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CHAPTER 1

INTRODUCTION

The objective of this book is to present a unified theory of Dynamic Pro-
gramming and Markov Decision Processes with its application to a major field of
Operations Research and Operations Management, Inventory Control. We will de-
velop models in discrete time as well as in continuous time. In continuous time, the
diversity of situations is huge. We will not cover all of them and concentrate on
the models of interest to Inventory Control. In discrete time we will focus mostly
on infinite horizon models. This is also the situation when the Bellman equation
of Dynamic Programming is really a functional equation, the solution of which is
called the value function. With a finite horizon, Dynamic Programming leads to a
recursive relation, which is an easier situation. Of course, finite horizon problems
can also be considered as approximations to infinite horizon problems, and this will
be used in our presentation. When the horizon is infinite, the discount plays an
essential role. An important problem concerns the behavior of the value function
when the discount factor tends to 1. The value function also tends to infinity, but
an average cost function becomes meaningful. This development is called ergodic
theory, an interesting aspect of which is that the solution, when it exists, can be
simpler than in the case when the discount is smaller than 1. However, the theory is
more complex. The simplicity is linked to the fact that the problem becomes static,
instead of dynamic. The complexity stems from the fact that this static problem is
an averaging. The averaging procedure is not trivial and may be not intuitive.

Another important question concerns the difference between impulse control
and continuous control. The difference is particularly understandable in continuous
time. An impulse control will elicit an instantaneous jump for the state, whereas a
continuous control can only lead to a continuous evolution of the state. In practice,
this occurrence is linked to fixed costs, namely costs which arise just because a
decision is taken, whatever the impact of the decision may be. In discrete time,
the difference disappears in principle, since time is not continuous by construction.
However, fixed costs remain. The consequence is that an appropriate formulation of
impulse control remains meaningful and useful in discrete time. Indeed, in discrete
time, the usual assumption is that the result of a decision materializes at the end
of the period, whereas the decision is taken at the beginning of the period. Impulse
control in discrete time means that the result also materializes at the beginning of
the period, so instantaneously. We will also consider ergodic control in the context
of impulse control and justify some simple rules which are currently used in practice.

In chapter 2, we shall introduce some of the classical static problems, which
are preliminary to the dynamic models of interest in inventory control. By static,
we mean that we have to solve an ordinary optimization problem. The decision
does not depend on time. Such models occur when one considers one period only,



2 1. INTRODUCTION

or when one assumes that the periods reproduce in a periodic way. We shall revisit
the periodic models later to check their optimality in stationary situations.

Although there is a huge literature on these domains, we believe that this book
bears major differences. It is not a general text on Control Theory and Dynamic
Programming, in the sense that the system’s dynamics is mostly limited to inven-
tory models. On the other hand, for these models it tries to be as comprehensive as
possible. We do not however develop finite horizon models in discrete time, since
they are largely described in the existing literature. On the other hand, the ergodic
control problem is considered in great detail, and probabilistic proofs as well as
analytical proofs are provided. As already mentioned, this model is extremely im-
portant in practice, since it is analogous to a static optimization problem. However,
the literature is limited as far rigorous treatment is concerned. The techniques de-
veloped in this work can be extended to more complex models, covering additional
aspects of inventory control. So many interesting research topics can be formulated
from the contents of this book.

This book has benefited from my teaching at the University of Texas at Dal-
las, and exchanges with colleagues at both the University of Texas at Dallas and
the Hong Kong Polytechnic University, and it has also greatly benefited from the
support of the World Class University Program at Ajou University. Thanks to this
support, it has been possible to focus on research and writing this book. Finally,
I would like to thank Laser Yuan warmly for improving my LyX typesetting and
IOS Press for publishing the book.



CHAPTER 2

STATIC PROBLEMS

2.1. NEWSVENDOR PROBLEM

This is the oldest problem in the domain. It illustrates a one period problem.

A newsvendor cannot carry over newspapers of the day to the next day. He
orders g and faces a random demand D. This is a random variable with c.d.f
(cumulative distribution function) F(z). We note F(z) = 1— F(x), f(z) = %£(x).
He faces a left over cost when the order ¢ is larger than the demand and a shortage
cost when the order is less than the demand. So his objective function is

(2.1.1) J(q) = hE(q— D)* +pE(D —q)*,

where E represents the mathematical expectation.
The optimal q is clearly solution of

(2.1.2) F(§) = hiip.

Suppose in addition, that the newsvendor buys the newspaper at a unit cost ¢ then
the function J(g) has to be changed into

(2.1.3) J(q) =cq+hE(qg— D)™ +pE(D —q)".

We need to assume that p > ¢ otherwise there is no incentive to buy (the function
J(q) is then increasing). The optimal order is solution of

. p—c
(2.1.4) F(g) = s
If the cost is K + cq representing the sum of a fixed cost (independent of the
quantity) and a variable cost (proportional to the quantity) there is no change in
the optimal decision, provided that one decides to order. In this case the amount
K is a charge which is due anyway. However, since we have the possibility not to
order, in which case the cost is hED, the Newsvendor must compare hED with
K + J(g). If the second number is higher than the first one, then he chooses not to
order anything.
In formula (2.1.1) we consider implicitly that we compare the demand D to
the order ¢ at the end of the day (more generally the period). We may have a
more accurate treatment assuming that the total demand D materializes with a
uniform rate along the period. If the period length is 1 then the average left over

is fol(q — Dt)™dt and the shortage is fol(q — Dt)~dt, so the objective becomes

(2.1.5) J(q) = hE /(q — Dt)*dt + pE /(Dt —q)Tdt,

3
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J(q):h/ dt+p/1t
0

0
and the optimal quantity is given by

(2.1.6) F(4) +q/@du - hLip.

It is easy to check that equation (2.1.6) has a unique solution.

hence

2.2. EOQ MODEL

2.2.1. BASIC EOQ MODEL. This is also a famous and very old model.
EOQ stands for Economic Order Quantity. It is due to F.W. Harris, [23] and
R.H. Wilson, [40]. The model is deterministic. In fact the model is not static but
dynamic and time is continuous. We will revisit it when we will treat dynamic
models. However, it is possible to reduce it to a static model, by a simple argument
of periodicity. The demand materializes uniformly (and permanently) at a rate per
unit of time A. We forbid the possibility of shortage. We order a quantity ¢ when
the inventory vanishes. Suppose we start at time 0 with ¢ then at time 7" such that

q =T,

the inventory vanishes. Clearly, T can be taken as a cycle. We want to minimize
the average cost during a cycle.
The level of inventory during the cycle is given by

y(t) = q—tA.

The cost of buying ¢ is given by K + cq, where K represents the fixed cost and ¢
the variable cost. There is a storage cost proportional to the quantity held per unit
of time. Therefore, during the cycle, the storage cost is given by

T B T B th
/0 hy(t)dtfh/o( Nt = =~

The total cost, during a cycle can then be written as

hgT
K +cq+ % = T(cA + C(q)),

with N
Cla) =K+ 3.
Therefore the optimal order is (EOQ Formula)
. [2KA
q= o
Note that .
KT = @7
2
and



2.3. PRICE CONSIDERATIONS

ot

Recalling that the average cost per cycle contains also the constant Ac, the optimal
average cost is thus

hq + Ac.
Note also that g is the average inventory and the demand per unit of time is A;

this implies

= rotation rate of the stock,

k| >

which is an important indicator of management. We see that the optimal rotation

rate is 4/ % Increasing this rate of rotation is possible if one decreases the cost K.

The next question is: Are we sure we act optimally following the EOQ formula?
Are we sure it is optimal to take periodic decisions given by the EOQ formula.
Although this looks natural and has been used for long, it is worth proving it.
Moreover, the periodic decision does not take into account the possibility of interest
rates. What are the changes if we discount the flow of costs? To answer correctly
to this question requires the apparatus of impulse control, which will be described
later.

2.2.2. TRANSFORMED EOQ FORMULA. Suppose now that there is
no immediate delivery. Instead, the delivery is provided at a continuous rate r.
Since there is no possibility of shortage, we must have » > A. The evolution of the
stock is given by the following formula

y(t) = (r— NtV <Tp=1,
r
A
y(t) = q— A, T0<t§T:;.
One can then check that
. 2K \r
T= A\ nr =y

This formula leads to oo when 7 = A. One must interpret it in the sense that there
will be a continuous delivery at the level of the demand. The stock remains 0, and
the cost per unit of time equal to ¢A. There is no optimization in this case.

2.3. PRICE CONSIDERATIONS

We consider here that the cost of buying the product is composed of a fixed
cost K, a variable cost cq, which are internal costs for the company. Besides there
is a buying price per unit of product, which may depend on the amount purchased,
when for instance, discounts are possible. We will denote this price by a. We also
assume that the storage cost h is linked to a by the relation h = ia.

So on a cycle, when the price is fixed, we get for an order g the following cost

T
K+ qg(c+a) +7Jozq7.
Per unit of time we obtain C'(q) + Ac¢, with
K\ q
C(g) = 22 ('7 )\) .
(9) . +{i5+2)a

In this framework, « is simply an additional cost to the variable cost c¢. We study
now the effect of discounts.
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2.3.1. EOQ FORMULA WITH UNIFORM PRICE DISCOUNT. Sup-
pose we introduce the possibility of discount on the quantity. We assume that the
price of the product is ¢, if the quantity ordered lies in the interval [g;_1,¢;). So
we have the formula

K\ .
Clq) = 7 + (Z% + )‘) ;aj]I{Qj—ISQ<Qj}'

We notice that the cost function is not continuous. Nevertheless we have the prop-
erty:

Exercise 2.1. The minimum of C(g) can be obtained. Identify it.

2.3.2. EOQ FORMULA WITH PROGRESSIVE DISCOUNT. Let us
consider an extension which will lead to a continuous function, see V. Giard [20].
Suppose that, if g1 < ¢ < g;, only the part ¢ — ¢;—1 is paid at price o;. Let
A;j be the cost of procuring the quantity g;, then clearly
Aj =41+ (¢ — gj-1)a, Ao =0,
and for ¢ as before, the full procurement cost is Aj_1+(¢—gj—1)c;, and the average

A (- 95-1)2; =aq; +— where

unit price is 7

Bj=A;_1—gj1ay,

hence

Bjq = ZQh ap — apy1), B =0,
h=1

therefore, we have

Clq) = % + ( ) XJ: ( > Lig; 1<a<asy-

This function is continuous, since

) B
O‘j+7]:aj+1+ ]+1'
q; 4q;
If j runs from 1 to J, then we use the convention ¢;11 = +0co. Moreover oy is
the price of acquiring a quantity larger than ¢;. So
J+1

C(q)fKA+(2+A)Z

j=1

B;
Q@ +— ]I{QJ 1<5g<q;}+

Exercise 2.2. Check that

. . J
KX\ i«
Clg)=—+ ;q ( )Z ajir— ;) —q;)",

q

therefore C(q) is piecewise differentiable and

, KA zoq ] 4
C'(q) = e Z ajr—oy)(g—q) "+ Z ajp1—aj)lg<q
j=1

q*

Exercise 2.3. Find ¢ for J = 1.
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2.4. SEVERAL PRODUCTS WITH SCARCE RESOURCE

Suppose we manage the inventory of several products with a global constraint
(budget, storage possibilities). We can clearly formulate the problem: Minimize

> Cilgy)
J
Zajqj < A ’

J
with, whenever each individual cost is obtained by an EOQ formula
K\
Ci(gj) = m —— 4+ h

J

We can introduce a Lagrange multiplier v and obtain the system

R - 2Kj)\j
%(7) = ﬂ m7

and 7 =4 > 0 is the unique solution of

h; + 2va; +2’ya]

Note that if A > Z a; IZ then the solution is simply that of the uncon-

strained problem (the constraint is not stringent). So we may assume

Z 2K Aj S A

and ~ is uniquely defined.
We note a simple case in which « can be computed explicitly. Suppose we have

h]‘ =104,a5 = kaj,

where o is the procurement price of product j. This situation occurs when h;
can be interpreted as an opportunity cost and ¢ is an interest rate, and when the
constraint is on the total value of the stocks.

Exercise 2.4. Show that
= Z V2K Nja; | — *
J 2k

2.5. CONTINUOUS PRODUCTION OF SEVERAL PRODUCTS

We consider the situation of continuous production of several products using
the same manufacturing system. Call r; the production rate per unit of time of
product j. We recall that r; > X;. Since the manufacturing system is the same, we

must have
> ;—] <1.
j J
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We shall force a common cycle T for all products, so for instance we have the same
number of orders % per year. This may not be optimal for a long period, but it
simplifies the analysis considerably.

The production (order) of product j is ¢; = T'A;. So we use T as the decision
variable, and no more the level of orders. The EOQ formula for product j (expressed
in T) leads to

K; hy A
Ci(T)= -2+ 2I\T(1-
(1) = F+ AT (1-2)).
and we must minimize »_; C;(T).

Exercise 2.5. Show that the optimal T' = T is
23 K;

)\] :

=, hih (1= 3)

2.6. LEAD TIME

T:

We have considered previously situations in which delivery is immediate, or is
done at some rate per unit of time. The situation of Lead time is one when some
delay is required to get the order (this delay is called the Lead Time). We will
study the consequence of lead time on the EOQ model.

2.6.1. NO SHORTAGE ADMITTED. If L is the lead time, an order ¢
will be delivered L units of time after the order is performed. If no shortage is
admitted and if we do not perform any order during a lead time period then we
must have the constraint

q= AL,
otherwise we lose stock during a lead time period. After some time the stock will
become negative which is not admitted. During a cycle (the period between two
deliveries) of length { the average cost is still

A hg
=K—+ —.
C(q) 7 + >
The EOQ problem becomes
min C(q).

g>AL

In particular if ¢ defined by the EOQ formula satisfies the constraint, then it is
the optimal value, whatever the value of L is. However, the order is no more made
when the inventory is 0 but when the inventory is AL. If ¢ does not satisfy the
constraint, then the optimal order is simply AL, since by convexity C(g) will be
increasing for ¢ > AL. In this situation, one orders at time of delivery, and the
stock at this time is also AL.

2.6.2. POSSIBILITY OF BACKLOG. We now describe an inventory
model with lead time and the possibility of backlogging, see [41]. Backlog means
that a negative inventory is possible. By negative inventory, one refers to the fact
that the demand which cannot be met is recorded. It can be met later, but nat-
urally there is a penalty in this case. The demand is continuous with a rate per
unit of time A. The structure of cost is the following: there is a fixed ordering cost
K and a variable ordering cost ¢ (per unit of quantity ordered); a holding cost per
unit of quantity h, and a backlogging penalty per unit of quantity backlogged p.
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There is a lead time L, between the time of order and the delivery. There is no
order, during a lead time period. We have seen that in the case without backlog,
the stock at the time when an order is put is necessarily s = AL. Here, since backlog
is possible, this relation is not necessarily true. Therefore, s is a decision variable
like the amount g ordered. So the present problem is an optimisation problem, with
two variables s, q.

Since there is no order during the lead time period, the inventory, just before
the delivery is ¥ = s — AL. Just after delivery, it is s — AL + ¢. In order to avoid a
pathological situation of accumulation of orders, we will impose the constraint

q— AL > 0.

The lowest value of the inventory is v. If there is backlog, this number is necessarily
negative. It is convenient to take the pair v, q as decision variables. The value of
the inventory at the time of order is simply s = v + q.

A cycle is the period T between two deliveries. We compute the various costs
(holding and backlogging) during a cycle, recalling that there is no new order before
the delivery is accomplished. We can take the origin of time at a point of order.
So the first delivery takes place at L, and the period covering a cycle is (L, T + L).
At time L the stock is ¢ + s — AL = ¢ + v. It is then depleted at a rate A till the
next delivery, in which it becomes s — AL = v.

