = −K. This concludes the proof. �
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The function Gs(x) defined by (16.3.29) and (16.3.30) satisfies (16.3.1), (16.3.2).
It remains to show the

Lemma 16.4. The property (16.3.34) is satisfied.

Proof. We first notice that

γ′(s) ≥ −Q(s)

Φ(s)

ˆ x0

s

Φ(η)dη.

Also

(16.3.36) γ′(s) ≥ −Q(s)

Φ(s)

ˆ 0

s

Φ(η)dη

(
1−
´ 0
x0

Φ(η)dη´ 0
s
Φ(η)dη

)
.

Since ˆ 0

s

Φ(η)dη → +∞, as s→ −∞
the second term in the parenthesis goes to 0 as s→ −∞. So we focus on the function

Z(x) = −Q(x)

Φ(x)

ˆ 0

x

Φ(η)dη, x ≤ 0

We next note that

Q(x) =
2

σ2
(−p+ c(α+ k))

ˆ 0

x

χ(η)

χ(x)
dη +

2

σ2
(h+ c(α+ k))

ˆ +∞

0

χ(η)

χ(x)
dη,

and since χ(x) → +∞, as x → −∞, the second term goes to 0 as x → −∞.
Consider next the equation (16.3.22) for χ(x) for x < 0. We integrate between x
and 0 and divide by χ(x). We easily obtain

ˆ 0

x

χ(η)

χ(x)
dη = − σ2

2(α+ k)

Φ′(x)
Φ(x)

+

σ2

2
χ′(0) + χ(0)(ν − kγ)

(α+ k)χ(x)
,

and the second term goes to 0 as x→ −∞.
Similarly, considering the equation for Φ(x) for x < 0, see (17.2.1), we integrate

between x and 0 and obtain

ˆ 0

x

Φ(η)

Φ(x)
dη = −σ2

2α

Φ′(x)
Φ(x)

+
ν + k(x− γ)

α
+

σ2

2
Φ′(0)− Φ(0)(ν − kγ)

αΦ(x)
,

and the third term goes to 0 as x→ −∞.
We are going to prove the two following properties

(16.3.37) − Φ′(x)
Φ(x)

→ +∞, as x→ −∞

(16.3.38) ν + k(x− γ)− σ2

2

Φ′(x)
Φ(x)

≥ 1

2
B(x), ∀x < x̄,

for some x̄ < 0 and

B(x) =
ν + k(x− γ) +

√
(ν + k(x− γ))2 + 2ασ2

2
.

Clearly

(16.3.39) −B(x)(ν + k(x− γ))→ ασ2

2
, as x→ −∞.
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Suppose we have obtained properties (16.3.37), (16.3.38). In considering the behav-
ior of Z(x) as x→ −∞, we look for the dominating term. From the considerations
above, we can write

Z(x) =
1

α

[
2

σ2

p− c(α+ k)

α+ k

⎛⎜⎝−σ2

2

Φ′(x)
Φ(x)

+

σ2

2
χ′(0) + χ(0)(ν − kγ)

χ(x)

⎞⎟⎠

−
σ2

2
χ′(0) + χ(0)(ν − kγ)

χ(x)

][
−σ2

2

Φ′(x)
Φ(x)

+ ν + k(x− γ)

+

σ2

2
Φ′(0)− Φ(0)(ν − kγ)

Φ(x)

]
.

In the first bracket, from (16.3.37) it is clear that the dominating term is

p− c(α+ k)

α+ k

(
−Φ′(x)

Φ(x)

)
.

In the second bracket the dominating term is not immediate. However

σ2

2
Φ′(0)− (ν − kγ)

Φ(x)
=

σ2

2
Φ′(0)− (ν − kγ)

χ(x)
ϑ(x).

Recall that

ϑ(x) = exp− 2

σ2

[
k
(x− γ)2

2
+ νx

]
,

then
σ2

2
Φ′(0)− (ν − kγ)

Φ(x)
= B(x)

⎡⎢⎣ σ2

2
Φ′(0)− (ν − kγ)

χ(x)

−ϑ(x)(ν + k(x− γ))

−B(x)(ν + k(x− γ))

⎤⎥⎦ .

It follows from (16.3.39), the properties of χ(x) and the value of ϑ(x) that the
function in the brackets tends to 0 as x → −∞. From (16.3.38) it follows easily
that the dominant term is

−σ2

2

Φ′(x)
Φ(x)

+ ν + k(x− γ),

therefore, collecting results we can assert that the dominant term in Z(x) is

Z̃(x) =
p− c(α+ k)

α(α+ k)
(−Φ′(x)

Φ(x)
)

(
−σ2

2

Φ′(x)
Φ(x)

+ ν + k(x− γ)

)
.

Define

u(x) = −σ2

2

Φ′(x)
Φ(x)

+ ν + k(x− γ),

then

(16.3.40) Z̃(x) =
2

σ2

p− c(α+ k)

α(α+ k)
u(u− (ν + k(x− γ)ν).
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We now prove (16.3.37), (16.3.38), by studying u more precisely. First, from the
relation

σ2

2
Φ′(0)− (ν − kγ) + α

ˆ +∞

0

Φ(x)dx = 0,

we deduce (recalling that Φ(0) = 1)

u(0) > 0.

Moreover, one easily checks that u(x) is the solution of the differential equation

(16.3.41) u′ =
2u2

σ2
− 2u

σ2
(ν + k(x− γ))− α, u(0) > 0.

We first check that u(x) > 0 for x < 0. Indeed, we can write for x < 0

−σ2

2
Φ′(0) +

σ2

2
Φ′(x) + ν − kγ − (ν + k(x− γ))Φ(x) + α

ˆ 0

x

Φ(η)dη = 0,

hence

−σ2

2
Φ′(0) + (ν − kγ)

Φ(x)
− u(x) + α

ˆ 0

x

Φ(η)dη = 0,

which implies u(x) > 0, for x < 0. Next we can write (16.3.41) as

(16.3.42) u′ =
2

σ2
(u(x)−B(x))(u(x) + C(x)),

with
C(x) = B(x)− (ν + k(x− γ)).

Note that

B(x)C(x) =
ασ2

2
.

Consider now

v(x) =
u(x)

B(x)
> 0,

it satisfies the differential equation

(16.3.43) v′ =
2

σ2
(v − 1)

(
Bv +

ασ2

2B

)
− v

k√
(ν + k(x− γ))2 + 2ασ2

, x < 0.

We deduce
−1

2

d

dx
((1− v)+)2 = v′(1− v)+ < 0,

therefore the function ((1−v)+)2 increases on (−∞, 0). It follows that if there exists
x̄ < 0 such that (1− v)+(x̄) = 0, then necessarily

(1− v)+(x) = 0, ∀x < x̄

Hence if v(x̄) ≥ 1, necessarily v(x) ≥ 1, ∀x < x̄. Suppose now that v(x) < 1, ∀x < 0,
then from the equation (16.3.43) it follows that v′(x) < 0. Therefore v(x) increases
as x→ −∞. It necessarily converges to v∗ ≤ 1. If v∗ < 1, we see from the equation
that v′(x)→ −∞, as x→ −∞. This is a contradiction. Summarizing we have the
situation: either

v(x) ≥ 1, ∀x < x̄

or
v(x) ↑ 1, as x ↓ −∞
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Since u(x) = v(x)B(x) we have either

u(x) ≥ B(x), ∀x < x̄

or
u(x)−B(x) = (v(x)− 1)B(x)→ 0, as x→ −∞

So in both cases we can assert the property (16.3.38). Next, either

−σ2

2

Φ′(x)
Φ(x)

≥ −(ν + k(x− γ)) +B(x), ∀x ≤ x̄

or

−σ2

2

Φ′(x)
Φ(x)

= B(x) + u(x)−B(x)− (ν + k(x− γ))→∞, as x→ −∞.

In both cases we obtain property (16.3.37). So Z̃(x) given by (16.3.40) is the
dominant term in the expression of Z(x). Now we can write

Z̃(x) =
2

σ2

p− c(α+ k)

α(α+ k)
Bv(Bv − (ν + k(x− γ)ν)

=
2

σ2

p− c(α+ k)

α(α+ k)

(
B2(x)v(x)(v(x)− 1) + v(x)

ασ2

2

)
.

Now, since
lim inf
x→−∞ v(x) ≥ 1,

we can assert that

lim inf
x→−∞ Z̃(x) =

p− c(α+ k)

α+ k
,

hence also

lim inf
x→−∞ Z(x) =

p− c(α+ k)

α+ k
which proves (16.3.34), and concludes the proof. �

16.4. SOLUTION OF THE Q.V.I

It remains to show that the function Gs(x) defined by (16.3.1), (16.3.2) is
solution of the Q.V.I. (16.2.5). We can state the

Theorem 16.3. The function Gs(x) defined by (16.3.1), (16.3.2) is solution of the
Q.V.I. (16.2.5).

Proof. We first check the complementarity slackness condition (third condi-
tion (16.2.5)). For x ≤ s, we have

Gs(x) = Gs(s)

= K +Gs(S(s))

= K + inf
η>s

Gs(η).

But
inf
η>s

Gs(η) = inf
η>x

Gs(η) ∀x ≤ s.

Indeed, for x < η < s, one has

Gs(η) = Gs(s) > inf
η>s

Gs(η).
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Therefore, we can assert that

Gs(x) = K + inf
η>x

Gs(η) ∀x ≤ s.

Clearly, the complementarity slackness condition is satisfied. It remains to show
that

(16.4.1) AGs(x) + αGs(x) ≤ g(x) + c(ν − kγ), x < s

(16.4.2) Gs(x) ≤ K + inf
η>x

Gs(η) ∀x ≥ s.