So we have ¢ = AT'. Note that the condition on ¢ imposes T' > L. The holding
cost during a cycle is given by the formula

e _ g+ ()F)?
h/L (q+v—At—L)Tdt=h ) —h o

Similarly the backlogging cost is given by

(a+v)7)? ()7)?
2 '

T+L
p/L (g+v—At—L))"dt=-p

The ordering cost is K + c¢q. The average cost is obtained by dividing by the
duration of the cycle T'.
Collecting results, we obtain the following average cost

v)T)2 v)2
Clw,q) :c/\+%+h [((q-;q) ) zq) ]
(v )2 ((g+v)7)?
+p[ 29 2 }

with the constraint ¢ > AL. The function C(v,q) is clearly increasing in v, on
[0, 4+00), so we may assume v < 0.
Therefore C(v, q) is given by

C(V7q)=c)\+)\§{+h<(q+w+p[y2 M

2q 2q 2q
For v < —q, the function is decreasing in v. Its smallest value is attained at v = —q,
for which
AK
o(—q,q) =cA+ v +P%-
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For v 4+ ¢ > 0 we have

MK +v)? V2
Cv,q) =cA+ — —Q—hM +p—.
q 2q 2q
This function attains its minimum in v at
p
v(g) =—(1-w)q, w=-——.
(q) = —( )q i

One can see that a certain level of backlog is acceptable. If p = oo, we get v(q) = 0.
This makes sense because the penalty for backlog is infinite, so backlog is forbidden.
Concerning the cost we have

Cv(q),q) = cA+ )\TK + [ha? +p(1 — w)Q]%.

Noting that
hw? +p(1 — w)? = _he =hw <p
h-+p ’
we can assert that

MK
min C(v,q) = C(v(q),q) = cA + v + hwg.

It remains to minimize C(v(q),q) in ¢, for ¢ > AL. The result is immediate

¢ = max {)\L7 ZK)\} ,
hw

and

V2R, i L < (/25
min  C(v,q) =cA +
} A/

{V,g>AL K | hLAw  : 2K
i et =V v=-

When L = 0 and p = oo, which implies @w = 1, we recover the EOQ formulas.

Remark. Consider any pair v, g satisfying the conditions
v<0,g>AL,s=v+ AL >0.

These conditions are satisfied, in particular, for a pair v(q), ¢, where v(q) is given
as before, and ¢ is arbitrary. The cycle time length is T' with ¢ = AT, and T > L.
Let us consider, as above, the origin of time when an order is made, and a cycle
starting at L. The During the cycle L,T + L, the inventory declines from v + ¢ to
v. It vanishes at time L + T + 5 and remains negative till L + T'.

The average backlog is thus given by

1 [T v V2
- A[t— L+T+ 9] at= 2.

During this backlog period, the waiting time till delivery is L 4+ T — t, when ¢ runs
from L +T + X to L + T, hence the average waiting time is

1 L+T 2

14
- (L+T —t)dt = .
T Jrtres 2T

So we have
average backlog = A\ average waiting time.
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This is equivalent to the celebrated Little’s Law, if we consider customers waiting
in a queue. The backlog is analogous to the number of customers in the queue, and
the waiting time to delivery is analogous to the waiting time of a customer.

2.7. RANDOM DEMAND RATE: UNSATISFIED DEMAND LOST

We turn now to a situation where the demand rate A is random. The decision
is defined as follows: when the stock is below s > 0, we order a quantity q. We
assume that there is a lead-time L in the delivery, but because A is random, we
cannot use v = s — AL. So we take as decision variables the pair s,q. Unlike the
previous deterministic backlog model, we will assume that a demand which is not
met is lost. This is similar to the Newsvendor model. Naturally, there is a penalty
when this occurs. If fact, this assumption will simplify considerably the treatment.
To understand the reason, we turn to the cycle. Define the cycle as the length of
time between two situations when the inventory is s. Let us still denote by T this
length of time. It is now a random variable. So to verify the constraint T > L
is not clear any more. We shall check that this possible when we assume ¢ > s,
thanks to our assumption that no backlog is permitted.

The stock, just before the time of delivery, is (s — AL)™ and ¢+ (s — AL)™, just
after. If T > L, during an interval of time of length T'— L the demand is A\(T — L)
and the drop of the inventory is ¢ + (s — AL)" — s. It follows that

AT =q+(s—AL)” > AL,

from the condition satisfied by s. The problem is to minimize the expected average
cost denoted by C(s,q).

Exercise 2.6. Check the formula

1 2 —\2
C(s,q):EQ(q+(s_)\L)_)[h(q +2q(s — LA)T) 4+ p((s = LX) ™) 4 2A(K + cq)].
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CHAPTER 3

MARKOV CHAINS

We present in this chapter the main results on Markov Chains, which are used
to model state evolutions. There is no control of the evolution, in this chapter.

3.1. NOTATION

Let X be a metric space. We will limit ourselves to either R? or a finite or
countable set. X is called the state space. We consider the Borel o—algebra X if
X = R? or the o—algebra of all subsets of X if X is finite or countable. A transition
probability m(z,T") is defined on X x X with the following conditions

Va,m(x,.) is a probability on X
(3.1.1)
VT fixed 7(z,T") is a Borel function.

We define
O=xN,
where N represents the set of positive integers. So an element of (2 is written as
W= (Wi, W)
The canonical stochastic process (in discrete time) is defined by
yn(w) = wp.
We associate with Q the o—algebra A = XN generated by the rectangles
Ay x - A, n

A - A, € X

Given a probability distribution m on X which will be the probability distribution
of the initial state y; we will define the probability distribution of the trajectory y,
associated to m, 7.

The probability law of the trajectory will originate from a probability P on
Q, A such that, for any test function ¢(z1,--- ,z,) and any n we have

(3.1.2) E¢(y1,-- s yn)

:/dm(xl)/w(xl,dm)/-~~/7r(xn_1,dxn)¢(:v1,-~- y Tn)-

One can show that it is possible to define P such that relation (3.1.2) holds (Kol-
mogorov theory, see for instance, M. Loeve [31]).

13
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3.2. CHAPMAN-KOLMOGOROV EQUATIONS

3.2.1. FUNCTIONAL SET UP. Let B be the Banach space of measurable
functions of X to R which are bounded, equipped with the norm

|[f1] = sup [ f ()]
We define the operator ® € L(B; B) by the formula

vf(e) = [ fonma.dn)
Clearly one has
el <1
Exercise 3.1. Show that
(3'2'1) E[f(yn+1)|yn] = (I)f(yn):

where

yn = U(yl7"' ayn)
Exercise 3.2. Show that
(3.2.2) Elf (Yn+1)ly1] = " f(y1).-

When m = §, we use the notation

Elf(ynt1)lyr = 2] = f(ynt1) = " f(z) = /P(x,n, dn)f(n),
and P(z,n,dn) represents the probability distribution of y,, given y; = x.
Let T be a Borel subset of X, we write

P(z,n,T) = /P(w,n,dn)]lr("?)a
then we have the Chapman-Kolmogorov equation
Plz,n+m,T) = /P(a;n,dn)P(n,m, ),
and also
(3.2.3) B[Ir(yern)|Y*] = Py, n,T).

3.2.2. FUNCTIONS WITH LINEAR GROWTH. We consider here that
X = R? Tt is important for the applications to Inventory Control to extend the
operator ¢ to functions which are not just bounded, but have linear growth. Let
B; be the Banach space of measurable functions from R? to R which have linear
growth, equipped with the norm

f(x)
1+ |z
The operator ® is not automatically defined on B;. Suppose first that f is positive,

then one can consider the sequence fy; = f A M and one can consider the sequence
®frr. It is an increasing sequence. So it has a limit possibly co. We shall assume

that
14 |z

1]l = p\
T

bounded,
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so the limit is finite and defines @ f(x). When f is not positive, we write f = f+—f~
and by linearity

Of(z) = @f*(x) — @ f(x).
The operator ® € L(Bj;By) but we do not have the property |®||; < 1. That
complicates matters, as we shall see.

3.3. STOPPING TIMES
Let v be a stopping time with respect to Y". We thus have, by definition
{v <k} Cc Yk V.
We recall the definition of the o—algebra V¥
ACY < An{v <k} c Yk Vi

We then state
Lemma 3.1. We have the relation
(3.3.1) Bl (yy4)|YV’] = P(yv,n,T).

Exercise 3.3. Prove relation (3.3.1).
Among the stopping times, we shall consider exit times

T =1inf{n:y, ¢ O},
O: Borel subset of X.

3.4. SOLUTION OF ANALYTIC PROBLEMS

3.4.1. CAUCHY PROBLEM. We are interested in giving the probabilistic
interpretation of some analytic problems. We begin with the Cauchy problem. Let
f,g9 € B. We consider the sequence of functions € B defined by the relations

N
u' =g,
(341) un — f + @Un+l,

then we have the interpretation

(3.4.2) )

IS

=k 2_: flyn) + g(yn)ln = x] :

n=1

Exercise 3.4. Prove relation (3.4.2).

We next consider the functional equation, for o < 1
(3.4.3) u=f+adu,
with the interpretation

(3.4.4) u(z) = [Za flyn)ly = x] .

n=1

An important question is to solve equation (3.4.3) when f has linear growth. We
can state the following result
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Proposition 3.1. Assume that

(3.4.5) S a1t e f |(x) < oo, Vi,
then

(3.4.6) u(z) =300 a" e f(x),
is the unique solution of (3.4.3) such that

(3.4.7) a"®"u(x) — 0, as n — oo.

PROOF. It is enough to assume f > 0. Then condition (3.4.5) is necessary and
sufficient to assert that the function u(z) defined by (3.4.6) is well defined. Let us
show first that it is a solution. Consider the truncated series

un(z) = 3507 71T f (),

which satisfies the recursion

uny1(z) = f(2) + a®un (), wi(2) = f(z),
then we have u,(z) < u(z) and u,(z) is monotone increasing. If u.(z) denotes
the limit, we note that by Lebesgue Theorem ®u,(z) converges also to Pu.(x).
Therefore u, is solution of (3.4.3). But u.(x) = u(x). Therefore u is a solution.
Now for any solution, we have by iteration
u(z) = up(z) + " 0" u(x),

therefore if u is the limit of u,,, necessarily the condition (3.4.7) is satisfied. Con-
versely, any solution which satisfies the condition coincides with the limit of wu,,.
This completes the proof. O

3.4.2. DIRICHLET PROBLEM. Let now O to be a Borel subset of X.
We note 7 the exit time of y,, from O. By definition

Yy €O VI<n<Tt;y, € X -0,
andT=1ify; € X - O.

We consider the problem

(3.4.8) Z( )

z) = f(z) + adu(x),Vz € O,
(x) =g

(x),YVr e X — O,
where f,g € B.

Theorem 3.1. Problem (3.4.8) has one and only one solution in B, with the
following interpretation

T—1
u(z) = E lz A" fyn) + a7 g(yr) Iy = 2|,
n=1

0
wherez =0.

n=1

(3.4.9)

PRroOOF. The existence and uniqueness of the solution u follows from the fact
that we look for a fixed point of the map T : B — B defined by

f+a®w, in O,

Tw= gin X — O,
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and T is a contraction since a < 1. Next, we can write
u(yn)]InS‘rfl - f(yn)]InSTfl + q)u(yn)]InSTfla
or
w(yn) In<r—1 = f(yn) In<r—1 + Elu(yng1)| Y n<r—1.
Moreover I,,<,—1 is Y™ measurable, since
]Ing'r—l =1- I[Tgn'
Therefore we get
anilu(yn)]lnﬁ‘rfl = anilf(yn)][nﬁ‘rfl + " Elu(ynt1)Tn<r—1[Y"].

Taking the expectation it follows

anilE[u(yn)][nS'rfllyl = (,U}

= a" T E[f(ya)Tugrilpn = 2] + " Elu(yni1) Lngr—1 |y = 2.

We add up these relations over n. It follows

[r—1 T fr—1 fr—1 T
E Y oyl =2 |=E Yo" )=z |+ E | o ulyni) |y =
Ln=1 Ln=1 n=1

This means also

E Za ulyn) =2 |=E | Yo" f(yn)pp =z |+ E Za u(yn)lyr =2 |.

n=1

Canceling terms, formula (3.4.9) is obtained. O

3.4.3. MARTINGALE PROPERTIES. We state

Theorem 3.2. For any function u € B we have the property
n—1

is a P,Y" martingale

PROOF. We have to check that, for n > m

n—1

E |uyn) — u(ym) + > (u—du)(y;)|Y™ | = 0.
j=m
Recall that
Elu(y;j+1)[Y’] = Pu(y;).
From this the result follows easily.
Similarly one checks that

n—1

ulya) + Y o (u = a®u)(y,).

is a P, Y™ martingale. O



18 3. MARKOV CHAINS

3.5. ERGODIC THEORY

The objective of Ergodic Theory is to study the behavior of the Markov chain
at infinity. If we think of of the Markov chain as a dynamic system, starting at time
1, in state y; = x, then we are interested by the possible limit of y,,. If the system
were deterministic, it would be the ordinary limit of the sequence, if it exists. Since
Yrn is random, we think more in terms of the limit of the probability distribution
of y,, which means the limit of P(z,n;T"). We speak of ergodic behavior, if this
limit, not only exists, but is also independent of x. The limit probability m(I") if
it exists is called invariant measure. Invariant means that if the initial state were
distributed according to m(T"), then the probability distribution of y,, would remain
the same m(I") (invariant). It is a steady state. This steady state presents a strong
interest in applications.

3.5.1. INVARIANT MEASURE. We assume that the transition proba-
bility satisfies

(3.5.1) m(z;dn) = w(z,n)p(dn),

where u(dn) is a positive measure on X (not necessarily a probability). Moreover,
there exists a Borel set X such that u(Xp) > 0 and

(3.5.2) w(z,n) > 6 =0(Xo) >0,V € X,n e X.
A probability measure m on X, A is invariant with respect to the transition prob-
ability m(z,T") whenever
(3.5.3) m([) = / m(dz)m(z,T), VI,
X
It is easily seen that

(3.5.4) m(F):/Xm(dx)P(x,n,F),VF.

The right-hand side represents the probability law of y,, when the law of y; is m.
So the relation (3.5.4) shows that this probability is also m, which explains the
word nvariant.

3.5.2. THE MAIN RESULT. We present here a classical result, see J.L.
Doob [18].

Theorem 3.3. Under the assumptions (3.5.1), (3.5.2), there exists a unique in-
variant measure m with respect to the transition probability w(x,T') and moreover

(355) o = [ somias)| <2115
Vf € B, with0 < <1, independent of f.

We say that the process is ergodic, which means that its probability law P(xz,n,T")
converges as n goes to oo to the probability law m, whatever the initial state y, = x
might be.

PROOF. Suppose f > 0. We define
my(f) = inf &" f(z),
My (f) = sup @" f(z).



3.5. ERGODIC THEORY

Hence
mn(f) < anrl(f)v
Mn(f) > M7l+1(f)7
mn(f) < My (f).

We have successively
My1 (f) = mna () = sup @1 f(2) — inf & f (x)

= sup(®" ! f(x) — "L f(€))

z,§
= supl@(@" f)(x) - (@ 1) (€]
—sup | [ (@lon) = lem)e” fenputan)|.
It follows
M1 (f) = masa(f)
<sup| [ (wla,n) = w(€.0) 8" fo)ulan)
x,£ X
- [ (@~ =€) 2" rnutan)|
X
< sup[11,(5) | (@l — o(6m) )
—n() [ (el = e, m) ula)]|
Since

| =temutin = [ = nutan)

the coefficients of M, (f) and m,(f) are the same.

So we get
Mis(7) = mna(£) < O (1) =m0 sup [ (lrn) = o(6.) ).
z,§ JX
Next

| (e = (&) it
= /X (@(@,n) = @ (& M) Uz (@) —w(e.m =0y 1(d)
=1- /XW(%77)]I{w(z,n)—w(g,n)<0}u(d77)
_/Xw(ga77))]I{w(z,n)fw(g,n)zo},u(dn)
<1- /XO @ (2, M) Lo () — o (€,m) <0} (M)

—/X (&, M) Vo (w,m)—co(e,m) >0y 1(d),
0

19
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and from assumption (3.5.2) we deduce

<1- 5/ ]I{w(:z:,n)—W(fﬂl)<0}u(dn)
Xo

=0 /X Lo (2= (em) =01 1(dn)
=1-0u(Xo).
Therefore we have obtained
Mn+1(f) - mn+1(f) < (Mn(f) - mn(f))(l - 5u(X0)),

hence
My (f) = ma(f) < (1= 6p(Xo))"If]I-
We deduce that
Also we have the inequality
We have obtained

@7 f(x) = m(f)] < Mp(f) = ma(f) < (1= p(X0))" M| £]I-
When f has no sign, using the decomposition of f between its positive et negative
part, we obtain

9" f(2) = m(f)] < Mu(f) = ma(f) <201 = 6p(X0))" 7 [I£],

which is the desired result (3.5.5) with 8 =1 — du(Xo).

It remains to prove that m(f) defines an invariant measure, and that such an
invariant measure is unique. The map f = m(f) is linear and |m(f)| < ||f]|. If
f > 0 then m(f) > 0, and m(1) = 1. So m(f) defines a probability on X, X.
Clearly

m(f) =m(®f).
Applying with f = I yields

m(T) :/Xm(dx)ﬂ'(x,f‘),

which proves that m is an invariant measure. If m is another invariant measure,
we have by definition

m(f) =m(®"f) = m(f),

hence m = m. The proof has been completed. O
3.5.3. ANALYTIC PROBLEM.

Theorem 3.4. Under the assumptions (3.5.1), (3.5.2), there exists one and only
one pair v € B;\ € R up to a constant for v such that

v—®v+ A= f, A=m(f)

m(v) =0,
(3.5.6) m(v) — (m®dv) =0, R
’U(LL') 20141—>H11 U — 1_a>7

Uq — aPuy = f,a < 1.
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PrOOF. One has also

(3.5.7) A= i%(l — Q)Uq,
and

1oL
(3.5.8) A = lim ; @ f, in B.

From equation (3.5.6) we deduce
(3.5.9) m(v) — (m®Pv) + A = m(f).
Since m is invariant, we have m(v) — (m®wv) = 0, hence the second property (3.5.6).
So A is unique. If there are two solutions vy, vo, then one has
V1 — Vg = (I)(’Ul — ’Ug).

So also

vy — vy = P, (v — v2) = m(v1) — m(ve).
So v; and vy differ only by a constant. If we impose the condition m(v) = 0, then

the solution is unique. To prove existence we start with u, defined in equation
(3.5.6). Moreover

(3.5.10) Uo =Y a"®"f.
n=0
So
A n n
(3.5.11) ua—l_a—;a " (f — \).

From property (3.5.5) we deduce that
@™ (f = NI < 2/ fl18"

It follows that the series defined in equation (3.5.11) is absolutely convergent in B.
Moreover

Then v is the solution of equation (3.5.6). Finally property (3.5.8) follows from the
fact that the series on the right hand side of (3.5.11) is absolutely convergent. [

3.6. EXAMPLES

3.6.1. INVENTORY WITH NO BACKLOG. We will consider the clas-
sical inventory problem with no backlog

Ynt1 = (Yn + v — Dn)Jrv

where D,, is the demand modeled as a sequence of independent identically dis-
tributed variables with density f. The quantity v, is the order, for which we
assume the following policy

Un = S:[[yn:().
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So if we start with a stock which is less or equal to S, the stock remains always
between 0 and S. So X = [0, S]. We easily see that this model defines a Markov
chain on X equipped with the Borel o—algebra, with transition probability

7(z,dn) = F(m)&(n) + To<p<af(x —m)dn, ifz>0
’ F(S)d(n) + To<yesf(S —n)dn, ifx=0

So it is a mixture of a Dirac probability at 0 and probability density on positive
inventories.
Assume F(S) > 0 then the conditions of Theorem 3.3 are satisfied. We have

p(dn) = 6(n) + dn,

(3.6.1)

and

3.6.2 _
( ) F(S) L= + To<y<sf(S—n), ifz=0

We can take Xy = 0 and § = F(S) (this 6 should not be confused with the Dirac
measure 6(x)).

We can in fact find the invariant measure directly. It is a probability measure
m(dz) on [0, 5], which we write as follows

m(dz) = Ad(x) + B(z)dx
A+/ B(z)dx = 1.

(w,m) = {F(I)]In_o +To<p<af(x —m), ifx>0

(3.6.3)

To find A and B(x) we must write the relation

/ $(aym(da) = / Do(a)m(de), V6.

We obtain the system

S
A= AF(S) + /0 F(z)B(z)dz,
S

Bln) = Af(S —n) + / B(x)f(x — n)dn.

n

(3.6.4)

then we have

Theorem 3.5. Assume f(z) > 0 and continuous. The system (3.6.4) with the
normalization condition (3.6.3) has a unique solution.

ProOoOF. We note that

s
(3.6.5) 4= Do F@)B@)dz

F(S)
Replacing A in the second equation and taking n = S yields

S

Jy F(z)B(z)dx
B(S) = 0
()= 12—
Calling
B(n)
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the second equation reduces to

_fS-m [F
(3.6.6) u(n) = ) +/n u(z) f(z — n)de.
Then equation (3.6.6) has one and only one solution. Indeed the map
S
T:u— f(?(g)n)-i-/n u(z) f(z —n)dz,

is a contraction on C([0, S]), since

S
I Tuy — Tua| < [l —u2\|/ f(x)dz,
0
and

s
/ flz)dr < 1,
0
and B(S) is defined by

B(5)

fS F(z)u(z)dx o B
OW‘F/O u(x)dw] =1.

The proof has been completed. In the case of a Poisson distribution f(z) =
Aexp —Az, one finds that u(n) = 1 and

1
A,

B =155 1+ AS

3.6.2. INVENTORY WITH BACKLOG. The model is
Yn+1 = Yn + v, — Dn

So negative inventories are permitted. The orders follow an s, S policy, with s < S,
S > 0. Namely
v, =0, if y, > s,
Up =8 — Yn, ify, <s.

Clearly if y; < S then y, < S,Vn.
We have

(3.6.7) {W(w7 dn) = f(S —nl,<sdn, ifz<s

m(x,dn) = Ly<p f(x —n)dn, ifx>s
We have X = (—o0, S] and u(dn) = dn, with
1 — if x <
() = n<sf(S—mn), ifoss
L<f(x—m), ifz>s

Assume f(z) > 0 and continuous. Then the assumptions of Theorem 3.3 are
satisfied. We take Xy = (s — 1, s) and

5= ().

inf
{0<z<S—s+1}
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Again we can study directly the problem of existence and uniqueness of the invariant
measure. We look for a density m(z) with respect to Lebesgue measure on X. This
density must satisfy the equation

S
mmra[ () (z, 7)de,

which amounts to

min) = £(5 =) |

—00

S

s
m(x)dx + / m(z) f(x —n)Ly<q.yde
Exercise 3.5. Show that m(n) is uniquely defined by the formulas
F(S =m) + [ u@)f(x — n)da
14 fss u(y)dy

m(n):#, ifs<n<S
1+ [ u(y)dy
where the function wu(n) is defined in s,.S as the unique solution of the integral
equation

m(n) =

ifn<s

)

s
u() = §(S =)+ [ ul@)f@~n)ds, s<n<s
n
3.6.3. FINITE NUMBER OF STATES. Suppose X is composed of a
finite number of states, denoted by ¢ = 1,--- ,I. The transition probability reduces

to a matrix w(i,j). In order to apply Theorem 3.3 it is sufficient to assume that
there exists a state jg such that

(3.6.8) (i, jo), Vi € X.

The unique invariant measure will satisfy

m; = ijw(372)7 Zml = 17 m; > 0
7 7



CHAPTER 4

OPTIMAL CONTROL IN DISCRETE TIME

A very comprehensive presentation of Discrete-Time Markov Control Processes
can be found in the book of O. Hernandez-Lerma and J.B. Lasserre, [25]. Our
presentation discusses more completely the issue of uniqueness, and separates com-
pletely the study of the functional equation, resulting from Dynamic Programming
(Bellman equation) from its interpretation in the context of optimal control.

4.1. DETERMINISTIC CASE

4.1.1. NOTATION. We begin with deterministic models, although the de-
terministic case can be embedded in the stochastic case. The reason is because in
deterministic situations one does not have to worry about information. Decisions
are just given values (open loop control). In the stochastic case, decisions are func-
tions of the state of information (closed loop control). It is possible to reconcile the
two approaches in the deterministic case, but this is unnecessarily complex just to
obtain the major results.

We consider a dynamic system whose evolution is governed by

(411) Yn+1 = g(ynavn)a Yy =a.

At this stage, we do not need any specific assumptions on the function g, except
measurability. As we shall see the first part of the discussion will be of algebraic
nature. The state space is X, a metric space R% or a discrete space. We next
consider a function

(4.1.2) l(x,v) bounded below.

A control (or more precisely a control policy) is a sequence of values vy -+ - v, -+ in
a subset U of a metric space. A control is denoted by V. We define the payoﬁ

(4.1.3) To(V) = o™ (yn, vn).

Without loss of generality, we will assume [(x,v) > 0. Indeed If I(x,v) + C > 0, we
can change J, (V) into J, (V) +
discount « is smaller than 1. We define

(4.1.4) u(z) = inf J,(V),

and obtain the positivity assumption. The

which is a positive number. The function u(z) is called the value function. We
shall assume that

(4.1.5) u(z) < 00

25
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4.1.2. BELLMAN EQUATION. The function u(x) satisfies a functional
equation, called Bellman equation, [2], [11]. As we shall see, it is simply the
consequence of algebraic considerations. The study of this functional equation,
independently of its origin, will be done later and requires analysis tools.

Proposition 4.1. The function u(x) satisfies the relation
(4.1.6) u(z) = inf [l(z,v) + au(g(z,v))].
velU

PROOF. From the definition, we can write

u(x) = 1nf l(z,01) +a mf B [Za” 21(yn, vn H7

but the inf inside the bracket is clearly u(g(x,v)). Therefore the result follows. O

Suppose now that there exists a measurable function ¢(x) such that the infimum
in the right hand side of (4.1.6) is attained for this value and for any value of x.
Such a function is called a feedback. We can use this feedback in the state equation
and define a sequence v, as follows

yn+1 = Q@m {)(gn))

Defining next v, = 4(§j,) we obtain a control V = (9; --- 0, ---). We then obtain
the result
Proposition 4.2. V is optimal.

ProoOF. By induction we can check that

2) = a" (Y, tn) + 0" (G 1),
j=1
and thus u(z) > J,(V). However being the infimum, w(z) is also smaller than
Jz (V). So we have equality and thus V' is optimal. O

Note that the optimal control is obtained via a feedback on the state. This
property is a curiosity in the deterministic case, but will play a fundamental role
in the stochastic case, since it has an informational content.

4.1.3. EXTENSION WHEN THE SET OF CONSTRAINTS DE-
PENDS ON THE STATE. There is however a case when information matters,
even in the deterministic case. It is the case when the set of constraints U is
not fixed, but depends on the state U(z). A control policy V' cannot be a simple
sequence v, of elements of U, because U is not fixed anymore. We must also satisfy

vn € U(yn).
However, it is not difficult to check that the argument of the proof of Proposition
4.1 remains valid. The Bellman equation is changed into

(4.1.7) u(z) = . EiIbf(gC)[l(:v,v) + au(g(x,v))].

4.2. STOCHASTIC CASE: GENERAL FORMULATION

We turn now to the stochastic case. As we shall see the machinery is more
complex.
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4.2.1. NOTATION AND ASSUMPTIONS. The probabilistic set up is
the same as in Chapter 3. The state space is X, X and the probability space is
Q= XN, with o— algebra A = XN. The canonical process is denoted by y,,(w) =
wy, and it generates the filtration Y". We now consider a family of transition
probabilities, indexed by a parameter v, the control variable. The parameter v
belongs to a set U, the set of controls, which is a closed subset of a metric space.

The transition probability is denoted 7 (x, v, dn). We associate to it the operator
on B (space of measurable bounded functions on X), also indexed by v

' fa) = [ fma,o.dn).
X
We now define as a control policy a sequence of Borel maps with values in U

vi(m), va2(n1,n2)

. 7U7L(/'717”' 7/]7”)’...

Such a control is denoted by V. However, we see the main difference with the
deterministic case, in which a control was simply a sequence of values. In the
stochastic case, the control must be defined in a closed loop manner.

To a control V' and an initial state x we associate a probability law on 2, A
which is the conditional law of the canonical process given y; = x. We denote it by
PV:*. For any test function f(xq,---,x,) we have

Ev,xf(yh”' ,yn) = E[f(ylv ,yn>|y1 = ‘T}
:/ﬂ'(m,vl(x),dxg)/ﬁ(xg,vg(x,mg),dxg)~~~

/ﬂ-(l'n—lvvn—l(xax% e axn—l)vdx7L)f(I17 T 7xn)~

PV is a controlled Markov chain. A controlled Markov chain is not a Markov
chain strictly speaking, since we keep memory of all previous states, because of
the decision rule. However some analogy with the standard Markov chains can be
made. We introduce

vax(n - 1,17, e axnfl;nvl—‘) = W(Inflvvnfl(xyléa e 7Infl)7r)
PV (m;z, - apmin,T) = /W(xm,vm(x,wzw- s T ), AT
/’ﬂ'(l‘n_g,vn_g(ﬂ?,JIQ, o 7$n—2): dmn_lﬂ(l’n_l,vn_l(w,xg, o ,$n_1),r)

Exercise 4.1. Check that
PV (K1, sy k 4+ n,T) = BV [T (g )| V7,
which can be extended to replacing k by a stopping time v. Check that
PV (viyn, - yiv 4+ n,T) = BV r(yyn) [ VY]
Check that for any u € B

n—1
u(yn) + Y (ulys) — @00 vidu(y;)),
j=1
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isa Ym, PV" martingale. Check also that
n—1
a"ulya) + > o (uly;) — a®% W Bu(y,)),
j=1

is a Y™, PY'* martingale.

Remark. We can consider the deterministic case as a particular case of a Markov
chain, in which

7T(.%', U, d77) = Og(z,v)
the Dirac measure at the point g(x, v). However the control must remain defined in
a closed loop manner. We cannot recover the open loop control in this manner. This
is why to go through this path to consider the deterministic problem is unnecessary
complicated.

4.2.2. SETTING OF THE PROBLEM. Consider
(4.2.1) l(z,v) >0,

and U is a subset of a metric space.

We consider a controlled Markov chain described by its transition probability
m(xz,v,T). Consider a control policyV and construct the corresponding probability
PV for the canonical process y,. The functions v, (z1,--- ,x,) appearing in the
control must take values in U.

We define the cost functional

(4.2.2) T(V) = EV" > o™ H(yn, vn).
n=1
If we accept the value +oo this quantity is well defined. The value function is
defined by
u(z) = ir‘}f J (V).

An important question is whether the value function satisfies a functional equation,
as in the deterministic case, following algebraic arguments. This becomes highly
non trivial, but we are going to show that it is possible, in a case which is useful
for applications and mimics to some extent the deterministic case. In the general
situation described above, we will avoid the difficulty by using arguments from
analysis and not from algebra.

4.2.3. DIRECT APPROACH. We consider the situation when the evolu-
tion of the dynamic system is described as follows. Consider a probability space
(Q, A, P), on which is defined a stochastic process Dy, -+ D,, --- made of indepen-
dent, identically distributed random variables. The notation D recalls the demand
process, which will appear constantly in the application to inventory control. We
denote by h(¢) the probability density of a generic D, which lies in R* to fix ideas.
The process ¥, is defined by

Yn+1 :g(ynavnaDn) Yy = .

We shall assume that the demand is observable. At time n + 1, we have observed
the values of Dy ---D,,. So

Up = 'Un(Dlv"' 7Dn71) n > 2a
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and vy is deterministic. This is more general than v, = v, (y1,--- ,yn) and follows
naturally from the information which is available at each time. If U depends on x,
then we have the constraint

Un(Dlv e 7Dn—1) S U(yn)a

and vy, is also a function of Dy,---, D,—1. The operator ®" f(z) is given by

(4.2.3) & f(x) = Ef(g(z,v, D)) = / F(g(z,v,m)) din.

Let V ={vy, - vy, -} be a control as defined above. The payoff is given by
(4.2.4) J2(V)=EY_ " (yn,vn).

Note that the expectation is taken with respect to the fixed probability P and does
not depend on the control policy as in formula (4.2.2). We define the value function
u(z) = inf J4(V).

1%

Proposition 4.3. The value function satisfies the functional equation (Bellman

equation)

(4.2.5) u(x) = . Eir(1jf(x>[l(ac,11) + aEBu(g(z,v, D))].