But (16.4.1) means
Gs(s) ≤ g(x) + c(ν − kγ), x < s,

and from formula (16.3.30) we need to prove

g(s) +
σ2

2
Q(s) ≤ g(x), x ≤ s,

which is true since Q(s) < 0 and x ≤ s ≤ 0.
The proof of (16.4.2) is identical to that of (15.3.20), Theorem 15.2, Chapter

15. This concludes the proof. �



CHAPTER 17

TWO BAND IMPULSE CONTROL PROBLEMS

17.1. INTRODUCTION

In the inventory control problems considered in the previous chapters, the im-
pulse control was a replenishment type ordering control. The inventory depleted
by the demand had to be replenished from time to time (the impulse times). There
are situations in which one may want to reduce the inventory. This will be the
case when there is an additional source of supply (the mean reverting rule is one
example). It may then not be optimal to accumulate inventory. A typical example
is the cash management problem introduced by Constantinides and Richard [17].
For another application see Cadenillas and Zapatero [15]. This chapter is based on
Bensoussan, Liu and Yuan [10].

17.2. THE PROBLEM

17.2.1. THE MODEL. We consider a probability space Ω,A, P on which is
defined a Wiener process w(t). Let F t = σ(w(s), s ≤ t)

An impulse control is a sequence

θn, vn,

where θn is a stopping time with respect to the filtration F t and vn is a random
variable Fθn measurable. Denoting by V an impulse control, the corresponding
inventory is described by the formula

(17.2.1) yx(t;V ) = x+ μt+ σw(t) +M(t;V ),

with
M(t) = M(t;V ) =

∑
{n|θn<t}

vn

In this model the drift term μt combines a mean demand and a fixed resupply
policy. The number μ is any real number.

Let
f(x) = hx+ + px−.

We define the cost functional by

(17.2.2) Jx(V ) = E

[ ∞∑
n=0

C(vn) exp−αθn +

ˆ ∞
0

f(yx(t;V )) exp−αtdt
]
,

where

(17.2.3) C(v) = K+1Iv>0 +K−1Iv<0 + c+v+ + c−v−,

in which v+ = max(v, 0), v− = −min(v, 0) and K+,K−, c+, c− are positive con-
stants. Note that the upper symbols +,− have different meanings.

341
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Conversely to the previous models, the impulses can be positive or negative,
and they are subject to different fixed and variable costs.

The value function is defined by

u(x) = inf Jx(V ).

17.2.2. Q.V.I. We write the Q.V.I arising from Dynamic Programming. We
consider the operator

(17.2.4) Au(x) = −1

2
σ2u”(x)− μu′(x).

The Q.V.I. is given by

Au(x) + αu(x) ≤ f(x);

u(x) ≤M(u)(x);(17.2.5)
(Au(x) + αu(x)− f(x))(u(x)−M(u)(x)) = 0,

with
M(u)(x) = inf

v 	=0
[C(v) + u(x+ v)].

We look for a function which is C1 with linear growth. Standard arguments show
that the solution of the Q.V.I is the value function.

17.2.3. TRANSFORMATION. Define

M+u(x) = inf
v≥0

(K+1Iv>0 + c+v + u(x+ v));

M−u(x) = inf
v≤0

(K−1Iv<0 − c−v + u(x+ v)),

then
Mu(x) = min(M+u(x),M−u(x)),

and the Q.V.I. can be written as follows

Au(x) + αu(x) ≤ f(x);

u(x) ≤M+u(x);(17.2.6)
u(x) ≤M−u(x);

(Au(x) + αu(x)− f(x))(u(x)−M+u(x))(u(x)−M−u(x)) = 0.

Introduce the functions

(17.2.7) G+(x) = u(x) + c+x;

(17.2.8) G−(x) = u(x)− c−x;

(17.2.9) g + (x) = f(x) + αc+x;

(17.2.10) g−(x) = f(x)− αc−x,

then we can write the Q.V.I. in two parts

(17.2.11)

AG+ + αG+ ≤ g+(x)− c+μ
G+(x) ≤ K+ + infη>x G

+(η)
(AG+ + αG+ − g+(x) + c+μ)(G+(x)−K+ − infη>x G

+(η)) = 0
if G−(x) < K− + infη<x G

−(η)
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(17.2.12)

AG− + αG− ≤ g−(x) + c−μ
G−(x) ≤ K− + infη<x G

−(η)
(AG− + αG− − g−(x)− c−μ)(G−(x)−K− − infη<x G

−(η)) = 0
if G+(x) < K+ + infη<x G

+(η)

(17.2.13) G+(x)−G−(x) = (c+ + c−)x

17.3. a,A, b, B POLICY

17.3.1. FUNCTIONS G+
ab(x) AND G−ab(x). Generalizing the idea of s, S

policy, we introduce the concept of a,A, b, B policy. Let first a < b be two real
numbers we define the functions G+

ab(x) and G−ab(x) by the following Q.V.I (note
they are uncoupled)

AG+
ab + αG+

ab = g+(x)− c+μ, ∀a < x < b

G+
ab(x) = K+ + infa<η<b G

+
ab(η), ∀x ≤ a(17.3.1)

G+
ab(b) = K− + (c+ + c−)b+ infa<η<b(G

+
ab(η)− (c+ + c−)η)

AG−ab + αG−ab = g−(x) + c−μ, ∀a < x < b

G−ab(x) = K− + infa<η<b G
−
ab(η), ∀x ≥ b(17.3.2)

G−ab(a) = K+ − (c+ + c−)a+ infa<η<b(G
−
ab(η) + (c+ + c−)η)

The first problem is defined on the domain (−∞, b] and the second problem is
defined on the domain [a,+∞). Considering the conditions on the common do-
main [a, b] we obtain two-point boundary-value problems, with non-local Dirichlet
conditions. On this domain, one has the relation

(17.3.3) G+
ab(x)−G−ab(x) = (c+ + c−)x.

From the second relation (17.3.1) we get an extension of G+
ab(x) below a and from

the second equation (17.3.2) we get an extension of G−ab(x) beyond b. Using (17.3.3)
we define G+

ab(x) and G−ab(x) on the whole line, and the relation (17.3.3) holds true.
When a < b are arbitrary numbers, we can only assert that G+

ab(x) and G−ab(x) are
continuous. To get C1 functions on the whole line, we need to impose the conditions

(17.3.4) (G+
ab)
′(a) = 0, (G−ab)

′(b) = 0,

which can be considered as equations defining a and b.

17.3.2. FUNCTIONS H+
ab(x) AND H−

ab(x). The next step is to consider
the functions

(17.3.5) H+
ab(x) = (G+

ab)
′(x), H−

ab(x) = (G−ab)
′(x).

These functions are solutions of two-point boundary value problems

(17.3.6) AH+
ab + αH+

ab = f ′ + αc+, a < x < b, H+
ab(a) = 0, H+

ab(b) = c+ + c−

(17.3.7) AH−
ab+αH−

ab = f ′−αc−, a < x < b, H−
ab(a) = −(c++c−), H−

ab(b) = 0,

and of course

(17.3.8) H+
ab(x)−H−

ab(x) = c+ + c−.

We extend H+
ab(x) and H−

ab(x) beyond the interval (a, b) by constant values, so that
(17.3.8) holds on the whole line. The functions H+

ab(x) and H−
ab(x) are continuous
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on the whole line, for any pair a < b. The system of equations to define the pair
(a, b) becomes

(17.3.9) F (a, b) = K+ + inf
a≤x≤b

ˆ x

a

H+
ab(ξ)dξ = 0

(17.3.10) G(a, b) = −K− + sup
a≤x≤b

ˆ b

x

H−
ab(ξ)dξ = 0.

We shall in the sequel make the assumptions

(17.3.11) p− αc+ > 0, h− αc− > 0.

It is fairly easy to give analytic formulas for H+
ab(x) and H−

ab(x). Let us consider
the 2nd order equation

−1

2
σ2β2 − μβ + α = 0,

and the roots

β1 = −μ−
√
μ2 + 2ασ2

σ2
> 0, β2 = −μ+

√
μ2 + 2ασ2

σ2
< 0,

then we have the formulas

H+
ab(x) = Z+(a, b)

expβ1(x− a)− expβ2(x− a)

expβ1(b− a)− expβ2(b− a)

− 2

σ2(β1 − β2)

ˆ x

a

(f ′(ξ) + αc+)(expβ1(x− ξ)− expβ2(x− ξ))dξ,

with

Z+(a, b) = c+ + c−

+
2

σ2(β1 − β2)

ˆ b

a

(f ′(ξ) + αc+)(expβ1(b− ξ)− expβ2(b− ξ))dξ;

H−ab(x) = Z−(a, b)
expβ1(x− b)− expβ2(x− b)

expβ1(a− b)− expβ2(a− b)

+
2

σ2(β1 − β2)

ˆ b

x

(f ′(ξ)− αc−)(expβ1(x− ξ)− expβ2(x− ξ))dξ,

with

Z−(a, b) = −(c++c−)+
2

σ2(β1 − β2)

ˆ b

a

(f ′(ξ)−αc−)(expβ1(a−ξ)−expβ2(a−ξ))dξ.

17.3.3. FUNCTIONS A(a, b) AND B(a, b). We begin with

Lemma 17.1. We assume a < 0 < b. Under the first assumption (17.3.11) the
function Z+(a, b) is increasing in a. Moreover Z+(0, b) > 0,Z+(−∞, b) = −∞.
Similarly, under the second assumption (17.3.11), the function Z−(a, b) is increas-
ing in b. Moreover Z−(a, 0) < 0 and Z−(a,+∞) = +∞.