PROOF. Let us set
e
1
K(l’,’Ul,"',Un,"';Dl," 7L7"' Z " lynyvn

which is a functional on D1, - - -
variables, we have

, Dy, - -+ Thanks to the independence of the random

EK(‘T,'Ul,"’ s Upy*t ;D17... ’Dn,...)
:EDng-wK(xaUla"' yUny ot ;Dlv"' 5D7L7"')a

in which the expectations as indices in the right hand side mean that one must
take the expectations successively. We start backwards. The fact that there is an
infinite number of expectations is not a problem, since each term in the expression
of K depends on a finite number of demands. Note the relation

K(x7vlg"' s Upyt ot ;D17... 7_Dn,...)
=l(z,v1) + aK(g(x,v1,D1),v2- -+ ,0pn, -+ ; Do, ,Dy,---).

Therefore, for fixed x,v,, D1 we can write

(4.2.6)

U2H%Uf ‘__ED2D3-~-K(g(:I")U17D1)av2 o, Upy ;D2a e 7Dn7 o ) = u( (.’I} U1, l))
Now the key point is to check that

(4.2.7) Ep, U2_énﬂf “_EDZDS...K(Q(:U,thl),vg cor Up, e 3 Doy Dpyeet)

= inf ED1D2D3~--K<9(‘T:U17D1)7U2"' yUny ot ;D27"' 7Dn7"')'

Ve Vg,
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In other words, we can exchange the two operators Ep, and inf. The reason
is because the decision variables wvsy,--- ,v,,--- are functions of all the random
variables, including D;. More specifically, we can first assert that

ED1 inf 'EDZDS--~K(9(«T7U17D1)7U2'" yUny* ot ;D27"' 7Dna"')

V2, Un e

< Ep,p,ns--K(g(x,v1,D1),v2- -+ ,Un, - ;D9,--+ ,Dyp,--+)

where, in the right hand side, the decision variables are arbitrary. Therefore the
left hand side of equation (4.2.7) is smaller than its right hand side. On the other
hand for any e and any fixed D; we can find a policy 5, -+ ,v5,- - depending of
course of D; such that
ED2D3--~K(g(x7U1;D1),'U§ 71):“... ;D27... 7Dn7"')
< inf  Bp,p, K(g(x,01,D1),va - v, Doy Dyoes) e

e
Therefore

ED1D2D3<..K(g(Qf,’U1,Dl),’l};"' aU:La"' ;D27"' 7DTL?"')
S ED1 1nf EDQDS...K(Q(JJ,Ul,Dl),Ug ety Upy ot ;D27-~' ,Dn,"') + €.

V2 U,

Therefore also

N invf ED1D2D3..,K(9($,’U1, Dl),vg ety Upy ot ;Dg, ce ,Dn, te )
Sarrion
S ED1 . ll'i)f ED2D3...K(9($,'U1,D1)7’02 ity Upy ;D27"' aDna"') + €,
277 3 Un,y
and since € is arbitrary, the right hand side of (4.2.7) is smaller than the left hand
side. Hence the relation (4.2.7) holds. This relation means also that

Eu(g(xz,v1,D1)) = inf FEK(g(x,v1,D1),v2- ,Un, - ;Day--+ Dy, ).
ST

But then
u(x):inf[l(:v,vl)—l—a inf EK(g(x7v17Dl)51)2"'7vn7"' ;D27"' aD’rLa"')]v
which implies the result. O

4.3. FUNCTIONAL EQUATION

We begin with assumptions. The space X = R%. The set of controls U is a
closed subset of R*. If ¢(x,v) is a function of two arguments, we write ¢,(x) =
¢(x,v). We shall assume that

$?¢p, () is uniformly continuous in v,z if
¢v(x) = ¢(x,v) is uniformly continuous and bounded in z,v.

(4.3.1)

We also assume
ly(z) =1(x,v) Ls.c > 0;

(4.3.2) I(z,v) is bounded on bounded sets;
®"],(z) is bounded on bounded sets;
{veUll(z,v) < L,|z| < M} C {|v] < Kpm}-



4.3. FUNCTIONAL EQUATION 31

4.3.1. TECHNICAL RESULTS. We begin by recalling a few important
technical results. Some proofs are in the Appendix.

Lemma 4.1. Let f be a map from a metric space X into (—oo,+00|, which is
l.s.c. and bounded below. There exists a sequence f(x) € C(X) (space of uniformly
continuous bounded functions on X) such that fn(x) 1 f(x) point wise.

Lemma 4.2. Under the assumption (4.3.1) if l,(x) = l(z,v) is l.s.c. and bounded
below then the function ®1,(x) of the pair v,z is l.s.c. and bounded below.

Lemma 4.3. Let F(x,v) be Ls.c. in both arguments and bounded below. If U is
metric compact then

G(z) = in[fJF(x,v),

ve
1s also l.s.c. and bounded below.

A key result is the existence for each x of a minimum which is a measurable
function of x.

Theorem 4.1. Under the assumptions of Lemma 4.3, there exists a Borel function
0(x) : X = U such that
G(z) = F(z,9(z)), V.
The fact that U is compact may not be verified in some applications. We
present here a situation which occurs in applications and where the compactness
assumption of U is removed. Let us assume that
U is a closed subset of RY;

(4.3.3) F(z,v) is Ls.c and bounded below;
{v[F(z,v) < F(z,00)} C {v] [v] <~(2)};
~(z) is bounded on bounded sets.

We state the

Theorem 4.2. Under the assumptions of Lemma 4.3 except U compact, and if the
assumption (4.3.3) holds, then G(x) is l.s.c. and bounded below, and there exists a
Borel map ©(x) which achieves the minimum for any x.

4.3.2. CEILING FUNCTION. We consider first the case of a fixed control
vo € U as a parameter. Introduce the equation

(4.3.4) wo(z) = l(z,v0) + a®w(x).
More precisely we consider the function

(4.3.5) wo(z) =Y " ()" iy, (x),

n=1

where we have noted I, (x) = l(z,v).
The function wg(z) is defined as the limit as N 1 400 of

N
won (w,0) =Y " H(@Y)" My, (x).
n=1
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Since all the functions are positive, the limit is well defined, but may take the value
+00. Recalling Lemma 4.2, we can assert that the function won (z,v) is L.s.c. and
therefore the function w(z,v) is also Ls.c. We will use in the sequel the assumption

(4.3.6) wo(x) < oo, V.
wp(z) is bounded on bounded sets
4.3.3. BELLMAN EQUATION. We consider the functional equation
(4.3.7) u(z) = ngfj[l(m, v) + a®u(x)], Va.

This equation is now considered, without any interpretation as the value function
of a control problem. We state the main result

Theorem 4.3. Under the assumptions (4.3.1), (4.3.2), (4.3.6) the set of solutions
of the functional equation (4.3.7) satisfying

0 <wu(z) < wy(x)Ve,

is not empty and has a minimum and a mazximum solution, denoted respectively
w(x) and w(z). The minimum solution is l.s.c.

ProOF. Consider the following iteration
uo(x) =0,
Ups1(x) = inf [[(z,v) + a® u,(z)].
velU
This sequence is monotone increasing. We have
0 < up(z) < wo(r) Ve,

which can be checked recursively.
We thus have u,(z) 1 u(z) hence

Up+1(2) < infll(z,v) + a® u(z)], Ve,
and thus also
u(z) < inf[l(z,v) + ad® u(z)], V.
Moreover, thanks to the assumptions (4.3.2) the functions u,(x) are l.s.c. so there
exists a Borel map v, (z) such that

Uns1(2) = (2, 0,(z)) + @B @y, (2).

Let n < m we can write

1, v () + a®Vm @y, ()
> Uz, v (z)) + adm @y, (z),

Um41(7)

hence also
w(x) > Uz, vm(2)) + ad @y, (z).
Now for z fixed, the sequence v, () remains in a compact set and thus there exists
a subsequence such that v, () — v*(z). Remember that n is fixed and that
f(z,v) + a® u,(z) is Ls.c.
We thus can state
u(x) > 1(z,v* () + ad¥ (2)un (z).
Letting now n go to co we obtain

u(z) > Iz, v* () + ad” (z)u(z),
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hence
u(z) > inf[l(z,v) + a® u(x)].
v
Since the reverse inequality is true, the function u is a solution. This function is
the smallest solution, since if we have another solution @ such that 0 < @ < wg(z)
then we check sequentially that % > u, hence in the limit @ > u. We denote the
minimum solution by u(x). This minimum solution is l.s.c. We turn now to the
maximum solution. We define a decreasing sequence by starting with the ceiling
function and using the same iteration, namely
u’(z) = wo(),

u"(z) = in

7)elfj[l(alc, v) + a®u"(x)].

We have u™(x) | u(z) hence also
u" () > i%f[l(x,v) + a®u(z)].
Therefore,
u(z) > irgf[l(a:,v) + ad®’u(x)].
On the other hand, for any v we can write the inequality
u" M (z) < Iz, v) + a® u™ ().

To pass to the limit we have to be careful that u™(x) is decreasing. We cannot
use Fatou’s Lemma directly. However the sequence wy(x) — u™(z) is increasing and
positive. Therefore, applying Fatou’s Lemma to this sequence, we can assert than

Uy (x) | DVu(x).
It follows that
u(z) < inf[l(z,v) + ad®’u(x)],
and since the reverse inequality is true, the function u is a solution of equation
(4.3.7). One can check easily that it is the maximum solution, within the interval

0, wo(«) This maximum solution is denoted by @(z). The proof has been completed.

|

4.4. PROBABILISTIC INTERPRETATION
4.4.1. THE MINIMUM SOLUTION. We recall the monotone increasing

process
ug(z) =0,

(4.4.1) tn 1 () = inf [I(z, v) + 0@ un ()],

The function w,(z) is l.s.c. and bounded below. There will exist a Borel function
O (x) with values in U such that

Unir (2) = Uz, 0 (2)) + a®" @, (2).

Consider the cost function defined by (4.2.2). Let us define the truncated cost
function

Jg(v) =E"" lz anll(ynvvn)‘| .

n=1
We define from the feedback introduced above, the control policy

Vn:(@lnf" 7@jn7"')7



34 4. OPTIMAL CONTROL IN DISCRETE TIME

where
QA}jn(xla e axj) = @j(-’ﬂj),Vl < ] < n,
Ojn(z1, - ,x;) = 0 (arbitrary) Vj > n+ 1.

We can state

Lemma 4.4. We have the interpretation
(4.4.2) up(x) = ir‘}f J(V)
PRrROOF. Pick any control V. For j =0,--- ,n — 1 we can write
i1 (Yn—j) < UWYn—j,vn—j) + @ I u;(yn—j;)
= U(Yn—j»Vn—j) + BV u;(yn—j11)|Y" 7).
Hence also
BV I (Yn—i) < BV Ty gy v ) + BV 70" I (Y j11)-
Adding up from j =0,--- ,n — 1 we get
up(r) < J2(V).
Similarly we can check that R
un(z) = J3 (Vi)
and the result has been obtained. O

We can then state

Theorem 4.4. Under the assumptions (4.3.1), (4.3.2), (4.3.6) the minimum solu-
tion u(x) of the functional equation (4.3.7) between 0 and wy is the value function

u(x) = ir‘}f Jz (V).

Moreover there exists an optimal control policy V.

PRrROOF. For any decision rule V', we have according to Lemma 4.4,
un(@) < JA(V) < Lu(V).
Therefore
u(x) < Jo(V),

and since V is arbitrary
u(zx) < ir‘}f Jz (V).

On the other hand, since u(x) is l.s.c. positive, there exists a Borel map o(z) such
that

w(z) = l(z,0(z)) + ad’u(x).
One then defines a control policyV as follows

V= (01, ,0n,--- ),
where
Op (X1, Tpn) = Op(Ty).
We obtain easily

n

u(z) = Z Ev,xaj_ll(yj’ ﬁj) + anEv’m@(yn—&-l)v
j=1
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and since u > 0 we have

u(x) > > EVal T (y;, b)),

j=1
Letting n — oo yields
u(w) > Jo(V),
which implies in fact equality. The result has been obtained. a
4.4.2. THE MAXIMUM SOLUTION. We turn now to the interpreta-

tion of the maximum solution w(z). We begin by interpreting the function u"(x)
obtained by the decreasing sequence

u’(x) = wo (),
(4.4.3) u"t(z) = ig{fj[l(w, v) + a®u"(x)].
We define a set of control policies as follows

V= {V|V: (’Ula"' ,’U]'7"') where
(4.4.4) v; = w1, 25)Vj <,
vj =vgVj>n+1},

where the functions v; are Borel functions with values in U. We then state the
Lemma 4.5. We have the interpretation

4.4. " = inf

(4.45) u'(@) = inf J.(V)

PROOF. By a reasoning similar to that of Lemma 4.4 we can write, for an
arbitrary control policy V' (not necessarily in V")

WHa) < BV oI (ysv) + BV wo ().
j=1

Take now V € V™. We can write for m > n
EV I (ym1)[ V™) = @00 90 I (yy) = 87 T (ym).
Considering next wgp, we can write for j > n+ 1
wo(y;) = Uy, v0) + @BV [wo(y;4+1)|V7].

In particular
o0

EVTwo(yni1) = EV" Z o/ 7" H(y;, v0),
j=n+1
hence also
w'(x) < BV Yol Ny v), vV €V
j:l

Next we note that the functions " (z) are l.s.c. hence we can define a Borel map
v™(x) such that

u(x) = (2, 0™(x)) + ad”" @y (z).
One then defines
vr = ({)117 ’/[};l’...)’
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with A

07 (21, -+ x5) = v’ (25),Vi < n

0 (1, ag) = v,V 2n 1
We obtain

u ( ) EVW Zaj 1l(yJ: 7 ) + anE‘ﬂ (yn+1)
j=1

Therefore

u(z) = BV ’“”ZOH Y (y;, 0 )

u(z) = J (V™).

Since V™ € V" the proof of the Lemma is completed. O

To finally give the interpretation of the maximum solution we introduce the set
V={V|V = (v, -+ ,vj,---) where
(4.4.6) v; =iz, ,x5)
TP EVT(y;) — 0 as § — +oo}.
We can then state the

Theorem 4.5. Under the assumptions (4.3.1), (4.3.2), (4.3.6) the mazimum solu-
tion u(z) of the functional equation (4.3.7) between 0 and wq is given by

(4.4.7) u(x) = ‘}rg} J (V)
PrOOF. Consider the control policy V™. We are going to check that it belongs
to V, for any n. We need to check that
Ry A (yr) — 0 as k — +oo.
We may assume k > n + 1. Since T(z) < wo(x) it is sufficient to check that

ak_lEV"’”wo(yk) — 0 as k — +o0.

However

o0
ak_lEvn’xwo(yk) =EV"® Z O‘j_ll(yj’ Vo),

j:k

for k> n+1.

But the series
R o0
EVha Z @ (yj,v0) < u(z) < o0,
j=n+1

and thus is a convergent series. Therefore indeed
EV" ’IZoﬂ (yj,v0) = 0 as k — oo.,

and the result follows. Next we know that

u(z) = J (V7).
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Therefore

n > :
u™(z) > ‘}Ig} J(V),

and also

u(x) > inf J (V).

a(z) > &%vJ (V)
On the other hand for any control, not necessarily in V we can write

a(z) < EYY ol M(ys, ) + "BV (yas)
j=1
Jo(V) + a"EV u(yng1).
Now if V' € V the 2nd term goes to 0 as n — co. Therefore we can assert
u(z) < Jo(V),vV eV,

and this completes the proof of the Theorem. 0

IN

Remark. We do not claim that the infimum is attained in the right hand side of
(4.4.7). Moreover the maximum solution is u.s.c. and not l.s.c.

4.5. UNIQUENESS

We consider the problem of uniqueness of solutions of the functional equation
(4.3.7), in the interval (0,wp). A necessary and sufficient condition for uniqueness
is that the minimum and the maximum solutions coincide. To prove that the
minimum and maximum solutions coincide, it is sufficient to prove that the optimal
control V. € V. A different approach is to use contraction properties, when they
are available.

Theorem 4.6. Assume l(x,v) bounded. Then there exists one and only solution
of (4.3.7)

PrROOF. We can use a contraction property. Let us recall that B denotes the
space of bounded functions on X = R?. We notice that (4.3.7) can be written as a
fixed point for the map

T:B— B, z=Tw,
with
Tw(z) = inf [I(x,v) + a® w(x)],
velU

and since [ is bounded we can define T as a map from B into B. With a < 1
it is obvious that T is a contraction. Hence there exists one and only one fixed
point. [

Remark. Since wq is bounded, the uniqueness follows also immediately from the
fact that condition (4.4.6) is always satisfied.

This result can be extended in several ways.
Theorem 4.7. Assume that
(4.5.1) 0 <l(z,v) < hl|z|+ c|v| + lo,
(45.2) @ (|al)(z) < O] + Aol + 1,

and U is compact. If af < 1 the solution of (4.3.7) in the space By of functions
with linear growth exists and is unique.
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PROOF. In equation (4.5.2) we have denoted by |z| the function  — |z|. We
provide B; with an equivalent norm

where o can be chosen arbitrarily and will be chosen small. For v € U we have
l(z,v) < hlz|+ 1
*(|z)(z) < O]z +m

Consider again the map 7' defined in the proof of Theorem, this time from B; into
Bj. Note that for w € B; and v € U we have

a|®w(z)] < allw|/(1+0®"(|z])(z))
< al|w]|(1+ ob|z| + om).
Then
1+ 00|z| +om
Twy —T < _—
[Twy — Tws|| _0é||w||SI;P T+ ofa]
Thanks to the assumptions we have
1+ o0|z|+ om
asup ————— < a(l +om),
Ip 1+ o|z| < o )

and by choosing o sufficiently small the number on the right hand side is strictly
smaller than 1. Hence T is a contraction in B;. The existence and uniqueness
follows. O

Remark. Again it is possible to see the preceding result as a consequence of the
fact that the maximum and the minimum solutions coincide. Indeed, take to fix
ideas vg = 0. We note first that from the growth assumptions we have

hlz| lo QL

4.5.3 wo(x) < + + .

( ) O()_l—aO l—-a 1-—ab

Take any control policy V. From the definition of V, see (4.4.6), using the fact that
u < wy, it is sufficient to prove that

@ LEY "yl = 0 as j — +oo.
However

EV lyjal V] = % |2|(y;)
Oly;| +m.

IN

hence
EV?yjs1| < 0EYV |y, +m,

from which it follows that

EV"y,|

IN

Jj—2
6971 |z + mz "
k=0

IN

07 +m(j — 1)o7 72,

since 6 > 1 without loss of generality. It follows that o/ "1EV:%|y;| — 0 as j — oo.
Therefore the maximum and minimum solutions coincide and there is uniqueness.



4.5. UNIQUENESS 39

In the case when U is not compact it is possible to obtain uniqueness in the
following case

(4.5.4) hlz| + c|v] < i(x,v)
Y (@) Ha|(x) > (9°)"|2|(2), ¥n, Vv € U
Theorem 4.8. We make the assumptions of Theorem 4.7, except that U compact

is replaced by (4.5.4). Then we have existence and uniqueness of the solution of the
functional equation (4.3.7) in By

PRrROOF. The proof consists in finding an a priori bound for v in the right hand
side of equation (4.3.7). We shall prove that it is sufficient to take v € U such that
lo
c(1—a)’
and then we can assume that U is compact. Indeed, from (4.3.7) and the assumption
on [(xz,v) we can check that a solution u(x) must satisfy

u(x) > by (a®®) " z|(x).

Jj=1

o] <

Therefore

Wz,v) + a®’u(z) > clv| + hZ(o@O)j_lm(x),
i=1
and thus it is sufficient to look for v such that

clo + 7y (a®?) " z|(z) < wo().
j=1
But (recall that vo = 0)

lo
—a

wolw) < 7=+ h Y (a@Y Hal(x),

and thus it is sufficient to pick v < ﬁ O



This page intentionally left blank



CHAPTER 5

INVENTORY CONTROL WITHOUT SET UP
COST

In this Chapter, we apply the general results of Chapter 4 to the case of Inven-
tory Control. We will consider situations when shortage is not allowed (No backlog)
and when shortage is allowed (Backlog). In the case when shortage is not allowed,
the demand which cannot be met is lost, and a penalty is incurred. The situation
of set up costs will be considered in Chapter 9.

5.1. NO SHORTAGE ALLOWED.

5.1.1. STATING OF THE PROBLEM. We are in the situation of section
4.2.3 of Chapter 4. If y,, denotes the inventory at time n, we have the evolution

(5.1.1) Ynt1 = (yn +vn — Dn)™ y1 =1,

where v, is the control at time n and D,, is the demand, which is a sequence of
independent random variables, with probability density f(z). We denote by F(z)
the CDF, cumulated distribution function associated to f(z). The control policy,
called V, is defined by a sequence of measurable functions v, (D1, -+ D,_1). For
n = 1, vy is simply a deterministic number. Introducing the o—algebra F" =
(D1, Dyp—1),v, is F™ measurable. The operator ®¥ is given by

(5.1.2) ®'p(z) = Ep((x +v—D)*).
The transition probability is given by
(5.1.3) w(w,vidn) = Fla +0)5() + f(@ +0 = ) Lcoodn,
hence
. r+v
L) 8() = Fa+ o)+ [ feto—notdn

The set U = [0,00) is not compact. The image of a test function ¢(x,v) by the
operator @V is given by

r+v
(5.1.5) ¢, (z) = H(0,0)F(z +v) + / oz + v — 7,0) f(n)dn,

and the assumption (4.3.1) is satisfied.
We define the function I(z,v) as follows

oo

(5.1.6) l(x,v):cv+hx+p/ (& —z—v)f(&)dE.

rt+v
It incorporates an ordering cost (purely a variable cost), a holding cost and a penalty
for lost sales. We note the inequalities

(5.1.7) cv+ hx < I(z,v) < cv+ ha + pD,

41
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where D = [ £f(£)d¢. In fact
(5.1.8) l(z,v) =cv+hx+pE(D—x—v)",
and the last term is the penalty cost incurred when the demand is not met. Note
that the assumption (4.5.4) is satisfied.
Moreover B
&Y, (z) < cv+ hx +pD + hv.
More generally B
()", (x) < cv + hx + pD + nhov.
Also, denoting by z, the identity function z — x, we have
(5.1.9) ®’z(z) = E(x+v-D)*t
< z+v,
hence the assumption (4.5.2) is satisfied, with =1 and A =1, = 0.

5.1.2. BELLMAN EQUATION. We can apply the results of Theorem 4.8.
The functional equation (4.3.7) reads

(5.1.10) u(z) = inf {Z(I, V) +a (u(O)F(w o)+ /Om u(a+v— n)f(n)dn> } .

v>0
It is convenient to look at (5.1.10) as a system for a pair u(.), A where u(.) is a

locally integrable function with linear growth and A is a positive real number. The
system is written as

5.110) u(z) = 71)121% {l(x, v) + </\F(x +v) + /OHU u(x+v— n)f(n)dn> }

A= 1r>1% {Z(O, v) + o <)\F(v) +/ u(v — n)f(n)dn)}
v 0
Naturally, the solution u(x) is continuous and u(0) = A. Moreover, the argument v

of the infimum in the right hand side of (5.1.11) can be taken bounded by c(lpi?oz)'

Recall the definition of Bj, space of functions with linear growth, which in the
present situation, where the argument lies in BT reduces to

w@)l _

14z —

We can assert, as a consequence of Theorem 4.8 that

Theorem 5.1. Assume (5.1.2) and (5.1.6). Then the system (5.1.11) has a unique
solution in the space By X R. The function u(z) is continuous and A = u(0). More-
over u(x) is the value function of the control problem

u(z) = iI‘}f J(V),

u € By <—

where
(5.1.12) J.(V)=E [i a"‘ll(yn,vn)] :

Furthermore there exists an optimal control, obtained from a feedback 0(x), which
is a Borel function attaining the infimum in the right hand side of (5.1.11). One

N D
has v(x) < ﬁ.
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Remark. We have not used the construction of P¥>* developed for general Markov
chains in section 4.2.1, since we have the formulation described in section 4.2.3.

5.1.3. BASE STOCK POLICY. In this section we will check that o(x) is
actually quite simple, and is characterized by what is called a Base Stock Policy.
A Base Stock Policy is characterized by a number S and the formula

g, ifr<
(5.1.13) o(a) = {5 7@ rss
0, ifxz>8

Theorem 5.2. Under the assumptions (5.1.2) and (5.1.6), and p > ¢ the optimal
feedback is a base stock policy. The function u is convex and C'. The base stock is
given by the formula

(5.1.14) F(S) = %.

One has

(5.115)  w(S) = (h—0)S+ +p1E£Sa_ DY (h-o) - - —E(S - D).
Setting

(5.1.16) g9(z) = (c+alh—c) = (p+alh—c)F(x) ",

then u/(z) = h — ¢ + () where

(5.1.17) z(z) = ia"lg*f*(”l),

and @ * 1 denotes the convolution product
o) = [ oo - v
0
and f*O(z) = 8(z), f*V(2) = f(2).

Proor. Note that S is uniquely defined, thanks to the assumption p > c.
Moreover g(z) = 0, for x < S. Consequently z = 0, for z < S. The series z(z)
converges since f is bounded.

Recalling that

l(z,v) =cv+hx+pE(x+v—D)",
we can write also
l(z,v) = (h =)z +lo(x +v),
with
lo(z) =cx+pE(x— D).

Therefore equation (5.1.11) can be also written as

(5.1.18) u(x) = (h—c)x + };rzl%{lo(x +v) + aBu((z +v— D))}

The function lo(z) is convex continuous on RT and tends to +oo as z — +o0.
There exists a unique Sy such that

lo(S0) = ;gg lo(x).
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Consider the increasing sequence. We begin with wuq(z). Clearly we can write

()7 (h—C)$+l0(So), Vo < Sy
= (h =)z +1ly(z), V>S5

Its derivative is

N Vo < Sp
(Ul) ('T) - {h—C+ ([0)/(x), Yo > Sy

This function is continuous and increasing, from which it follows that wuj(x) is
convex continuous and tends to 400 as x — 4+-00. More generally, assume that X

sn(w) = lo(z) + aBu,((x — D)T),

is convex continuous and tends to +o0o as © — +o0o. Therefore there exists a unique
Sy, defined as the smallest minimum value of the function ¢, (z), for z > 0, if the
minimum is not unique. Hence we can write

(h—c)x +,(Spn), Ve <S,
Ups1(T) =

(h—C)l‘—F(n(l‘), Ve > S,

It follows that
u;H_l(x) =h—c+ g’:z(x)]lw>sn’
which is an increasing function of x. Therefore u,1(x) is also a convex continuous
function which tends to +00 as x — 400. Consider then ¢,41(x). We have
Sna1(@) = lo(@) + aBuj, (v — D)Lysp

I6(z) + alh — e)F(z) + aEs),(x — D)1,_pss,
— c+alh—o) = (p+alh—)F(x) + aBo\(x — D)L,_pos,.

and this function is increasing in x. Therefore ¢,11(z) is convex continuous and
tends to 400 as x — +400.
Since all the u,,, ¢, functions are convex, the limits u, ¢ are also convex, with

s(z) =lo(z) + aBu((z — D)*).

Being convex and finite for any z, they are also continuous for > 0. They also
tend to +00 as as * — 400. So the optimal feedback is defined by a base stock S
which is the smallest minimum of ¢(z).

Next, from (5.1.18) we can write

(2) = (h—c)z+1o(S) + aBu((S—D)*), vz <S8
TN (= O+ 1o(@) + aBu((z — D)), Vo> S

Since (S — D)* < S we can easily calculate

(h — ) E(S — D)* +1o(S)

Eu((S — D)*) = -

)

therefore formula (5.1.15) follows. Next
J(z) = lj(x) + aE[W ((x — D)T) L p).
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We express the fact that ¢’(S) = 0. But «/((S — D)) = h — ¢. Then ¢'(S) can be
easily expressed. The formula (5.1.14) follows easily. It follows also that u/(z) is
continuous in S, and thus u(z) is C'. We next define

2(z) = W(z)—(h—c)
= (@)1>s.
Differentiating the expression above of u(z) for z > S we obtain
2(z) = 15(z) + a(h — )F(x) + aE[z(x — D)1~ p].
Noting that z(z) = 0,Vz < S, we can write this equation as
2(z) = g(z) + aBx(z - D),

and the solution of this equation is given by the series (5.1.17). This completes the
proof. O

We have introduced the condition p > c¢. Let us consider now the situation in
which ¢ > p.

Theorem 5.3. Under the assumptions (5.1.2) and (5.1.6) and p < ¢ then u(x) =
wo(x). Hence 0(x) = 0.

PRrROOF. Consider the approximation of u by the increasing sequence. We have
ur(e) = (h — o + inf {lo( + v)},
but, from the assumption ly(x) is monotone increasing. Therefore
ui(x) = (h —c)x + lo(x).
Then
us(z) = (h—c)x + ig%{lo(x +v) + aBui((z +v— D)1}

But )

lo(z) + aBui((z — D)*) =lo(x) + a(h — ¢)E(x — D)" + aEly((x — D)™).

Since [y is monotone increasing, the last term on the right hand side is monotone
increasing. If we take the derivative of the first two terms we get

Io(z) +alh—c)F(x) =c+alh—c)— (p+alh—c))F(z) > 0.

Therefore lo(z) + aEuy((x — D)T) is monotone increasing and again the infimum
is attained at v = 0, and we have

uz(z) = (h — )z + lo(z) + aBuy ((x — D)1).
By induction, we check that lo(x) + aEu,((x — D)) is monotone increasing and
Uni1(x) = (h— )z + lo(z) + aBu,((x — D)™).
Therefore
u(x) = (h— c¢)x + lo(z) + aBu((z — D)T),
hence u(x) = wo(z) and v(x) = 0. The proof has been completed. O
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Remark 5.1. A Base Stock policy satisfies o(z) 375. We have seen in Theorem 5.1

D
that o(x) < _PD et us check that S < — P2 This follows from formula
c(l—a) c(l—a)

(5.1.14). Indeed we have
c(l—a)+ah >Sc(1foz)

- )

D> SF(S) =
= SF(S) Sp—ac—i—ah p

and the result follows.
Suppose x < S. If we apply a Base stock policy, then the stock will never be
larger than S. Therefore we order at each period and we have

Yn +0n =8 n>1
yn:(S—Dn,1)+ 7’L22

So the cost of the first period is (h — ¢)z + lo(S) and the cost of all the following
periods is the same and is equal to (h — ¢)E(S — D)™ +1y(S). Therefore the global
cost is

u(@) = (h — e)a + 1o(S) + %[(h — Q)E(S — D)* +1o(S))],

and we recover what has been obtained by Dynamic Programming, and by differ-
entiating in S, we recover the value in (5.1.14). This fast way to obtain the right
base stock is not an alternative to Dynamic Programming, since it does not prove
that a Base stock policy is optimal. It is just an optimization among base stock
policies over the value of S. We can express v,,, for n > 2, by

vp, = min(S, Dy,_1).

This approach could be misleading, if we take z = S. One could be tempted to
minimize to minimize in S the quantity

(h—¢)S +1o(S) + —=

[(h =) E(S = D) +1o(S)],

11—«

which would lead to a wrong value.

5.2. BACKLOG ALLOWED

5.2.1. STATING OF THE PROBLEM. We consider the following evolu-
tion of the inventory vy,

(5.2.1) Ynt1 =Yn +0n —Dp 1 =,

where the demand D, is a sequence of independent random variables with proba-
bility density function f(x) and CDF F(z). The operator ®* is defined by

z+v
(6:22) @)= Edetv-D)= [ fo+o-no)dn
and the transition probability is given by
m(z,v;dn) = flz +v— 7])]17]<m+vd77'

The control policy v, is again a sequence of random variables measurable with
respect to the filtration F"* = o(Dy, -+ D,,—1). We introduce the cost per period

(5.2.3) I(z,v) = cv+ha™ +px~,
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where ¢ is the variable cost per unit of order, h is the holding per unit cost and p
is the shortage per unit cost. We next define the control pay-off

(5.2.4) Jo(V) = a" ' El(yn, vn).
n=1

The value function u(z) = inf J, (V) is solution of Bellman equation
(5.2.5) u(z) = iI;f(;[l(éE, v) + aBu(z + v — D)].

5.2.2. BELLMAN EQUATION. Consider the ceiling function

(5.2.6) wo(z) = a1 (@) (ha™ + pa~)(x).
n=1
It is easy to check that this series is well defined and
|| D
(5.2.7) wo(z) < max(h,p) [1 —. 0—a)
Assumptions (4.3.1), (4.3.2), (4.3.6) are satisfied. So results of Theorems 4.3, 4.4,
4.5 are applicable. We can then state

Theorem 5.4. Under the assumptions (5.2.2), (5.2.3) the set of solutions of the
functional equation (5.2.5), in the interval 0 < u < wq is not empty and has a
minimum and a maximum solution w and w. The minimum solution is l.s.c. It

coincides with the value function. There exists an optimal control policy, obtained
through a feedback ().