Proof. We have

Z+(a, b) = −h− αc−

α
+

1

α(β1 − β2)
[(p+ h)(β1 expβ2b− β2 expβ1b)

−(p− αc+)(β1 expβ2(b− a)− β2 expβ1(b− a))],
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hence
∂Z+

∂a
=

2

σ2(β1 − β2)
(p− αc+)(expβ1(b− a)− expβ2(b− a)) > 0.

Clearly Z+(0, b) > 0. Also from which we deduce Z+(−∞, b) = −∞. Similarly

Z−(a, b) =
p− αc+

α
+

1

α(β1 − β2)
[−(p+ h)(β1 expβ2a− β2 expβ1a)−

+(h− αc−)(β1 expβ2(a− b)− β2 expβ1(a− b))],(17.3.12)

hence
∂Z−

∂b
= − 2

σ2(β1 − β2)
(h− αc−)(expβ1(a− b)− expβ2(a− b)) > 0,

and Z−(a, 0) < 0, Z−(a,+∞) = +∞. �

Proposition 17.1. We assume (17.3.11) and a < 0 < b. There exist unique num-
bers A(a, b), B(a, b) such that

a ≤ A(a, b) < B(a, b) ≤ b,

such that

H+
ab(x) > 0, ∀x > A(a, b); H+

ab(x) < 0, ∀a < x < A(a, b); H+
ab(A) = 0

H−
ab(x) > 0, ∀b > x > B(a, b); H−

ab(x) < 0, ∀x < B(a, b); H−
ab(B) = 0.

The cases A(a, b) = a or B(a, b) = b are possible, in which case H+
ab(x) > 0, ∀x > a

or H−
ab(x) < 0, ∀x < b.

Proof. From Lemma 17.1 it follows that there exist uniquely defined numbers
a0(b) < 0 and b0(a) > 0 such that

(17.3.13) Z+(a, b) < 0, ∀a < a0(b); Z
+(a, b) > 0, ∀a0(b) < a < 0

(17.3.14) Z−(a, b) > 0, ∀b > b0(a); Z
−(a, b) < 0, ∀0 < b < b0(a).

Next we obtain from the formula of H+
ab(x)

(H+
ab)
′(a) =

Z+(a, b)(β1 − β2)

expβ1(b− a)− expβ2(b− a)
,

therefore (H+
ab)
′(a) and Z+(a, b) have the same sign. We deduce that

a0(b) ≤ a =⇒ (H+
ab)
′(a) ≥ 0,

we then state that H+
ab(x) > 0, ∀x ∈ (a, b]. Indeed there exists a small interval

(a, a+ ε) in which H+
ab(x) > 0. This is clear when a > a0(b) since (H+

ab)
′(a) > 0. It

is also true when a = a0(b), since (H+
ab)
′(a) = 0 and

−1

2
σ2(H+

ab)”(a) = −(p− αc+) < 0.

There cannot exist a point x̄ with a < x̄ < b such that H+
ab(x̄) = 0. Indeed, if such

a point exists, we can consider the smallest such point, hence one has

H+
ab(x) > 0, ∀x ∈ (a, x̄).

Necessarily x̄ > 0. Otherwise since there is a positive maximum in (a, x̄) there will
be a local positive maximum in (a, 0) which is impossible, by maximum principle
considerations. Moreover (H+

ab)
′(x̄) < 0. Since H+

ab(b) > 0, the function H+
ab(x)
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has a negative minimum in (0, b), which is also impossible by maximum principle
considerations. So we have proven that H+

ab(x) > 0, ∀x ∈ (a, b]. Defining

A(a, b) = a, ∀a ≥ a0(b),

the result is obtained for H+
ab(x). We can thus assume a < a0(b). We have then

(H+
ab)
′(a) < 0. This implies that for a small interval (a, a + ε), H+

ab(x) < 0. Since
H+

ab(b) > 0, the function H+
ab(x) must vanish in (a, b). We can define A(a, b) as the

smallest point in (a, b) such that H+
ab(A) = 0. In fact, we are going to prove that this

point is unique and H+
ab(x) > 0, ∀x ∈ (A, b]. We have (H+

ab)
′(A) > 0. Therefore for

a small interval (A,A+ ε] we have H+
ab(x) > 0. Consider the minimum of H+

ab(x) on
[A+ ε, b]. Suppose this minimum is ≤ 0, and let x∗ be this minimum. Then x∗ ≤ 0,
by maximum principle considerations. But then A < 0 and there exists a local
maximum of H+

ab(x) in the open interval (A, 0). This is impossible, by maximum
principle considerations. Therefore, for a < a0(b) there exists a unique A(a, b) with
a < A(a, b) < b and

H+
ab(x) > 0, ∀x > A(a, b); H+

ab(x) < 0, ∀a < x < A(a, b); H+
ab(A) = 0.

Similarly, we can check

b ≤ b0(a) =⇒ H−
ab(x) < 0, ∀x ∈ [a, b).

In this case we set B(a, b) = b. Otherwise if b > b0(a) there exists a unique B(a, b)
with a < B(a, b) < b and

H−
ab(x) > 0, ∀b > x > B(a, b); H−

ab(x) < 0, ∀x < B(a, b); H−
ab(B) = 0.

In view of (17.3.8) we have clearly

A(a, b) < B(a, b).

The proof has been completed. �

17.3.4. FUNCTIONS a(b) AND b(a). We recall the definition of functions
F (a, b),G(a, b), see (17.3.9), (17.3.10). We are going to prove the

Proposition 17.2. We assume (17.3.11) and a < 0 < b. There exists a unique
a(b) < a0(b) such that

(17.3.15) F (a(b), b) = 0,

and a unique b(a) > b0(a) such that

(17.3.16) G(a, b(a)) = 0.

To prove the Proposition, we shall rely on intermediary properties, interesting in
themselves

Lemma 17.2. For a ≤ x ≤ b, we have the properties
(17.3.17)

∂H+
ab(x)

∂a
> 0, ∀a < a0(b);

∂H+
ab(x)

∂a
< 0, ∀a > a0(b);

∂H+
ab(x)

∂a
|a=a0(b) = 0

(17.3.18)
∂H−

ab(x)

∂b
> 0, ∀b > b0(a);

∂H−
ab(x)

∂b
< 0, ∀b < b0(a);

∂H−ab(x)
∂b

|b=b0(a) = 0.



17.3. a,A, b, B POLICY 347

Proof. From the formula of H+
ab(x) we get after easy, although tedious calcu-

lations

∂H+
ab(x)

∂a
= Z+(a, b)

expβ1(x− b)− expβ2(x− b)

(expβ1(a− b)− expβ2(a− b))2
(β1 − β2)(17.3.19)

· exp(β1 + β2)(a− b),

and similarly

∂H−
ab(x)

∂b
= Z−(a, b)

expβ1(x− a)− expβ2(x− a)

(expβ1(b− a)− expβ2(b− a))2
(β1 − β2)(17.3.20)

· exp(β1 + β2)(b− a).

Therefore, from (17.3.13) and (17.3.14) we can assert that
(17.3.21)

∂H+
ab(x)

∂a
> 0, if a < a0(b);

∂H+
ab(x)

∂a
< 0, if a > a0(b);

∂H+
ab(x)

∂a
|a=a0(b)

(17.3.22)
∂H−

ab(x)

∂b
> 0, if b > b0(a);

∂H−ab(x)
∂b

< 0, if b < b0(a);
∂H−

ab(x)

∂b
|b=b0(a)

PROOF OF PROPOSITION 17.2:
Consider next F (a, b) and G(a, b) defined by (17.3.9) and (17.3.10). We first

note that

(17.3.23) F (a, b) = K+, if a ≥ a0(b); G(a, b) = −K−, if b ≤ b0(a).

Next, for a < a0(b)

∂F (a, b)

∂a
=

ˆ A(a,b)

a

∂H+
ab(x)

∂a
dx > 0,

from (17.3.21). Similarly, for b > b0(a) one has

∂G(a, b)

∂b
=

ˆ b

B(a,b)

∂H−
ab(x)

∂b
dx > 0.

Hence F (a, b) is strictly increasing in a on (−∞, a0(b)) and constant on [a0(b), 0].
Similarly G(a, b) is constant on [0, b0(a)] and strictly increasing in b on (b0(a),+∞).
We proceed by showing that

(17.3.24) F (−∞, b) = −∞, G(a,+∞) = +∞.

The monotonicity properties and (17.3.23), (17.3.24) imply immediately the exis-
tence and uniqueness of a(b) and b(a) such that (17.3.15) and (17.3.16) hold. There
remains to prove (17.3.24). We shall prove only the first part. The second part is
similar. It is useful to give explicit formulas for H+

ab(x) and H−
ab(x). One gets
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for x > 0,

H+
ab(x) = (c+ + c−)

expβ1(x− a)− expβ2(x− a)

expβ1(b− a)− expβ2(b− a)

−h+ αc+

α

expβ1(x− a)− expβ2(x− a)− expβ1(b− a) + expβ2(b− a)

expβ1(b− a)− expβ2(b− a)

− p+ h

α(β1 − β2)

(exp(β2x+ β1b)− exp(β1x+ β2b))(β1 exp−β1a− β2 exp−β2a)

expβ1(b− a)− expβ2(b− a)

+
p− αc+

α
exp−(β1 + β2)a

exp(β2x+ β1b)− exp(β1x+ β2b)

expβ1(b− a)− expβ2(b− a)

and for x < 0,

H+
ab(x) =

expβ1(x− a)− expβ2(x− a)

expβ1(b− a)− expβ2(b− a)

[
−h− αc−

α

+
p+ h

α

β1 expβ2b− β2 expβ1b

β1 − β2

]
+

p− αc+

α

·expβ1(b− a)(expβ2(x− a)− 1)− expβ2(b− a)(expβ1(x− a)− 1)

expβ1(b− a)− expβ2(b− a)
.