We turn now to the question of uniqueness. We can check that the properties
(4.5.1), (4.5.2) are satisfied. However, only the first part of property (4.5.4) is
satisfied. Therefore we cannot directly apply Theorem 4.8. Hence the situation
is not similar to that of Theorem 5.1. The key issue is to obtain estimates on
the feedback (). The feedback will not be bounded, in the case of high negative
inventories. We can state the following important result

Proposition 5.1. The optimal feedback satisfies
(5.2.8) @) <o+ —P [t (p+ o) —a)
c(l —a)?
PRrROOF. We begin by getting an estimate from below of the value function. We
shall check that
hx™ tpem - haD
(1—a)?
This estimate is proved by induction. We begin with
u(z) > hat +pr~,

(5.2.9) u(z) >

T 1«

then, using u(x) > ha™ in the right hand side of equation (5.2.5), we get
u(z) > hat +pz~ +ahE(x— D)*
> hat +pz~ +ah(zt — D)
= hrT(1+a)+pz~ —ahD.
Iterating again we get

u(z) > ha™ (1 + o+ a?) 4+ pr~ — (o + 20°)hD,
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and in general

u(z) > het(I+a+---+a") +pr~ — (a+2a* +---+na™)hD,

and letting n — oo one obtains (5.2.9).
The next step is to majorize u(z) by a convenient function. We do not use
wo(z) but the function w(x) solution of

(5.2.10) w(z) = (c+p)z~ + hat + aBw(z™ — D).

We claim that u(z) < w(z). Indeed (5.2.10) corresponds to the pay off when one
uses the feedback z~. We claim that the following estimate holds

+

(5.2.11) w(z) < (c+p)z~ + 1}”

+L,

for a convenient constant L. This is checked by induction, but to identify the value
of the constant L, we postulate (5.2.10), insert it in the right hand side of (5.2.10).
We obtain

+

h _
w(z) < (c+p)r~ + ——— +alp+e)D +aL,

l1-«o
which will be lower than the right hand side of (5.2.11), if

a(p+c)D
l-«a

L>

)

so we can take the lower bound for L.
Now, going back to the functional equation (5.2.5), we minorize the quantity
within brackets on the right hand side, by using
hat haD

w@) 2 T T A

We see that it is minorized by

ha™t _ haD
(1—a)?

v+ ——+pr —
11—«
Therefore, looking for the infimum, we can restrict the controls v to the set

hx™ _ haD
cv+ — +px

T < w(z).

S (1-a)? "
Using then the estimate on w(x), we deduce that we can restrict the set of v to be
bounded by the right hand side of (5.2.8). The optimal feedback must satisfy this
bound, hence the result (5.2.8).

We can then prove the uniqueness of the solution of (5.2.5) in the space By,
where

u € B <— [u(2)] < C.

O

Theorem 5.5. Under the assumptions (5.2.2), (5.2.3), the solution of (5.2.5) in
the space By is unique. Moreover u is continuous.
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PROOF. As usual, we are going to check that the minimum and the maximum
solution coincide. Define the optlmal control associated with the optimal feedback.
If we denote the optimal control by V' = {vl, <+« , U, -+ } and the optimal trajectory
by {91, ", Un, - } we must prove that 1% belongs to V, which means that

o’ E|j| — 0,
as j — o0o. However, from the estimate (9.3.8) and setting
aD
C=———[h 1-
Tl o= )
we can state that
Gns1 < G, +C,
hence
Unt1 < T +nC.

On the other hand

@:/n+1 Z‘T*le"‘fDn.
Therefore
z—nD < Efjpp1 <2t +nC,
and the condition is satisfied, hence the result. 0

5.2.3. BASE STOCK POLICY. We want to show the following result
Theorem 5.6. We assume (5.2.2), (5.2.3) and
(5.2.12) (1 —a) < pa,

then the function u is convex and C', except for x = 0. The optimal feedback is
given by a Base stock policy, with the Base stock S solution of

ooy c(l—a)+ah
(5.2.13) F(S) = ot h)

One has also

(5.2.14) u(S) = hS + 7 fa[cD+hE(S’fD)+ +pE(S — D).
Define
(5.2.15) g(z) = (c(1 — a) + ah — a(h+ p)F(x)) ",

then the function z(z) = v/ (x) + ¢ — hll>0 + pLy<o is given by
(5.2.16) 2(z) =) a"lgx prin

with the same notation as in equation (5.1.17).

PRrOOF. The convexity is proven by considering the monotone increasing se-
quence

(5.2.17) Upt1(z) = hat +pa~ —cx + ir;f(’)[c(a: +v) + aFuy(x +v — D)),
with uj(z) = lo(z) = ha™ + pz~. There exists a unique ng > 0 such that

ap no+1 ap n
2. 1—a™ —— (1 —=a™).
(5.2.18) 1—a( o )>C>1—a( a™?)
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If ng = 0, it means that ¢ < ap. We claim that

Up(x) = Zaj_l((l)o)j_llo($) ,V1<n<ng+1.
j=1

Indeed we have (we use u,(x) as the definition of the sum in this expression)

1—a"

hence
n

1 —
c—ap >0, Vn < ng.

11—«
Therefore cx + aFu,(x — D) is increasing for 0 < n < ng, and thus u,, is solution
of equation (5.2.17), for 0 < n < ng, which implies the claim.

For n > ng + 2, there exists .S,, > 0, such that
¢+ aBu, (S, — D) =0,
and
hz™ + px~ —cx + ¢S, + aEu, (S, — D), =<8,
un+1(1’) =
hx + aFu,(x — D), x >S5,

This result is proven by induction, noting that w, () is convex and goes to oo for
|z| — +oc. Note that u, is C' except for & = 0. This proves that the increasing
sequence is convex and goes to +oo for |z| — 4o0. It follows that w is convex and
goes to +oo for |z| — +o0o. Rewriting Bellman equation (5.2.5) as

u(r) = hat +pr~ —cx + ir;f(’)[c(x +v) + aFu(x + v — D)],
we see that the optimal feedback is defined by a base stock policy.
The base stock satisfies

c+aFu (S —D)=0,

and ~
_ D)+ _D)-
Bu(S — D) = ¢D+ hE(S—D)" +pE(S — D) .
11—«
Moreover S is the solution of
_ c(l—a)+ah
FS)= —~—"——
)= "e+w

We deduce easily (5.2.14). Next, the solution u can be written as
—cx +hxt +pr~ +cS
u(z) = +1%(cD + hE(S — D)* +pE(S — D)7),
hz* + px~ + aFu(z — D), Ve > S

Ve < S

We see that u is C'! except for £ = 0. Defining z and g as in the statement of the
theorem, we see easily that z is the solution of

z(z) = g(x) + aEz(x — D),
which is solved by formula (5.2.16). The proof has been completed. d

We can now turn to the case when ¢(1 — a)) > ap. We have
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Theorem 5.7. We assume (5.2.2), (5.2.3) and ¢(1 —«a) > ap. Then u(x) = wo(z),
with

(5.2.19) wo(z) = Zaﬂ‘-l(cpo)j-lzo(x).
Therefore v(x) = 0.

PrOOF. In fact, if we look at the proof of the preceding theorem, the present
assumption corresponds to the situation when ng = +o0o0. We then see that the
increasing sequence converges to wo(x). This proves the result. ]

Remark 5.2. We have obtained in Proposition 5.1 that (x) < 2~ + C. Moreover
from the Base stock policy, we have also 0(z) < 2~ +S. We must check that S < C.

Using again D > SF(S), we can state that
D> Sc(l —a) —l—ah’
a(p+h)

hence
c . R+ (p+c)(1 — a)][e(l — @) + ah)

S~ clp+h)(1—a)? ’
and the constant on the right hand side is bigger than 1.

We have also a remark similar to Remark 5.1

Remark 5.3. Suppose x < S. If we apply a Base stock policy then we shall put
an order at each period, and we have

Yn +vp =8 n=>1
yn:S_anl TL22

and thus v, = D,,_1. It follows that the cost of a base stock policy is
= —(eD+hE(S — D)* +pE(S — D)),

u(z) = hat +pz~ +c(S—z) + T
and minimizing this expression in S yields formula (5.2.13).

5.3. DETERMINISTIC CASE

The deterministic case is a particular case of the stochastic case, except for
smoothness. We assume that we face a fixed demand D at each period. We briefly
describe the results.

5.3.1. NO SHORTAGE ALLOWED. The inventory evolves as follows
(5.3.1) Yn+1 = (Yn +vn — D)+ Y1 =12,

and the cost functional is
oo

(5.3.2) Z " (Yns V),
with

(5.3.3) l(z,v) = (h—c)x + lo(z +v),
and

(5.3.4) lo(z) =cx+plx—D)".
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The Bellman equation reads

(5.3.5) u(z) = (h—c)z + ig%{lo(x +v) + au((z +v — D))}

The solution u(z) is convex continuous and goes to +00 as © — +oo. We have to be
careful about differentiability. We are interested in the minimum of ly(z) + au((z —

D)*). If S is the minimum, we have for < S, u(x) = (h — ¢)x + C, hence for
x < S, we have

lo(z) + au((z — D)) =lg(z) + a(h — ¢)(x — D) + aC.
Therefore, we must have
lo(x) +a(h—c)(z — D) > 15(S) +a(h—c)(S— D), Vor<S.
Recalling that
lo(z) + a(h—c)(x — D) =cx+p(x — D) +alh—c)(x—D)*,

we see easily that if p > ¢, this is achieved in a unique way with S = D. If ¢ > p
then we have S = 0.
Therefore, if p > ¢, we have

cD
= (h— —_— <D.
u(x) =(h—c)x + 1_a,Vx_

5.3.2. BACKLOG ALLOWED. In the case of backlog, we have

(536) Yn+1 = Yn + vp — D =2z,

and the cost functional is

(5~3«7) JI(V) = Z anill(yn: 'Un)>
n=1

with

I(z,v) = ha™ + pr~ + cv.
Bellman equation becomes
(5.3.8) u(z) =hzt +pr~ —cx + égg{c(x +v) 4+ au(x +v— D))}
We are interested in the minimum of the function cx + au(z — D). If S is this
minimum, we have for x < .S,
u(z) = hat +pz~ —cx + C,
so for z < S, the function cx+ alh(z — D) +p(x — D)~ —c(z — D) + C] must attain

its minimum in S. We obtain that if ap > ¢(1 — «) necessarily S = D, whereas if
ap < ¢(1 — ) necessarily S = 0. Therefore

D
u(x):hx++prfcm+lci7Vx§D
-



CHAPTER 6

ERGODIC CONTROL IN DISCRETE TIME

We have in the preceding chapters considered always a control problem with
discount a@ < 1. The problem of Ergodic Control corresponds to the case when
«a = 1. This is a limit situation, we cannot just take a = 1 in the formulas. The
value function becomes infinite. We have studied in Chapter 3 the situation without
control. We develop in this Chapter the corresponding theory for controlled Markov
chains.

6.1. FINITE NUMBER OF STATES

We study here the simplest case of a Markov chain with a finite number of
states.

6.1.1. ASSUMPTIONS-NOTATION. We consider a Controlled Markov
chain with a finite number of states. The space of states is denoted by X and the
transition probability reduces to a matrix, which is defined by w" (4, j) = P(ynt+1 =
Jlyn = i,v), where y,, represents the canonical process (the state of the system at
time n). The control v € U. We assume

U compact
(6.1.1) w"(i,7) is continuous in v, Vi, j
wv(i7j) > 07v7;7j’v

Note that this assumption implies a uniform bound below, since we have a finite
number of functions which are strictly continuous on a compact. We write

(6.1.2) @' (i,5) > 6 > 0.

We denote by ®¥ the operator associated with the matrix w”. We recall that
VL) =Y @ (6,4) 1 (5)-
J
This formula extends to a feedback v(.). We will define ®*() f by
e f(i) =y @ (0. 4)f ().
J

To the operator () is associated the transition matrix ww®(?) (i,7). We clearly have
the property

(6.1.3) @D (i,5) > 6,Vi, j

53
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6.1.2. ERGODIC PROPERTIES. Thanks to (6.1.3) the property (3.5.2)
in Chapter 3 is satisfied, for any given feedback. Therefore there will exist a unique
invariant measure denoted by m*() such that

(6.1.4) S mi Vet (i, j) = m?, v,

Note that this invariant measure is not related to a specific value of the control,
but combines all possible values of the control. There is an averaging effect taking
account of all the values v(¢). For any f € B we have the property

(6.1.5) (@) f =N miY f|[ < 21118771, Vf € B, with =14
J
6.1.3. DYNAMIC PROGRAMMING. Consider a function f(i,v) such
that
(6.1.6) [(i,v) continuous (hence bounded), [ > 0.

The Bellman equation of ergodic control is defined by
(6.1.7) z(1) + A= ’irellf][l(i, v) + PV z(7)].

We see that there is no « in the right hand side. More precisely, « = 1. On the
left hand side we have a constant A, which did not exist in the Bellman equation
with discount. In fact we consider the pair z(.), A as the solution of the nonlinear
equation (6.1.7). Our main result is the following

Theorem 6.1. Under the assumptions (6.1.1) and (6.1.6) there exists one and
only one pair z, A\ which is the solution of (6.1.7).

PrOOF. We consider the Bellman equation with a discount term

(6.1.8) U (1) = Jg(f][l(l,v) + a® uq (1)],

and we will let o tend to 1.

This equation admits a unique solution u, and moreover there exists an optimal
feedback v, () such that

Ua (1) = 1(1,00/(7)) + a® Dy, (7).

We can assert that
(1= o) lfual < 11| = max]i(i, )]

For any fixed o there exists a unique invariant measure m¥=(-) such that
(8720)"¢ = > mi" gy < 205"
J

If we define the function h, such that
ha (i) = 1(i,va(1) — (1 — @)@y (3),

then we have
Uq (i) — (I’va(')ua(i) = ha(i),

S miha(i) = 0.

therefore
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Consider the equation
u— ®%Oy = hy,
for which by construction u,, is a solution. An other solution is

oo

Coz _ Z(q)va(.))n—ll,l/a.

n=1
But two solutions differ only by a constant. So
(1) — Ca (i) = K, Vi.
It follows that
minu, (7)) — min (i) = Ka,
K3 3
hence
U — Minuy (1) =, — min (7).
1 (3
From the expression of h, one sees that it is bounded as « becomes close to 1.

Therefore, from the expression of (, one checks that it is also bounded as « tends
to 1. Therefore, we have established that

Uq (1) — minug (j) < C,
J

where the constant does not depend on « nor i. Set

Za = Uy — Minuy (7).
J

It is bounded in « (note that it is positive) and satisfies

2o (1) + Ao = Inf [I(7,v) + a®24(7)],
velU
with Ay = (1 — @) minu,, also bounded in «.

We can extract subsequences z,, , Ao, Which converge in B for z,, to a function
z and in R for A\,, to a number A. It is easy to check that the pair z, A is a solution
of equation (6.1.7).

Let us check uniqueness. Suppose we have two solutions z1, A1, 29, Ao. There
exist feedbacks v1 (%), v2(7) such that

z1 (’L) + )\1 = l(l, V1 (2)) + @”1(')21 (’L)

29(1) 4+ Ao = 1(i,v2(1)) + ®V20) 2 (4).
Note also that

20(1) 4+ Ao < 1(i,v1(1)) + DG 25 (4).
Therefore also

21(1) — 20(8) + A1 — Ay > @10 () — 25)(d).
Hence
miin(zl(i) —29(1)) + A1 — A2 > miin(zl (1) — 2z2(1)).
We obtain A1 — Ay > 0 and by symmetry the reverse is also true. Therefore A\; = As.
We then have
216) = (i) = 00 (21 — 25)(),

hence also

21(6) = 22(1) = (@10)" (21 — 2)().
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This implies, using the limit of the right hand side

a1(i) = 22() 2 Yo m O (2 ()) - 220).

If iy is the index of minimum of z; (i) — 2z3(i), we have necessarily
21(io) = z2(i0) = 3_m}* (1) = 22(7).
J

This implies also
m;* O (1 io) = za(i) = m* (21 () = 22(1)). Vi
Now from the property (6.1.3) we get easily m?l(') > §,Vj hence
z1(io) — 22(i0) = 21(J) — 22(4), V7,

which proves the uniqueness of z up to an additive constant. O

6.1.4. EXTENSION. In fact, the assumption (6.1.1) is much too strong. It
is sufficient to assume that
U compact
(6.1.9) w"(i,7) is continuous in v, Vi, j .
w"(i,7) > 0,Vi,j and some vy
We want to prove the following improvement to Theorem 6.1

Theorem 6.2. Under the assumptions (6.1.9) and (6.1.6) there exists one and
only one pair z, X\ which is the solution of (6.1.7).

PROOF. To the transition matrix w"0 (4, j) corresponds a unique invariant mea-
sure m;°. These numbers are strictly positive. We can thus consider the inverse
1

vo °
i

Vo __

a;

m

We omit the index vg in the following, to simplify the notation. We shall write
w(i,j), mi, qi, and ® will denote the operator ®v°.
Consider the system

(6.1.10) Py .
djj = qj
We have O

Lemma 6.1. The system (6.1.10) has a unique positive solution.

PRrROOF. The system can be rewritten as follows
Qij — Zw(i7 k)qi; = 0ij,
k
with
0ij =1 —w(i,j)g,
and we have

Y mibiy=1-) mw(i,j)g; =1 —m;g; =0.
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From (6.1.5) the result follows. The solution is

q= i a"tenTlg,

n=1

The numbers ¢;; have a probabilistic interpretation. Indeed g¢;; represents the
average time to reach j (or to come back to i if j = i) starting from state i. More

precisely we can write
o0

qi; = »_ nf™,j),
n=1
where £ (i, j ) is the probability to reach j from 7 in exactly n steps. We have the
recurrence formulas

FG,5) = @, k) D (K §),n > 2
k#j

FO 6, 5) = (i, ).
The key estimate is given in the following (]
Lemma 6.2. The solution uq (i) of equation (6.1.8) satisfies the estimate
(6111) ua(i)_ua(j) < ||l||q2]
PRrROOF. Consider the increasing iteration
ub (i) = inlf][l(i,v) + a®uk (1)),
ve
starting with u2 (i) = 0. We shall check
ug (i) = ug (5) < [Ulaiz, k.
This inequality is clearly true for £k = 0. Assume it is true for k, then noting that

ukb (i) < ||l\|+a2w i,l)u

and since all quantities are positive

w0 < i+ 300,
Using the recurrence we get

ubTHE) < Y @ (@ D[ul () + 1 ag) + = (i, 5)ub ()
I#35
1201+ g (7) + 1121 (gi; — 1)
= ug(5) + Ul

and since the sequence is increasing the property follows.

Applying the Lemma to the index j corresponding to the minimum of u,(5)
and majorizing we obtain also

o (i) — rnjinua(j) <[] max gi-

With this estimate the proof can be carried over in the same way as in the proof
of Theorem 6.1. O
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6.1.5. PROBABILISTIC INTERPRETATION. Our next objective is
to interpret the solution of equation (6.1.7). As usual we will define a decision rule
V= (’Ul, e, Up, ),
with
Unp = Un(ila e 72.71,)7
function of the indices with values in U. To V and i corresponds a probability

measure on €2, A, the underlying probability space.
We define the cost functions

N
: 1 Vi
Ji(V) = ]\}gnoo N ;E U(Ynsvn),
considering the V for which the limit exists. Similarly, define

T o n—1 Vi
J(V)—il_)rnll «) loz EV (yn,vn)-

We claim the following

Theorem 6.3. If there exists a solution z(i), A of equation (6.1.7) and if there
exists a feedback v(i) such that

2(i) + X =13, 9(i)) + ®°V 2(i),
then one has A o
A = inf Ji(V) = inf Ji(V) = Ji(V) = Ji(V),
where V is the decision rule associated to the feedback o(.).
PrOOF. Consider any decision rule V. We can write from equation (6.1.7)
A EV2(yn) < BV (Y, vn) + 2(Yns1)], V0,
and for V we have

A+ Ev’iz(yn) = EV’i[l(yna Un) + Z(y”+1)]’ vn.

Therefore
N
AN + z(z ZEV’Z yn,vn)+EVZ (Yn+1)-
n=1
Hence also
N
< Faninf A V,i
iy 2 B
finally
N

1 .
< .. Vi _ : )
A< 11‘}f 1}\I[Ti)lglof N nE, E"" l(yn,vn) 11‘}f Ji (V)
On the other hand we also have

A= lim —ZE‘”Z Yn,vn) = Ji(V).

N—oo N
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This relation implies

N
A\ > 1nf lim sup — Z EVil(yy,v).

N—o0 n—1

Collecting results, we obtain
A=inf Ji(V) = Ji(V).
Similarly from the same initial relations we have also
A" 1 —a) 4+ a1 - a)EYV 2 (y,)
<" 1 = a)EV'(yn,vn) +a"(1 — ) EY" 2(yp11)
+a" M1 = a)’EV" 2(yp41)
Adding up we obtain

A+ (1—a)z(i) < (1-a) Za“ LEY U (g, vn) +Zan Y1 =) B 2(ynt1).

n=1 n=1

Letting @ — 1 and using the fact that z is bounded, we deduce

o _ n—1pV,i =]
A< han_glf(l @) Z:la EV ' (yn,vn) = Ji(V).
On the other hand one has also
A= lim (1 - a) a” 1gY. Uy, vn) = Ji(V),

oz—)l
n=1

which completes the proof of the desired result. O

6.2. ERGODIC CONTROL OF INVENTORIES WITH NO
SHORTAGE

6.2.1. CONVERGENCE RESULTS. We consider the situation of Theo-
rem 5.2. The value function is the unique solution of the functional equation

(6.2.1) Ug(z) = (h—c)x + 1i}g%[lo(a? +v) + aBuy((z +v — D)1,

where
lo(x) =cx+pE(x— D).
We know that the optimal feedback is defined by a Base stock policy S, with
c+alh—c)
p+alh—c)’

which has a unique solution since p > ¢. Our objective is to prove the

(6.2.2) F(S,) =

Theorem 6.4. We make the assumptions of Theorem 5.2 and ¢ < p. Define S
uniquely by

(6.2.3) F(S) = #,

and the number p by
(6.2.4) p=pD—S(p—c)+(p+h—c)E(S—D)".
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Define also
(6.2.5) g(a) = (h—(p+h—c)F(x))",
then So TS and

ta(@) = = = u(a),

where u is defined by

u(S) = (h—c)(S~ B(S—D)*);
where z is defined by

—+o0
62 = S e,

n=1

with the same notation as in equation (5.1.17).
The function u(x) also satisfies

(6.2.8) w(x) = hx+pE(x— D) —p+ Eu((x—D)"), Vo > S
(6.2.9) u(x) = hrx+c(S—x)+pES—-D)" —p, YV <S

and also

(6.2.10) ux)=(h—-czr—p+ grzl%[lo(x +v) + Eu((z +v— D)T)]

Eu((S—D)") =0

PROOF. From the formula (6.2.2) the convergence of S, to S is easy. Noting
that

p—c
p+alh—c)’
we see that S, increases with a. Moreover an easy calculation shows that

F(Soz) =

4al(S0) = 2 [pD + 8o ((1 ~ 0) ~ p + a6)] + (p + a(h — ) E((Ss — D)*)]

from which it follows, thanks to the choice of p that

(6.2.11) Ua(Sa) — % — (h—c)(S— E(S — D)*).
Now we have, from Theorem 5.2
Since
ul(z) = h — ¢+ zo(x),
where
ral@) = 3 0" go % D (),
n=1
with

ga(z) = (c+a(h—c) = (p+a(h—)F(x))" .
Clearly go(z) — g(x), as a — 1. So zo(z) — z(x), defined by (6.2.7), provided this
function is well defined, which means that the series converges.
Consider the series

“+oo
H(l‘) _ Z f*(n—l).
n=2
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We prove by induction that
P @) < || FP2 (), Vi > 2

therefore

H < FTL—Q _ Uf” .
(@) <Y P = 5
This bound is well defined for any = > 0. Note that this requires the implicit
assumption that f(z) > 0,Vx. Therefore we can assert that

ul,(z) = h —c+ 2(z).

Consider = > S. We can also assume that x > S,. Therefore

ta(®) —ta(Sa) = (h— )z~ Sa) +/Z 2a(€) dé

a
z

— (hfc)(x75)+/ z(€) d¢

5
and from (6.2.8), we deduce

x

(6.2.12) ua(x)—l L u(z) = (h—c)(S—E(S—D)+)+(h—c)(x—5')+/ z(&)d¢.

— g

If z < S, we obtain similarly

(6.2.13) Ua(r) — —L— S u(z) = (h - ¢)(z — E(S — D)T),

1—«
and both formulas coincide for x = S, with the first formula (6.2.6). To prove
(6.2.9), we write for z < 5,

u(S) —u(z) = (h —c)(§ —x),
and we note that

u(S)=hS+pE(S—D)" —p.
We then conclude easily. To prove (6.2.8), we note that we can write

@) = g()+ Ex(e - D)
= 9(x) + Elz(z — D)I>p).
Replacing z(x) by u/(z) — (h — ¢) we get
u'(z) = (h—c) = g(z) + E[u(x = D)Ipsp] = (h = ) F ().

But we can see that, for x > S, we have

9(z) = c+ (h— ) F () — pF(x),
so the previous relation becomes

u'(z) = h — pF(x) + E[u/(x — D)1,~p],

which can also be written as

d d
u'(z) =h+ ﬁpE(LE -D)” + e Eu((x — D)%),
Integrating between S and = and using the fact that Fu((S — D)) = 0, as well as
the value of u(S), we conclude easily to obtain (6.2.8).
The proof has been completed. O
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6.2.2. PROBABILISTIC INTERPRETATION. Suppose we apply a
Base stock policy, with base stock S. Consider x < S and the following sequence
(where LS, represents the lost sales of period n

y1r=mx, vi=8—x, LS =(5—-D1);
yQZ(S_D1)+7 UQZS—(S_D1)+, LSQZ(S—D2)+;

Yn+1 = (S - Dn)+a Un+1 = (S - Dn)+a LSn+1 = (S - Dn+1)+-

Except y; all the random variables y,,,n > 2 have the same probability distribution,
which is simply

(6.2.14) F(8)d(n) + f(S — n)Ty<sdn.

The process y,, is clearly ergodic and the formula (6.2.14) gives the invariant mea-
sure.
If we discount with rate a we obtain the cost

Ua(z) = hx +c(S —x) + pE(S—D1)"+

f: a"Ele(S — (S — Dp)*) + h(S — D) +p(S — Dus1)” ],

therefore

ta(2) = (h=o)(x = B(S = D)) + 72—,
and we obtain the value of u(z). The quantity
(6.2.15) E[ce(S—(S—D)")+h(S—D)" +p(S—D)7],

represents the cost of one period, except the first one. Minimizing in S gives the
optimal base stock. This gives the interpretation of p.
Consider now the case x > 5. We define first

Ynt1 = Yn — Dn, Y1 = x,

LSn = (yn - Dn)7~
Let
7 =inf{n > [y, < S}.

Starting at period 7 we are back in the situation where the stock is below S and
we proceed as follows

Yr = Yr, Ur:S—ym LST:(S_DT)_v
Yr4n = (S - DT+n—1)+a Ur4n = S — (S - D'r+n—1)+a LST—HL = (S - DT+n)_~
The corresponding cost is given by

T—1

ug(z) =E Z anil(hyn +0WYn — Dny1)”

n=1

+EOLT_1[(h — c)yT +cS —|—p(5 - D‘r)_]

+3 " Ba™ (S (S~ Drsn1) )+ (S~ Drsnet)  4+p(S—Dyin) 7],

n=1
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hence also by appropriate conditioning

p

_ - F
1l—«

Ue (2)

T—1
Z an_l(her +p(y’n - Dn+1)_ - P)‘|

n=1
+Ba™ (b — )(y- — E(S — D)*)
and letting a tend to 1 we obtain

T—1

Z(hyn + p(yn - Dn+1)_ - P)

n=1

+E(h—c)(y- — E(S — D)Jr)

Replacing —(h —¢)E(S — D)™ by ¢S+ pE(S — D)~ — p, we obtain the probabilistic
interpretation of the function u(x) as defined by (6.2.8), (6.2.9).

p

— F
11—«

() — +

6.3. ERGODIC CONTROL OF INVENTORIES WITH BACKLOG

6.3.1. CONVERGENCE RESULTS. We consider the situation of Theo-
rem 5.6. The functional equation is given by

(6.3.1) Uo(7) = —cx + hat + pr~ + ir;%[c(x +v) + aFuy(z +v — D).

We know that the optimal feedback is defined by a Base stock policy S, with
alp+c)—c

6.3.2 F(S,)=2PT9 ¢

(6:32) (50) = 22

C
ptc’

which has a unique solution provided a > This will be assumed since we will
let « tend to 1.

Our objective is to prove the

Theorem 6.5. Define S uniquely by

_ h
6.3.3 F(S)=——
(633) (5)= =
the number p by
(6.3.4) p=cD+pE(S— D) +hE(S—D)T,
and
(6.3.5) g(x) = (h— (h+p)F(x))*,
then S, TS and
p
(@) = L = u(),

where u is defined by
u(S)=(h—c)D - (p+h)E(S— D)~
!

(636) u (x) = —Cc+ hﬂx>0 _pﬂz<0 + Z(.’I}) ’
where

—+o00
(6.3.7) @) =Y g V().

n=1
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The function u is also solution of

(6.3.8) u(x) = hx—p+ Eu(lx—D), V>S5S
(6.3.9) u(z) = c(S—x)—p+hxt +pr~, V<S8
PrOOF. From the formula (6.3.2) the convergence of S, to S is clear. Noting
that
p+c c
F(S.) = - ,
(8a) p+h alh+p)

we see that S, increases with . Moreover an easy calculation shows that

[cD + hE((So — D)) + pE((Sa — D) 7)),

Ua(Sa) = hSF +pSy + 72

—

from which it follows, thanks to the choice of p that

U (Sa) — ﬁ — hS — [eD + hE((S — D)*) + pE((S — D)7)].

Now from Theorem 5.6, we have
u;(l’) =—c+ h]Im>O - pI[x<0 + Zoz(x)7

where
Za(@) =Y " ga x [ (a),
n=1

with
go() = (c(1 —a) +ah —a(h+p)F(z))".

Again we can see that z,(x) — z(z), defined in equation (6.3.7). So we obtain
(6.3.6). To prove (6.3.9) we use z(z) = 0,Vx < S, hence

v (x) = —c+ hlls0 — ply<o, Vo < S.

Integrating between x and S, and using u(S) = hS — p, formula (6.3.9) follows. To
prove (6.3.8), we note that

u'(z) = h+ Eu/(z — D), Vo > S.

Next we verify that Eu(S — D) = 0. This follows from (6.3.8), applied at x = S — D
and taking the mathematical expectation. So integrating between S and z, we
obtain easily (6.3.9).

The proof has been completed. Note that u € C', except for 2 = 0. d

6.3.2. PROBABILISTIC INTERPRETATION. We proceed as in the
no shortage case. We first interpret the number p. Consider one period, starting
with an inventory equal to S. At the end of the period the inventory is S — D. In
order to face the new demand with an inventory equal to S in the next period, we
have to order D. At the end of the period we pay for storage h(S — D) and if we
have shortage we pay pE(S — D)~ . Therefore the expected cost on a period is

e¢D+ hE(S — D))" +pE(S - D)™,

which is exactly p. To find the optimal S we minimize this expression in S.
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Consider now x < S and the following sequence

y1=x, nn=95—-ux;
y2 =S — Dy, vy = Dy;

Yn+1 = S — Dny qn+1 = Dn~

If we discount with rate o we obtain the cost

o (z) = hat +px~ +c(S —x) + Z a"leD + hE(S — D)" +pE(S — D)7,
n=1

therefore o

Ug () = ha™ +pr~ +c(S —x) + lip,

-«

and

U () — % —=hzt +px~ +c(S—z)—p.