Similarly we state:
For x > 0,

H−
ab(x) =

expβ1(x− b)− expβ2(x− b)

expβ1(a− b)− expβ2(a− b)

[p− αc+

α

· − p+ h

α

β1 expβ2a− β2 expβ1a

β1 − β2

]
+

h− αc−

α

·expβ2(a− b)(expβ1(x− b)− 1)− expβ1(a− b)(expβ2(x− b)− 1)

expβ1(a− b)− expβ2(a− b)
,

and for x < 0,

H−
ab(x) = −(c+ + c−)

expβ1(x− b)− expβ2(x− b)

expβ1(a− b)− expβ2(a− b)
+

p+ αc−

α

·expβ1(x− b)− expβ2(x− b)− expβ1(a− b) + expβ2(a− b)

expβ1(a− b)− expβ2(a− b)
+

p+ h

α(β1 − β2)

· (exp(β2x+ β1a)− exp(β1x+ β2a))(β1 exp−β1b− β2 exp−β2b)

expβ1(a− b)− expβ2(a− b)

−h− αc−

α
exp−(β1 + β2)b

exp(β2x+ β1a)− exp(β1x+ β2a)

expβ1(b− a)− expβ2(b− a)
.

We thus deduce immediately:
For x ≤ 0,

H+
−∞b(x) = −

h− αc−

α
expβ1(x− b)− p− αc+

α

+
h+ p

α(β1 − β2)
expβ1(x− b)(β1 expβ2b− β2 expβ1b),

hence

H+
−∞b(x)→ −p− αc+

α
as x→ −∞,
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and H+
−∞b(b) = c+ + c−. Therefore the point A(−∞, b) is well defined and finite.

It follows that ˆ A(−∞,b)

−∞
H+
−∞b(ξ)dξ = −∞,

hence the first part of (17.3.24) is obtained. The second part is proven in a similar
manner. The proof of the proposition has been completed. �

17.3.5. OBTAINING a AND b. We look for points a ≤ 0 and b ≥ 0 such
that (17.3.9), (17.3.10) hold. We begin by giving full expressions for F (a, b), G(a, b).

We know, of course, (17.3.23). So we consider a < a0(b) and b > b0(a). We
have

F (a, b) = K+ +

ˆ A

a

H+
ab(x)dx.

From equation (17.3.6) we obtain

−σ2

2
((H+

ab)
′(A)− (H+

ab)
′(a)) + α

ˆ A

a

H+
ab(x)dx =

ˆ A

a

(f ′(x) + αc+)dx.

Using β1β2 = −2α

σ2
we have also

ˆ A

a

H+
ab(x)dx =

1

α

ˆ A

a

(f ′(x) + αc+)dx− 1

β1β2
((H+

ab)
′(A)− (H+

ab)
′(a)).

Next, from the formula of H+
ab(x) we can assert

(H+
ab)
′(x) = Z+(a, b)

β1 expβ1(x− a)− β2 expβ2(x− a)

expβ1(b− a)− expβ2(b− a)
(17.3.25)

− 2

σ2(β1 − β2)

ˆ x

a

(f ′(ξ) + αc+)(β1 expβ1(x− ξ)

−β2 expβ2(x− ξ))dξ

hence

(H+
ab)
′(A)−(H+

ab)
′(a) = Z+(a, b)

(β1(expβ1(A− a)−1)−β2(expβ2(A−a)−1))

expβ1(b− a)− expβ2(b− a)

− 2

σ2(β1 − β2)

ˆ A

a

(f ′(ξ) + αc+)(β1 expβ1(A− ξ)− β2 expβ2(A− ξ))dξ.

On the other hand, since H+
ab(A) = 0, we can also write

Z+(a, b)
expβ1(A− a)− expβ2(A− a)

expβ1(b− a)− expβ2(b− a)

=
2

σ2(β1 − β2)

ˆ A

a

(f ′(ξ) + αc+)(expβ1(A− ξ)− expβ2(A− ξ))dξ.

Combining, we get

(H+
ab)
′(A)− (H+

ab)
′(a) =

2

σ2

ˆ A

a

(f ′(x) + αc+)

·expβ1(A− x)(expβ2(A− a)− 1)− expβ2(A− x)(expβ1(A− a)− 1)

expβ1(A− a)− expβ2(A− a)
dx.
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Therefore

F (a, b) = K+ +
1

α

ˆ A

a

(f ′(x) + αc+)dx+
1

α

ˆ A

a

(f ′(x) + αc+)

·expβ1(A− x)(expβ2(A− a)− 1)− expβ2(A− x)(expβ1(A− a)− 1)

expβ1(A− a)− expβ2(A− a)
dx.

Computing the integrals, we finally get

F (a, b) = K+ +
1

α
((−p+ αc+)(A− a) + (h+ p)A+)

+
1

α

p− αc+

β1β2
(β1 − β2)

(expβ1(A− a)− 1)(expβ2(A− a)− 1)

expβ1(A− a)− expβ2(A− a)
+

1

α

p+ h

β1β2

·β1(expβ1(A− a)− 1)(1− expβ2A
+)− β2(expβ2(A− a)− 1)(1− expβ1A

+)

expβ1(A− a)− expβ2(A− a)
.

We can, in a similar way give the formula for G(a, b)

G(a, b) = −K− +
1

α
((h− αc−)(b−B)− (h+ p)B−)

+
1

α

h− αc−

β1β2
(β1 − β2)

(expβ1(B − b)− 1)(expβ2(B − b)− 1)

expβ1(B − b)− expβ2(B − b)
+

1

α

p+ h

β1β2

·β1(expβ1(B−b)−1)(1−exp−β2B−)−β2(expβ2(B−b)−1)(1−exp−β1B
−)

expβ1(B − b)− expβ2(B − b)

We can state the

Proposition 17.3. We assume (17.3.11). There exists a solution a < 0 < b of the
system (17.3.9), (17.3.10).

Proof. The functions A(a, b), B(a, b) and F (a, b), G(a, b) are continuous. More-
over we have (17.3.24). It follows that the functions a(b) and b(a) are continuous.
Indeed, if bn → b and an = a(bn) then the sequence an must be bounded. Otherwise
there would exist a subsequence converging to −∞, but then, for this subsequence

F (an, bn)→ F (−∞, b) = −∞,

which is impossible, since F (an, bn) = 0. It follows easily that the unique accumu-
lation point of the sequence an, bn is a(b), b. Therefore a(bn)→ a(b), which proves
the continuity of the map b → a(b). A similar proof holds for the map a → b(a).
Now a solution of (17.3.9), (17.3.10) satisfies

u(a) = a(b(a))− a = 0.

The function u(a) is continuous and u(0) = a(b(0)) < 0. Let us check that

(17.3.26) u(−∞) = +∞.

If this is true, then the function u(a) crosses the line 0 and there exists â such
that u(â) = 0. Then â and b̂ = b(â) is a solution of (17.3.9), (17.3.10). To prove
(17.3.26) it is sufficient to check that b(−∞) is finite. However if b(−∞) = +∞
then G(−∞,+∞) = 0. This is not possible from (17.3.24). The proof has been
completed. �

Remark 17.1. We do not claim the uniqueness of the point a, b although it is very
likely.
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17.4. SOLUTION OF THE Q.V.I.

From the a,A,B, b policy, we are going to construct G+(x), G−(x) satisfying
(17.2.11), (17.2.12), (17.2.13). We define

(17.4.1) G+
ab(x) = G+

ab(a), ∀x ≤ a; G+
ab(x) = G+

ab(a) +

ˆ x

a

H+
ab(ξ)dξ, ∀x ≥ a

(17.4.2) G−ab(x) = G−ab(b), ∀x ≥ b; G−ab(x) = G−ab(b)−
ˆ b

x

H−
ab(ξ)dξ, ∀x ≤ b,

with

(17.4.3) G+
ab(a) =

g+(a)− c+μ+ σ2

2 (H+
ab)
′(a)

α
;

(17.4.4) G−ab(b) =
g−(b) + c−μ+ σ2

2 (H−
ab)
′(b)

α
.

We first check that

(17.4.5) G+
ab(x)−G−ab(x) = (c+ + c−)x.

Since
(G+

ab)
′(x)− (G−ab)

′(x) = H+
ab(x)−H−

ab(x) = c+ + c−,
it is sufficient to check that

(17.4.6) G+
ab(a)−G−ab(a) = (c+ + c−)a.

Using

G−ab(a) = G−ab(b)−
ˆ b

a

H−
ab(ξ)dξ

= G−ab(b)−
ˆ b

a

H+
ab(ξ)dξ + (c+ + c−)(b− a),

and formulas (17.4.3), (17.4.4) we must check the relation

g+(a)− c+μ+
σ2

2
(H+

ab)
′(a)

= g−(b) + c−μ+
σ2

2
(H−

ab)
′(b)− α

ˆ b

a

H+
ab(ξ)dξ + α(c+ + c−)b,

or

−σ2

2
((H−

ab)
′(b)−(H+

ab)
′(a))+α

ˆ b

a

H+
ab(ξ)dξ−(c++c−)μ = f(b)−f(a)+αc+(b−a),

which follows immediately from (17.3.6) after integrating between a and b. The
functions G+

ab(x) and G−ab(x) satisfy (17.3.1), (17.3.2), (17.3.3). We then define

G+(x) = G+
ab(x), G−(x) = G−ab(x).

We note that

AG+(x) + αG+(x) = g+(x)− c+μ, ∀a < x < b

G+(x) = G+
ab(a), ∀x ≤ a

G+(x) = G−ab(b) + (c+ + c−)x, ∀x ≥ b



352 17. TWO BAND IMPULSE CONTROL PROBLEMS

Therefore for x < a

AG+(x) + αG+(x) = g+(a)− c+μ+
σ2

2
(H+

ab)
′(a).

We use next (H+
ab)
′(a) < 0 and

g+(x) = f(x) + αc+x = (−p+ αc+)x

≥ (−p+ αc+)a = g+(a)

to conclude that

AG+(x) + αG+(x) ≤ g+(x)− c+μ, ∀ x < a.

For x > b, we have

AG+(x) + αG+(x) = −μ(c+ + c−) + α(c+ + c−)x

+g−(b) + c−μ+
σ2

2
(H−

ab)
′(b).

We then use (H−
ab)
′(b) < 0 and

g−(b) = f(b)− αc−b = (h− αc−)b ≤ (h− αc−)b
= g−(x) = g+(x)− α(c+ + c−)x,

to conclude also that

AG+(x) + αG+(x) ≤ g+(x)− c+μ, ∀ x > b.

Next we note that, from the choice of a, b we have

G+
ab(a) = K+ + inf

a<η<b
G+

ab(η)

For x ≤ a,

G+(x) = G+
ab(a) = K+ + inf

a<η<b
G+(η)

= K+ + inf
x<η<b

G+(η) = K+ + inf
x<η

G+(η).

For x > a, to prove the same inequality we have to check that

(17.4.7) 0 ≤ K+ + inf
x<η

ˆ η

x

H+
ab(ξ)dξ.

This is obvious for x > A, since the integral is positive. So we may consider the
situation a ≤ x ≤ A. But then

K+ + inf
x<η

ˆ η

x

H+
ab(ξ)dξ = K+ +

ˆ A

x

H+
ab(ξ)dξ

≥ K+ +

ˆ A

a

H+
ab(ξ)dξ = 0.

Therefore (17.4.7) is obtained. Considering (17.2.11) we see that the two first
inequalities are satisfied. In a similar way, we check that the two first inequalities of
(17.2.12) are also satisfied. Finally, considering the three intervals, (−∞, a), (a, b),
(b+∞) we see that the third relations in (17.4.7) and in (17.2.12) are also satisfied.
Therefore we have found a solution of the Q.V.I. (17.2.11), (17.2.12), (17.2.13) and
thus also of (17.2.6) through a a,A,B, b policy.
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17.5. COMPUTATIONAL ASPECTS

In this section we focus on computational aspects related to obtaining the four
numbers a,A,B, b.

17.5.1. SIGN OF A AND B. We know that A < B and a < 0, b > 0 but
we cannot guarantee the sign of A,B. It is interesting to further study this question.
It also leads to simplifications in the computation of the four numbers. Consider
finding a(b) for fixed b. We have to solve F (a(b), b) = 0. But looking at formula
(17.5.13) we see that F (a.b) depends on b only through A(a, b). So for b fixed the
pair a(b),A(a(b), b) is obtained via a system

(17.5.1) F (a, b) = 0, H+
ab(A) = 0.

In solving this system, we have different calculations depending on the sign of the
solution A that we look for. If we postulate A < 0, then the pair a,A becomes
the solution of the following system (recall that we omit to write b which is a fixed
positive parameter in this framework)

K+ − 1

α
(p− αc+)(A− a) +

1

α

p− αc+

β1β2
(β1 − β2)

· (expβ1(A− a)− 1)(expβ2(A− a)− 1)

expβ1(A− a)− expβ2(A− a)
= 0

h− αc− − (p+ h)
β1 expβ2b− β2 expβ1b

β1 − β2
= (p− αc+)

·expβ1(b− a)(expβ2(A− a)− 1)− expβ2(b− a)(expβ1(A− a)− 1)

expβ1(A− a)− expβ2(A− a)
.

Moreover this system is sequential. The first equation defines A−a and is indepen-
dent of b. The second equation defines a as a function of b and the value of A− a
obtained from the first one. If we define the function

(17.5.2) Z(x) = −x+
β1 − β2
β1β2

(expβ1x− 1)(expβ2x− 1)

expβ1x− expβ2x
,

then the first condition is equivalent to

(17.5.3) Z(A− a) =
−K+α

p− αc+
.

We have the

Lemma 17.3. There exists a unique number � > 0 such that

(17.5.4) Z(�) =
−K+α

p− αc+
.

Proof. We compute

Z′(x) = −1 + β1 − β2

β1β2

β2 expβ2x(expβ1x− 1)2 − β1 expβ1x(expβ2x− 1)2

(expβ1x− expβ2x)2

=
[β2(expβ1x− 1)− β1(expβ2x− 1)]

β1β2(expβ1x− expβ2x)2

· [β1 expβ1x(expβ2x− 1)− β2 expβ2x(expβ1x− 1)]

β1β2(expβ1x− expβ2x)2
.
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We check easily that for x > 0

β2(expβ1x− 1)− β1(expβ2x− 1) < 0

β1 expβ1x(expβ2x− 1)− β2 expβ2x(expβ1x− 1) < 0

therefore Z′(x) ≤ 0. Moreover Z(0) = 0 and Z(+∞) = −∞. This implies the
result. �

From (17.5.3) we can assert that

(17.5.5) A(a(b), b)− a(b) = � if A(a(b), b) ≤ 0.

Going back to the second condition we can write

h− αc− − (p+ h)
β1 expβ2b− β2 expβ1b

β1 − β2
= (p− αc+)(17.5.6)

·expβ1(b− a)(expβ2� − 1)− expβ2(b− a)(expβ1� − 1)

expβ1� − expβ2�

which defines a as a function of b. Let us introduce the number

(17.5.7) ϕ(�) =
β1(expβ2� − 1)− β2(expβ1� − 1)

expβ1� − expβ2�
,

then we have

ϕ(�) + β1 =
(β1 − β2)(expβ1� − 1)

expβ1� − expβ2�
; ϕ(�) + β2 =

(β1 − β2)(expβ2� − 1)

expβ1� − expβ2�
,

and (17.5.6) becomes after rearranging
(17.5.8)

L�(b− a) =
α(c+ + c−)(β2 − β1) + (p+ h)[β2(expβ1b− 1)− β1(expβ2b− 1)]

p− αc+
,

with

(17.5.9) L�(x) = (expβ1x− 1)(ϕ(�) + β2)− (expβ2x− 1)(ϕ(�) + β1), x ≥ 0.

We can also give another formulation of equation (17.5.8). Recalling the definition
of Z+(a, b) we check easily that (17.5.8) is equivalent to

(17.5.10)
Z+(a, b)

expβ1(b− a)− expβ2(b− a)
=

ϕ(�)(p− αc+)

α(β2 − β1)
.

Now, we check easily that ϕ(0) = 0. From (17.3.13) we see also that a0(b) is the
unique solution of (17.5.10) when � = 0. More generally, we state the

Lemma 17.4. For any � ≥ 0, there exists a unique a�(b) solution of (17.5.10).

Proof. It is of course equivalent to consider the equation (17.5.8). The func-
tion L�(x) satisfies

L′�(x) = β1(ϕ(�) + β2) expβ1x− β2(ϕ(�) + β1) expβ2x;

L”�(x) = (β1)
2(ϕ(�) + β2) expβ1x− (β2)

2(ϕ(�) + β1) expβ2x.

We note that

(17.5.11) ϕ(�) > 0, ϕ(�) + β2 < 0,

hence L”�(x) < 0. Therefore L′�(x) is decreasing and

L′�(0) = (β1 − β2)ϕ(�), L′�(+∞) = −∞.
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It follows that L′�(x) vanishes at a positive point x̄ and

L′�(x) > 0, ∀0 ≤ x < x̄, L′�(x) < 0, ∀ x > x̄

Since L�(0) = 0 and L�(+∞) = −∞ the function L�(x) has a maximum at x̄
and has a unique 0 at a point x∗ > x̄. For x > x∗ it is strictly negative, and for
0 < x < x∗ it is positive. We check easily that the right hand side of (17.5.8) is
negative and smaller than L�(b). Therefore there exists one and only one a�(b)
solution of (17.5.8). �

Similarly, for a given, the pair b(a) and B(a, b(a)) is solution of

(17.5.12) G(a, b) = 0, H−
ab(B) = 0,

and for B > 0, we get a simplification, similar to the case A < 0 above. From the
formula of G(a, b) we can write

−K− +
1

α
(h− αc−)(b−B) +

1

α

h− αc−

β1β2
(β1 − β2)

· (expβ1(B − b)− 1)(expβ2(B − b)− 1)

expβ1(B − b)− expβ2(B − b)
= 0(17.5.13)

which leads to b−B = π with π > 0, the solution of

(17.5.14) Z(π) =
−K−

h− αc−
.

Also, from the formula of H−
ab(B) we obtain, using the definition of the function ϕ,

see (17.5.7)
(17.5.15)

L−π(a− b) =
α(c+ + c−)(β2 − β1) + (p+ h)[β2(expβ1a− 1)− β1(expβ2a− 1)]

h− αc−
.

We note that

(17.5.16) ϕ(−π) < 0, ϕ(−π) + β1 > 0.

We see that L′−π(x) is positive for x < ¯̄x < 0 and negative for x > ¯̄x. We have
L−π(0) = 0 and L−π(−∞) = −∞. Noting that that the right hand side of (17.5.15)
is negative and less than L−π(a), equation (17.5.15) defines for any π ≥ 0 in a unique
way a positive number bπ(a). Collecting results, we can state the

Proposition 17.4. We assume (17.3.11). Then, for � solution of (17.5.4) one
has

(17.5.17) a�(b) +� < 0 =⇒ a(b) = a�(b), A(a(b), b) = a�(b) +�,

and for π solution of (17.5.14) one has

(17.5.18) bπ(a)− π > 0 =⇒ b(a) = bπ(a), B(a, b(a)) = bπ(a)− π.

Proof. Under the assumptions a�(b), a�(b) +� and bπ(a), bπ(a)− π are the
unique solutions of (17.5.1) and (17.5.12) respectively. �
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17.5.2. PROPERTIES OF a�(b) AND bπ(a). We shall prove the

Proposition 17.5. We assume (17.3.11). Then a′�(0) = b′π(0) = 1. There exist
unique points b∗� > 0 and a∗π < 0 such that

a′�(b∗�) = b′π(a
∗
π) = 0.

The function a�(b) increases on (0, b∗�) and decreases on (b∗�,+∞). The function
bπ(a) decreases on (−∞, a∗π) and increases on (a∗π, 0). Moreover

(17.5.19) a�(b) < a0(b), ∀� > 0, bπ(a) > b0(a), ∀π > 0.

Proof. We can compute a′�(b) from (17.5.8). We use also (17.5.8) to combine
terms. After rearrangements we obtain
(17.5.20)

a′�(b)=
β1−β2

p−αc+
· (p−αc

+) expβ2(b−a�(b))(ϕ(�)+β1)−(p+h)β1 expβ2b+β1(h−αc−)
β1 expβ1(b−a�(b))(ϕ(�)+β2)−β2 expβ2(b− a�(b))(ϕ(�)+β1)

.

Note also that

1−a′�(b)=
p+ h

p−αc+
β1β2(expβ1b− expβ2b)

β1 expβ1(b−a�(b))(ϕ(�)+β2)−β2 expβ2(b−a�(b))(ϕ(�)+β1)
,

from which we get a′�(0) = 1 and a′�(b) < 0 for b sufficiently large.
Let us check that there is a unique point b such that a′�(b) = 0. We call it b to

simplify notation. From (17.5.20) we get

(17.5.21) exp−β2a�(b) =
β1

ϕ(�) + β1

p+ h− (h− αc−) exp−β2b
p− αc+

.

But combining with (17.5.8) which is rewritten as

(p− αc+) expβ2(b− a�(b))(ϕ(�) + β1)− (p+ h)β1 expβ2b

= (p− αc+) expβ1(b− a�(b))(ϕ(�) + β2)− (p+ h)β2 expβ1b

+(h− αc−)(β2 − β1),

we have also

(17.5.22) exp−β1a�(b) =
β2

ϕ(�) + β2

p+ h− (h− αc−) exp−β1b
p− αc+

.

We can then eliminate a�(b) and obtain an equation for the value of b. We have

(p+ h− (h− αc−) exp−β2b)(p+ h− (h− αc−) exp−β1b)−
β2
β1

=
ϕ(�) + β1

β1

(
ϕ(�) + β2

β2

)− β2
β1 (

p− αc+
)1− β2

β1(17.5.23)

Let us check that (17.5.23) defines a unique positive value of b. First, the right hand
side is a number between 0 and (p− αc+)1−

β2
β1 . This follows from the property

0 <

(
1 +

x

β1

)(
1 +

x

β2

)− β2
β1

< 1, ∀0 < x < −β2.

On the other hand the left hand side of (17.5.23) decreases in the argument b on
[0,∞) from (p+ αc−)1−

β2
β1 to −∞. Since

(p+ αc−)1−
β2
β1 > (p+ αc−)1−

β2
β1 ,
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the number b is uniquely defined. We call this number b∗�. We show that this point
is a positive maximum. First we know that a′�(0) = 1. Since b∗� is the unique
point such that a′�(b) = 0, we necessarily have a′�(b) > 0, ∀0 ≤ b < b∗�. Necessarily
a”(b∗�) ≤ 0. We cannot have a”(b∗�) = 0. Indeed the point will be an inflection
point and we would have a′�(b) for b > b∗�, close to b. Since, we would have another
stationary point different from b∗�. This is not possible, from the uniqueness of the
stationary point. This proves the properties of a�(b). The property (17.5.19) follows
from the fact that Z+(a�(b), b) < 0, see (17.5.10) and the increasing monotonicity
in a of the function. All the properties of a�(b) have been proven. The properties
of bπ(a) are proven in a similar way. This concludes the proof. �

We deduce the

Corollary 17.1. If

(17.5.24) a�(b∗�) +� ≤ 0,

then a(b) = a�(b), ∀b > 0. Similarly, if

(17.5.25) bπ(a
∗
π)− π ≥ 0,

then b(a) = bπ(a), ∀a < 0. If (17.5.24) is not satisfied, there exist two and only two
values b1� and b2� such that

(17.5.26) b1� < b∗� < b2�, a�(b1�) +� = a�(b2�) +� = 0,

with b2� = +∞, if a�(+∞) +� ≥ 0. Then

(17.5.27) a(b) = a�(b), ∀b < b1� and b > b2�.

Similarly, if (17.5.25) is not satisfied, then there exist two and only two values a1π
and a2π such that

(17.5.28) a1π < a∗π < a2π , bπ(a
1
π)− π = bπ(a

2
π)− π = 0

with a1π = −∞, if bπ(−∞)− π ≤ 0. Then

(17.5.29) b(a) = bπ(a), ∀a < a1π and a > a2π.

Proof. Clearly a�(b) +� < 0, ∀b > 0 and bπ(a) − π > 0, ∀a < 0. The result
follows from Proposition 17.4. We next notice that

a�(0) +� < 0, bπ(0)− π > 0.

The rest of the discussion follows easily. �

The criteria (17.5.24) and (17.5.25) are easy to check, since they involve the
value of single numbers.

17.5.3. SEARCH PROCEDURE. We first note that a�(+∞) and bπ(−∞)
are finite. Indeed

exp−β1a�(+∞) =
p+ h

p− αc+
β2

ϕ(�) + β2
;(17.5.30)

exp−β2bπ(−∞) =
p+ h

h− αc−
β1

ϕ(−π) + β1
.(17.5.31)

It follows that the curves a�(b) and bπ(a) cross since, setting

u(a) = a�(bπ(a))− a,
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it varies continuously between u(0) = a�(bπ(0)) < 0 and u(−∞) = +∞ and thus
crosses the value 0.

Consider a solution â,b̂ of the system

â = a(b̂); b̂ = b(â),

and

Â = A(â, b̂); B̂ = B(â, b̂).

If Â < 0, B̂ > 0 then

Â = â+�, B̂ = b̂− π,

and also

â = a�(b̂), b̂ = bπ(â).

If Â > 0, then B̂ > 0. Therefore

B̂ = b̂− π, b̂ = bπ(â).

Since â �= a�(b̂), then â + � > 0. We must also have a�(b∗�) + � > 0, so the
interval (b1�, b2�) is well defined (possibly b2� = +∞) and

b1� < b̂ < b2�.

Since b̂ = bπ(â) the sign of bπ(a∗π)− π is not specified. However if bπ(a∗π)− π < 0,
then the interval (a1π, a2π) is well defined (possibly a1π = −∞) and we have

â < a1πor â > a2π.

The first case disappears if a1π +� < 0 (in particular if a1π = −∞).

Similarly if B̂ < 0, then Â < 0. So we have

Â = â+�, â = a�(b̂).

Since b̂ �= bπ(â), then b̂− π < 0. We must also have bπ(a
∗
π)− π < 0, so the interval

(a1π, a
2
π) is well defined (possibly a1π = −∞) and

a1π < â < a2π.

Since â = a�(b̂) the sign of a�(b∗�)+� is not specified. However if a�(b∗�)+� > 0,
then the interval (b1�, b2�) is well defined (possibly b2� = +∞) and we have

b̂ < b1� or b̂ > b2�.

The second case disappears if b2� > π, in particular if b2� = +∞.
From the preceding discussion, we can define the following procedure for the

search of the pair â, b̂. We consider a crossing point of the curves a�(b) and bπ(a),
denoted by a0, b0.

(1) If a0 +� ≤ 0 and b0 − π ≥ 0, then â = a0, b̂ = b0
(2) If a�(b∗�) +� ≤ 0 and bπ(a

∗
π)− π ≥ 0, then â = a0, b̂ = b0

(3) If one condition in step 1 and 2 is not satisfied, then we consider two
possible scenarios:
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−Scenario 1
If a�(b∗�)+� > 0 and bπ(a

∗
π)−π ≥ 0, then b̂ = bπ(â),b

1
� < bπ(â) < b2�,B̂ = b̂−π

and −� ≤ â ≤ 0, 0 < Â < bπ(â)− π and

K+ +
1

α
((h+ αc+)Â+ â(p− αc−)) +

1

α

p− αc+

β1β2
(β1 − β2)

· (expβ1(Â− â)− 1)(expβ2(Â− â)− 1)

expβ1(Â− â)− expβ2(Â− â)
+

1

α

p+ h

β1β2

·β1(expβ1(Â−â)−1)(1−expβ2Â)−β2(expβ2(Â−â)−1)(1−expβ1Â)

expβ1(Â− â)− expβ2(Â− â)
= 0;

(c+ + c−)(expβ1(Â− â)− expβ2(Â− â))− h+ αc+

α

·(expβ1(Â− â)− expβ2(Â− â)− expβ1(bπ(â)− â) + expβ2(bπ(â)− â))

− p+ h

α(β1 − β2)
(exp(β2Â+ β1bπ(â))− exp(β1Â+ β2bπ(â)))

·(β1 exp−β1â− β2 exp−β2â) +
p− αc+

α
exp−(β1 + β2)â

·(exp(β2Â+ β1bπ(â))− exp(β1Â+ β2bπ(â))) = 0.

−Scenario 2
If a�(b∗�) + � ≤ 0 and bπ(a

∗
π) − π < 0, then â = a�(b̂), a1π < a�(b̂) < a2π,

Â = â+�, 0 < b̂ < π,a�(b̂) +� < B̂ < 0 and

−K− +
1

α
((h− αc−)b̂+ (p+ αc−)B̂)

+
1

α

h− αc−

β1β2
(β1 − β2)

(expβ1(B̂ − b̂)− 1)(expβ2(B̂ − b̂)− 1)

expβ1(B̂ − b̂)− expβ2(B̂ − b̂)
+

1

α

p+ h

β1β2

·β1(expβ1(B̂ − b̂)− 1)(1− expβ2B̂)− β2(expβ2(B̂ − b̂)− 1)(1− expβ1B̂)

expβ1(B̂ − b̂)− expβ2(B̂ − b̂)
= 0;

−(c+ + c−)(expβ1(B̂ − b̂)− expβ2(B̂ − b̂)) +
p+ αc−

α

·(expβ1(B̂ − b̂)− expβ2(B̂ − b̂)− expβ1(a�(b̂)− b̂) + expβ2(a�(b̂)− b̂))

+
p+ h

α(β1 − β2)
(exp(β2B̂ + β1a�(b̂))− exp(β1B̂ + β2a�(b̂)))

·(β1 exp−β1b̂− β2 exp−β2b̂)− h− αc−

α
exp−(β1 + β2)b

·(exp(β2B̂ + β1a�(b̂))− exp(β1B̂ + β2a�(b̂))) = 0.

If a�(b∗�) + � > 0 and bπ(a
∗
π) − π < 0, then one may have either scenario 1 or

scenario 2. If scenario 1 takes place then we have the additional restriction on
â : â < a1π or â > a2π. The first case disappears if a1π + � < 0 (in particular if
a1π = −∞). if scenario 2 takes place, then we have the additional restriction on b̂ :

b̂ < b1� or b̂ > b2�. The second case disappears if b2� > π, in particular if b2� = +∞.
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APPENDIX A

A.1. PROOF OF LEMMAS

A.1.1. PROOF OF LEMMA 4.1.

Proof. Let us denote by d(x, y) the distance on X. We can assume that f
�≡ +∞, otherwise fn(x) = n has the required properties. We then define

(A.1.1) gn(x) = inf
y∈X

[f(y) + nd(x, y)],

then gn(x) is uniformly continuous. Indeed

|gn(x)− gn(x
′)| ≤ nd(x, x′).

Let next
fn(x) = min(n, gn(x)),

then fn = min(n, gn) belongs to C(X). Moreover, it is an increasing sequence. We
have fn(x) ≤ f(x). Suppose f(x) < ∞, then since gn(x) ≤ f(x), we can assert
that fn(x) = gn(x) for n sufficiently large. Moreover since f is l.s.c. and bounded
below, there exists yn = yn(x) such that

gn(x) = f(yn) + nd(x, yn).

Since this expression is bounded above and f is bounded below, one obtains easily
that yn → x, as n ↑ ∞. Since f is l.s.c we have

f(x) ≤ lim inf f(yn) ≤ lim inf gn(x).

But also lim sup gn(x) ≤ f(x). Therefore gn(x) ↑ f(x). Hence also fn(x) ↑ f(x).
Suppose now f(x) = +∞. Necessarily gn(x) ↑ +∞. Otherwise gn(x) remains
bounded above by a constant Ax, which is impossible. Indeed, considering yn
as above, we have yn → x, and by lower semi continuity of f, it follows f(x) ≤ Ax,
which contradicts the assumption. Finally if gn(x) ↑ +∞ we have also fn(x) ↑ +∞,
which completes the proof. �

A.1.2. PROOF OF LEMMA 4.2.

Proof. Without loss of generality, we may assume lv(x) = l(x, v) ≥ 0. There
exists a sequence lnv (x) = ln(x, v) ↑ l(x, v) and ln(x, v) is uniformly continuous and
bounded. From assumption (4.3.1) the sequence Φvlnv (x) is uniformly continuous
and bounded. Now we can write

Φvlnv (x) =

ˆ
P (x, v; dξ)ln(ξ, v) =

ˆ ˆ
P (x, v; dξ)⊗ δv(ς)l

n(ξ, ζ),

therefore we can apply the convergence monotone theorem to claim that

Φvlnv (x) ↑ Φvlv(x),
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which completes the proof. �
A.1.3. PROOF OF LEMMA 4.3.

Proof. Firstly, for any fixed x, there exists v̂(x) ∈ U such that

G(x) = F (x, v̂(x)).

Indeed, let us consider a sequence vn such that F (x, vn)→ G(x). Since vn is in U,
which is compact, we can extract a converging subsequence vnk

→ v∗. Since F is
l.s.c. we can write

F (x, v∗) ≤ G(x).

Since the reverse is also true, we have equality, So the infimum is attained. Let
us now consider a sequence xn → x and set vn = v̂(xn). We can extract from the
sequence xn, vna converging subsequence xnk

→ x, vnk
→ v∗, Since F is l.s.c. with

respect to the two arguments x, v, we can assert that

F (x, v∗) ≤ lim inf F (xnk
, vnk

) = lim inf G(xnk
).

Therefore
G(x) ≤ F (x, v∗) ≤ lim inf G(xnk

).

We can always assume that xnk
is itself extracted from a preliminary subsequence,

such that G(xnk
)→ lim inf G(xn). Therefore, G is l.s.c. �

A.2. PROOF OF MEASURABLE SELECTION

We prove now Theorem 4.1. Note that the dependence in x of v̂(x) defined in
the proof of Lemma 4.3 is not defined. The fact that we can choose a measurable
selection is essential in obtaining an optimal feedback to solve optimal stochastic
control problems. The result requires multi-valued function theory. We need some
concepts and preliminary results. First we have

Lemma A.1. If f is l.s.c. then {x|f(x) ≤ c} is closed, for any real c.

Proof. Indeed consider a sequence xn such that xn → x, and f(xn) ≤ c. Since

f(x) ≤ lim inf f(xn),

we have f(x) ≤ c and the closedness property is proven. Note that the converse is
also true. Indeed, assume xn → x. Let L be an accumulation point of the sequence
f(xn). There exists a subsequence xnk

such that f(xnk
)→ L. Let ε > 0 and define

L(ε) =

{
L+ ε, if L > −∞
−1
ε , if L = −∞

Then for k sufficiently large k ≥ k(ε) we have f(xnk
) ≤ L(ε), therefore from the

closedness property f(x) ≤ L(ε), hence also f(x) ≤ L. Since L is an arbitrary
accumulation point, necessarily f(x) ≤ lim inf f(xn). �

Define F(U) to be the set of closed subsets of U (including the empty set).
These subsets are compact. We equip F(U) with a metric, the Hausdorff metric as
follows (distance between sets). First, if A �= Ø ∈ F(U), and u ∈ U, we define the
distance of u to A by

d(u,A) = min
a∈A

d(u, a).

Note that
|d(u,A)− d(v,A)| ≤ d(u, v).
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If A = Ø, one defines

d(u,Ø) = max
v,w∈U

d(v, w) = diam (U).

We next define for A,B ∈ F(U)

�(A,B) = max

{
max
a∈A

d(a,B),max
b∈B

d(b, B)

}
, if A,B �= Ø

�(A,Ø) = �(Ø,A)=diam (U), if A �= Ø
�(Ø,Ø) = �(Ø,Ø) = 0.

This defines a metric on F(U) and F(U) becomes a compact metric space.
Consider a sequence An of elements of F(U). One defines

lim inf An = {u ∈ U | lim sup d(u,An) = 0}
lim sup An = {u ∈ U | lim inf d(u,An) = 0}

Obviously lim inf An ⊂ lim sup An. Moreover, they are closed sets belonging to
F(U). One can check the useful property

lim inf An = lim sup An = A ⇐⇒ �(An, A)→ 0.

In that case, one uses the definition A = lim An.
If X is a metric space, a map Ψ : X → F(U) is called a multi valued map.

Since X and F(U) are metric spaces, we have naturally the concepts of continuous,
l.s.c, u.s.c and Borel functions. However, two additional concepts can be defined.
These additional concepts have been introduced by K. Kuratowski, see [30]. This
is why they are called (K) u.s.c or (K) l.s.c. We say that Ψ is (K) u.s.c if

xn → x ⇒ lim sup Ψ(xn) ⊂ Ψ(x).

Similarly, one says that Ψ is (K) l.s.c. when

xn → x ⇒ lim inf Ψ(xn) ⊃ Ψ(x).

One can prove that if Ψ is both (K) u.s.c and (K) l.s.c. then it is continuous. In
fact, the most useful concept is that of (K) upper semi continuity. The reason
comes these two essential properties:

Ψ (K) u.s.c ⇒ Ψ is Borel(A.2.1)

Next
(A.2.2)
If Ψ is (K) u.s.c, and G is an open subset of U, then {x ∈ X|Ψ(x) ⊂ G} is open.

The second property shows that the concept of (K) u.s.c. reduces to continuity for
ordinary functions.

Lemma A.2. Let U be metric compact and g : U →] −∞,+∞] be l.s.c. Define
g∗ : F(U)→]−∞,+∞] by

(A.2.3) g∗(A) =

{
mina∈A g(a), if A �= Ø
+∞, if A = Ø

then g∗ is l.s.c.
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Proof. The set Ø is an isolated point of F(U). Hence it is sufficient to show
that g∗ is l.s.c on F(U) − Ø. For A ∈ F(U) − Ø, there exists a ∈ A such that
g(a) = g∗(A). Consider now a sequence An ∈ F(U)−Ø, and An → A. Let an ∈ An,
such that g(an) = g∗(An). Let us consider a subsequence ank

such that

g(ank
)→ lim inf g(an) = lim inf g∗(An).

We can assume that ank
→ ā (otherwise we take a converging subsequence). By

l.s.c we have
g(ā) ≤ lim inf g(an) = lim inf g∗(An).

Since d(ā, ank
) ≥ d(ā, Ank

), it follows that d(ā, Ank
) → 0. Hence ā ∈ lim inf Ank

.
But Ank

→ A, hence lim inf Ank
= A. Therefore ā ∈ A. It follows that

g∗(A) ≤ g(ā) ≤ lim inf g∗(An),

and thus the property has been proven. �

Lemma A.3. Let U be metric compact and g : U →]−∞,+∞], l.s.c. One defines
for A ∈ F(U) and c ∈]−∞,+∞] the function

G(A, c) = {u ∈ A| g(u) ≤ c},
then G is (K) u.s.c from F(U)×]−∞,+∞] into F(U).

Proof. Let An → A and cn → c, we must prove that

(A.2.4) lim sup
n→∞

G(An, cn) ⊂ G(A, c).

Let y ∈ lim supn→∞G(An, cn). By definition,

lim inf
n→+∞ d(y,G(An, cn)) = 0.

It follows that there exists ynk
∈ G(Ank

, cnk
) such that ynk

→ y. Note that ynk
∈

Ank
. Therefore y ∈ lim inf Ank

= A. Also g(ynk
) ≤ cnk

and since g is l.s.c. we get
g(y) ≤ c. Hence y ∈ G(A, c). This proves (A.2.4) and the desired result. �

Lemma A.4. Let U be metric compact and g : U →] −∞,+∞] l.s.c. Let g∗ be
defined by (A.2.3). We define

G∗(A) = G(A, g∗(A)),

then G∗ is a Borel map from F(U) to F(U).

Proof. According to Lemma A.3, G is a Borel map and from Lemma A.2 g∗

is also a Borel map. By composition G∗ is also a Borel map, which proves the
result. �

Lemma A.5. Let U be metric compact. There exists a map σ : F(U) − Ø → U ,
which is Borel and satisfies

σ(A) ∈ A, ∀A ∈ F(U)−Ø.

Proof. Let us consider a sequence gn of functions which are uniformly con-
tinuous on U and bounded and separates the points of U. This means that if u �= v
then there exists gn such that gn(u) �= gn(v). There exists such a sequence. Indeed,
pick a sequence uk dense in U. Define

Fkn =

{
v ∈ U | d(uk, v) ≤ 1

n

}
.
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Consider two sets Fkn and Fk′n′ . We define a function gkn;k′n′ from U to [0, 1],
which is continuous (hence uniformly continuous, since U is compact) and satisfies:

if Fkn ∩ Fk′n′ �= Ø then gkn;k′n′ = 1

if Fkn ∩ Fk′n′ = Ø then gkn;k′n′(Fkn) = 0, gkn;k′n′(Fk′n′) = 1

The set of functions gnk;n′k′ is a separating sequence. Indeed if u �= v there exists
Fkn and Fk′n′ such that u ∈ Fkn, v ∈ Fk′n′ .

To the function gn we associate g∗n as in Lemma A.2 and G∗n as in Lemma A.4.
Next define the sequence Hn : F(U)−Ø→ F(U)−Ø by the formula

Hn(A) = G∗n[Hn−1(A)]; H0(A) = A

Since A �= Ø, one has

A = H0(A) ⊃ H1(A) · · · ⊃ Hn(A).

Since

Hn(A) =

{
u ∈ Hn−1(A)| gn(u) = min

a∈Hn−1(A)
gn(a)

}
,

the sets Hn(A) are not empty and compacts. We can assert that

∩∞n=0Hn(A) �= Ø.

Indeed, there exists a sequence an ∈ Hn(A). We can extract a subsequence an
k
→ a.

Necessarily a ∈ ∩∞k=1Hnk
(A) = ∩∞n=0Hn(A).

If u, u′ ∈ ∩∞n=0Hn(A), then by construction

gn(u) = gn(u
′) = g∗n(Hn−1(A)),

and since the functions gn separate the points of U, we have u = u′. Therefore
∩∞n=0Hn(A) contains a single point, which is denoted by σ(A). Let us check that

(A.2.5) Hn(A)→ {σ(A)}.
Indeed, the sequence Hn(A) being decreasing, we can assert that

u ∈ ∩∞n=0Hn(A) =⇒ d(u,Hn(A)) = 0, ∀n
therefore

(A.2.6) ∩∞n=0 Hn(A) ⊂ lim inf
n

Hn(A) ⊂ lim sup
n

Hn(A).

On the other hand, if we consider an element u ∈ lim supn Hn(A), there exists a
sequence unk

∈ Hnk
(A) such that d(u, unk

) → 0. We have nk ≤ nk+1, hence for
fixed k, unj

∈ Hnk
. This implies u ∈ Hnk

, therefore u ∈ ∩∞n=0Hn(A), which with
(A.2.6) implies the result (A.2.5).

Now the functions G∗n being Borel, the functions Hn are also Borel, ∀n. There-
fore the function ν : F(U) − Ø → F(U) − Ø defined by ν(A) = {σ(A)} is Borel.
To conclude that σ is Borel, we note that σ = τ−1 ◦ ν, where τ : U → F(U)−Ø is
defined simply by τ(u) = {u}. The map τ is point to point and continuous. Since U
is compact, τ(U) is also compact, hence closed in F(U)−Ø. The inverse is Borel,
and therefore σ is Borel, which concludes the proof. �

We now prove Theorem 4.1:
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Proof. Consider the map F ∗ : X×]−∞,+∞]→ F(U) defined by

F ∗(x, c) = {u ∈ U | F (x, u) ≤ c},
then F ∗ is (K) u.s.c. Indeed if xn → x, cn → c, we must show that

lim supF ∗(xn, cn) ⊂ F ∗(x, c).

Let u ∈ lim supF ∗(xn, cn), by definition lim inf d(u, F ∗(xn, cn)) = 0. There exists
a subsequence unk

∈ F ∗(xnk
, cnk

), such that unk
→ u. This implies

F (xnk
, cnk

) ≤ cnk
.

Since F is l.s.c., we obtain F (x, u) ≤ c, hence u ∈ F ∗(x, c). Define next

F ∗(x) = F ∗
(
x, inf

u∈U
F (x, u)

)
: X → F(U).

Since F ∗(x, c) is Borel and x → infu∈U F (x, u) is l.s.c., the map F ∗(x) is Borel.
Note that

F ∗(x) =
{
u ∈ U |F (x, u) = inf

v∈U
F (x, v)

}
.

Moreover F ∗(x) �= Ø,∀x, hence F ∗ : X → F(U)−Ø. The map v̂(x) = σ(F ∗(x)) is
Borel from X to U and satisfies v̂(x) ∈ F ∗(x). Therefore we have

F (x, v̂(x)) = inf
v∈U

F (x, v), ∀x,
which completes the proof. �

A.3. EXTENSION TO U NON COMPACT

We now prove Theorem 4.2

Proof. For each fixed x, we can restrict the set of controls to U∩{|v| ≤ γ(x)},
which is compact, hence the minimum is attained. To prove that G(x) is l.s.c. take
a sequence xn → x and let vn be the corresponding minimum. We have

|vn| ≤ γ(xn),

which remains bounded, by the assumption. So the sequence vn remains in a
compact set. We can extract a subsequence xnk

, vnk
which converges towards x, v∗

Since F is l.s.c. in both arguments we have

F (x, v∗) ≤ lim inf F (xnk
, vnk

) = lim inf G(xnk
).

It is possible beforehand to assume that

G(xnk
)→ lim inf G(xn),

hence
G(x) ≤ lim inf G(xn),

which proves that G(x) is l.s.c. Next, consider the subset XN = {x ∈ X|d(x0, x) ≤
N} where d is the distance in X. For x ∈ XN we can restrict the set of controls to

UN = U ∩ {|v| ≤ sup
x∈XN

γ(x)},

which is compact.
Therefore, according to Theorem 4.1 there exists a Borel map v̂N (x) : XN →

UN such that
G(x) = F (x, v̂N (x)), ∀x ∈ XN .
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We next define

v̂(x) =

⎧⎪⎨⎪⎩
v̂1(x), if x ∈ X1

· · ·
v̂N (x), if x ∈ XN −XN−1

The map v̂(x) is Borel and satisfies G(x) = F (x, v̂(x)), ∀x. The proof has been
completed. �

A.4. COMPACTNESS PROPERTIES

Let us consider a sequence of functions uα(x), where x ∈ Rn.. We assume (for
α→ 1)

|uα(x)| ≤ CM , |Duα(x)| ≤ CM , ∀x such that |x| ≤M,

then there exists a subsequence, still denoted uα(x) which converges uniformly on
the ball of radius M, to a function u(x) such that

|u(x)| ≤ CM , |Du(x)| ≤ CM , ∀x such that |x| ≤M

and
sup
|x|≤M

|uα(x)− u(x)| → 0, as α→ 1.

The convergence of α to 1 can be replaced by a convergence to any fixed number.
When n = 1, this is the Ascoli-Arzelà theorem. In general this result expresses a
compactness property of a set of functions.
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