Consider now the case x > S. We define
Yn+1 = Yn — Dn; Yy = .
Let
7 =inf{n > 1y, < S}.
Starting at period 7 we are back in the situation where the stock is below S and
we proceed as follows
Yr = Yr, vT:87UT7
Yr4n = S — DT+TL—17 VUrgn = DT+7L—1-

The corresponding cost is given by

T—1
Ua() = B " hy,+
n=1
+Ea™ [—ey, + cS+hyl + pys

+ Z Ea771+"[cDT+n71 + h<S - D‘rJrnfl)Jr + p(S - DT+n71)7]

n=1

hence also by appropriate conditioning, taking into account that D,y,_; is inde-
pendent from 7, for n > 1

T—1
ta(2) = = = BY " " (hyn — p)
n=1

+Ea™ Y (—cy- + ¢S — p+ hy! +py;)

and letting a tend to 1 we obtain
T—1
P
Ug(z) — T—a E;(hyn —p)

+E(—cy- + S — p+ hyt +py;),

and the right hand side is the probabilistic interpretation of u(z), as defined by
(6.3.8), (6.3.9).
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6.4. DETERMINISTIC CASE

The deterministic case can treated as a particular case of the stochastic case.
However we can look directly at the formulas obtained in section 5.3.
In the no shortage case we have the formulas

cD

(h—c)x—i—l_a, Ve < D
hx + aus(x — D), Yx > D

The Base stock S, = D, does not depend on «, so S = D, and p = ¢D. We obtain
that

(6.4.2) Ue () —

(6.4.1) Ua(z) =

T—a — u(x),

with u(z) solution of

(h— )z, Ve <D

u(z) =

hx —¢D +u(x — D), Vx> D

Similarly in the backlog case we have the relations
D
(h—c)x—i—ci, Ve < D
l-«a

hz + auq(x — D), Yax>D
so S =D, p=cD. We have again (6.4.2), with

() = hxt 4+ px~ — cx, Ve < D
~ \hat +pz~ —eD +u(x — D), VYx>D

U () =



CHAPTER 7

OPTIMAL STOPPING PROBLEMS

We consider in this chapter a situation where decisions are stopping times.
They can be reduced to the general case, but it is preferable to use the specific
aspects of this type of problems. We will begin by defining the functional equation
of interest, which results from Dynamic Programming, study it directly then obtain
the interpretation as a control problem with stopping times as decisions.

7.1. DYNAMIC PROGRAMMING

We present the functional equation of Dynamic Programming, after presenting
the control problem of interest.

7.1.1. FORMULATION OF THE PROBLEM. We consider the frame-
work of Chapter 4. We recall that a decision rule is an infinite sequence

Vo={by, - 0, },
in which
ﬁn - Gn(x1>' o axn)7

is a Borel map with values in U. From the decision rule we construct the probability
PV'® of the canonical stochastic process y,, given y; = z, representing the state
trajectory. The state space is X = R%. We recall the filtration

yn:U(yla"' 7yn)

In the present situation, there will be a new decision variable of a different nature,
namely a stopping time 7 with respect to the filtration ).
We consider the function I(x, v) such that

(7.1.1) l(z,v) >0; ls.c.
In addition we shall consider a function 1 (z) such that
(7.1.2) P(z) >0; ls.c.

The cost objective is defined by

T—1

(7.1.3) Te(V,m) = BV 1Y 0" My, vn) + a7 (y-)

n=1

67
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7.1.2. DYNAMIC PROGRAMMING EQUATION. The functional equa-
tion giving the value function of the preceding problem is defined by

(7.1.4) u(z) = min{y(z), ngfj[l(x, v) + adu(z)]}, Va.

This functional equation combines the nonlinear operator studied in Chapter 4, with
the function ¢ (x). We call this function, the obstacle. This refers to the fact that
the solution u(x) must remain below the obstacle. As we see in equation (7.1.4), it
represents in the cost functional the payoff received at the decision time 7.
We shall consider the the ceiling function wg(x), defined in equation (4.3.4).
We state the main result

Theorem 7.1. Under the assumptions (7.1.1), (7.1.2) (4.3.1), (4.3.2) and (4.3.6)
then the set of solutions of the functional equation (7.1.4) satisfying
0 <wu(x) <wglx) Ve,

is not empty and has a minimum and o maximum solution, denoted respectively
w(x) and u(x). The minimum solution is l.s.c. and the mazimum solution is u.s.c.
if the functions l(z,v) and ¢ are continuous.

PROOF. Let z be l.s.c. and positive. Define
Tz(z) = iglfj[l(x, v) + a®’z(x)].

We know from Chapter 4 that T'z(x) is also l.s.c. and positive. Set
Sz(z) = min[y(z), Tz(x)].
We use the following exercise to claim that Sz(z) is also l.s.c. and positive.

Exercise 7.1. If f,g are L.s.i and bounded below then min(f, g) is also l.s.c. and
bounded below.

The function u solution of equation (7.1.4) is a fixed point of the map S. The
map S is increasing, i.e. if z; < z5 then Sz; < Sz, If 2 > 0 then Sz > 0. Suppose
z < w then

Sz(z) <U(z,v) + adwo(z) = wo(x).
We have checked that S maps the interval [0, wp] into itself. Consider next the
decreasing scheme
u™t = Sum, u® = wy.
Clearly
uOZul > >y > 0.
We can state that u™ | u where u is a positive Borel function. Clearly u"*! > Su,
hence also u > Su. Also
u"z) < ¢(2)
u" M (z) < Iz, v) + a®u™(z), Yo
Letting n tend to +oo yields
u(z) < ¢(x)
u(z) <l(z,v) + a®u(x), Vo

Therefore u < Su. So the limit u is a fixed point of S. Moreover it is the maximum
solution in the interval [0,wo]. It is u.s.c. as decreasing limit of a sequence of
continuous functions.
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Exercise 7.2. Check that u is the maximum sub-solution, namely if @ < S and
0 < u < wy, then @ < u.
The maximum solution is denoted by .

Proof follow up. We next consider the increasing sequence
Upy1 = SUy, ug=0.
Clearly
Uy Sup <o S Uy < Wo.

Therefore u,, T v and 0 < u < wy and w is Ls.c. Since u,4+1 < Su we obtain u < Swu.
On the other hand, there exists a Borel map @,,(z) such that

Up g1 (x) = min[yp(z), [z, 0, () + a®" @y, (2)].
Let m > n. One can write
U1 () > minfih (@), Uz, O (7)) + a®" Py, ()],
hence also
w(z) > minfe(x), 1z, Oy (2)) + a®®m @y, (2)].

We fix n and let m — oo. Using the assumption (4.3.2) we see that the sequence
Om/(x) remains in a compact set (z is fixed, and the compact set depends on z).
We can thus extract a converging subsequence o, () — v*(x). Since the function
of v

minfy(z), l(z,v) + ad® u,(x)] is Ls.c.,
we can assert that
u(z) > min[(z), Iz, 0" (2)) + a®” Duy (2)].

Letting next n — oo we obtain u > Su and from the reverse inequality we see that
u is a fixed point of S.

Exercise 7.3. Check that u obtained by the increasing sequence is the minimum
solution, namely if 4 = Su and 0 < u < wy, then u > wu.

The minimum solution is denoted by u(z). O

7.2. INTERPRETATION

We now interpret the minimum solution as the value function of the problem
defined with the objective function (7.1.3). We however begin by showing that the
functional equation (7.1.4) can be written in a standard form, provided that we
extend the control.

7.2.1. ANOTHER FORMULATION. It is not hard to show that fixed
points u of S can also be written as the solution of an ordinary Dynamic Program-
ming functional equation, provided one introduces an additional control

Exercise 7.4. Show that

u(z) = {UeUir)lédSl}[dw(ﬂc) + (1 = d)l(x,v) + a(l — d)DP u(x)].
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In this form, the interpretation of u(x), in fact the interpretation of the minimum
solution as the value function of a stochastic control problem becomes standard.
We introduce V, D decision rules associated with the control variables v, d, namely

V = {U],"',Un,"'}
D = {di, - ,dp, -}
and

Un = vn(xh'" ,(L‘n)

dn - dn(mla"' 7-7;71)
The functions v,, and d,, are Borel functions, with values in U and [0, 1] respectively.
Since ®” does not depend on d the probability defined on Q = XV, A associated

to the decision rule V, D and to the initial state = depends only on V and z and is
denoted PV, Considering the canonical process y, (see Chapter 3) we know that

y1 =z, PV as.
The decision rules define stochastic processes v, (y1, - ,yn) and dn(y1, -, yn)

adapted to the filtration )" generated by the canonical process.

We now define a payoff associated with V, D, x as follows
o0
Jo(V,D) = B 3" od "1 (1 —dj 1)+ (1= d)[d;o(yy) + (1 — dy)i(y;, v5)].
j=1
From the theory of Chapter 4 we can assert that the minimum solution between 0
and wy obtained with the increasing sequence is the value function corresponding
to this payoff. Namely, we have

u(@) = inf J,(V, D)

7.2.2. OPTIMAL STOPPING FORMULATION. To use the trick de-
scribed in the previous section is not the best way to deal with optimal stopping
problems. We proceed now directly with stopping times. Let us consider 6 to be a
stopping time with respect to the filtration )J*. We then define the payoff

0—1
To(V,0) = BV | >~ o/ H(y;,05) + ' (yo) Tp<oo

Jj=1

Theorem 7.2. Under the assumptions of Theorem 7.1 the minimum solution u(x)
satisfies
u(z) = lélg J(V,0).

PRrROOF. Let V be a decision rule and # a stopping time with respect to Y.
Consider the increasing sequence u,(z). We can write for 0 < j < N —1
N (yn ) Iy e <
NI N (yn—j on— ) In—j<o + N T BVl (yn— 1) In <ol VY )
Taking expectations on both sides yields
BV (@ g (yn—j) In—j<o) <

EV(aN T (yn—j, o) In—j<co) + BV (&N ui(yn—j1)In—j<p)
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We add up for j =0--- , N — 1. We obtain

0—1)AN _j_
EVe DM ab Ty () <
0—1AN _f— OA(N -
BV SN ok iy, o) + BV SN ok lun g ().
Canceling terms we deduce

(0—1)AN

un (z)EV" Ig>o < EV? Z A U (yg,vk) + BV Yun 41 (o) TacoaNrts
k=1
where we have used the fact that ug(z) = 0. By adding on both sides of this relation
un () EYV"*Tg—;, we obtain by letting N — oo on the right hand side

Nig) <i . )
uN(2) < inf . (V.0)

Therefore also
u(@) < inf J.(V,0).

Next define the optimal feedback ¢(z) which achieves the minimum of I(z,v) +
ad®Vu(z) for v € U. We associate to this feedback a decision rule V. We then
define the exit time

0 = inf{n > 1|u(yn) = ¥(yn)},
with
0 = o if w(yn) < ¥(yn), Vn.
We check that VIV

~ [@-naN ~
w) =BV | > o My on) + o W u(yg i) |
k=1
and thus also
) (0—1)AN R
w@) > BV | oM My, on) + oy Ty
k=1

Letting N tend to co we obtain
u(z) > Jo(V, ),
and the proof of the theorem has been completed. O

7.2.3. DIRECT APPROACH. We have shown that there are two inter-
pretations of the minimum solution u(z)

u(z) =inf Jo(V,0) = inf J.(V, D).

We can check directly the equality of the two infimum. We first notice that without
loss of generality we can restrict d to take only the values 0 or 1. This is because
the optimal feedback obtained from Bellman equation, which allows to obtain the
optimal decision rule, satisfies this property.

Now, consider any decision rule D which has this property, we define

Op =k, ifd;j=0, j<k—1d=1
Op = oo, if dj =0,Vj
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then one checks that 6p is a Y™ stopping time and
JI(V, eD) = Jw(‘/a D)7

from which we deduce inf J,(V, D) > inf J,(V,0).
On the other hand, if # is an arbitrary stopping time, we define

Dg = (df,--- ,d?,---);
d=0ifj<0-1;
df=1ifj >0,
and we check that
Jo(V,0) = Jo(V, D),
from which it follows that

inf J,(V,0) > inf J,(V, D),

and the equality follows.

7.3. PENALTY APPROXIMATION

In this section, we develop a new idea, very useful in practice. Recall that
we used the terminology “obstacle” for the function 1, reminiscent of the fact that
u < 9. The idea is that we can waive this constraint by paying a penalty. When
this penalty is infinite, the obstacle constraint will be satisfied.

7.3.1. FORMULATION. To simplify a little bit we consider the optimal
stopping problem without control. Moreover we assume

(7.3.1) LyeC, 1>0, ¢ >0,

where C' = C(X) denotes the space of uniformly continuous and bounded functions
on X. With this additional assumption there exists a unique solution u of

(7.3.2) u(z) = min[y(x), l(x) + adu(x)].

We know that this solution is continuous. To guarantee that it is uniformly contin-
uous we make an additional assumption on @, which strengthens (4.3.1)

(7.3.3) Dy € C,if ¢ is continuous, bounded.

We associate to the preceding problem the following one
1

(7'3'4) ue(x) = Z(Z’) + a@ue(m) - 7(“6 - w)+($)a
€

called the penalty approximation. The logic is simple. Instead of imposing the
constraint v < ¢ we accept that our unknown function exceeds the constraint v,
but then we add to the cost [ a penalty term, to be paid only when the function
exceeds the constraint. Obviously as € goes to 0 the penalty term becomes very
large, forcing the unknown function to fulfill the constraint. Note that the equation
(7.3.4) is a non-linear problem.
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7.3.2. SOLUTION OF THE PENALTY PROBLEM. We first prove
the

Lemma 7.1. Under the assumptions (7.3.1) and (7.3.3) there exists a unique so-
lution positive solution in C' of the penalty problem (7.3.4).

PRrROOF. It is convenient to write the equivalent form of (7.3.4)
1 1
U (1 + ) =1+ a®u. + — min(Y, ue)
€ €

Exercise 7.5. Show the preceding assertion.

Therefore u, is a fixed point of the map w. = T.(2) defined by
1 1
We (1 + ) =1+ adw, + — min(¢, z)
€ €

1
1+e(l—a)
This completes the proof of the Lemma. O
Lemma 7.2. We have

Exercise 7.6. Check that T, is a contraction with constant

11—«

l
0 < ue < max (||¢|7 [ ) .

Moreover u. decreases as € |, 0.
ProOF. If 2 > 0, T.(z) > 0. Hence since T, is monotone we obtain u. > 0.

Exercise 7.7. Check that for any z > 0 one has
[121]
Te < [ I
R
hence the same estimate follows for the solution ..
Follow up: To prove the monotonicity consider € < € and set w = T, (u.r). We
first verify that
1 11 N
(w — uer) 1"‘2 =a®(w —ue) + P (uer — )7,
from which it follows that w — ue > 0. Therefore uo < T, (ue ). Iterating we get
Uer < T (uer). Letting n tend to oo we get ue < u.. The proof of the lemma has
been completed. O

7.3.3. CONVERGENCE. We state the following convergence result.

Theorem 7.3. Under the assumptions (7.3.1) and (7.3.3) one has u. | u the
solution of the equation (7.3.2).

PROOF. We can assert that u, | v*. From (7.3.4) one can write
ue < I+ adu,,

hence
uw* <1+ adu’.
Moreover, since u. is bounded, we can assert that (uc — 1)+ — 0. Therefore

u* <.
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Note that
(e — )™ (e — I — aDu) = 0.
We can pass to the limit and obtain
(" =)~ (u" =1 —adu*) =0.
Using the property u* — ¢ < 0, we can also write
(w* = YP)(u* —1—adu*) =0,
which implies that u* is a solution of (7.3.2). The proof has been completed. [

7.4. ERGODIC CASE
We study now the ergodic problem, letting o — 1.
7.4.1. SETTING OF THE MODEL. We shall make here the assumptions
of Theorem 7.1 and also
(7.4.1) I, > 0,bounded, I(x) >y > 0.

We consider the problem
(7.4.2) Ue(x) = min {w(x), ig(fj[l(ﬂc, v) + aq)”ua(:c)]} , V.

We know that it has a unique l.s.c. continuous solution (by contraction mapping
arguments).

The issue is to study the limit of u, as « tends to 1. In fact this problem will
be easier than the one without the obstacle 1. The reason is because the function
U Will remain bounded.

7.4.2. THE MAIN RESULT. We state the main result

Theorem 7.4. We make the assumptions of Theorem 7.1 and (7.4.1). Consider
the equation

(7.4.3) u(x) = min {w(x), Jg{fj[l(m, v) + q)l’u(w)]} ,Va,

then it has a positive bounded l.s.c. solution which is unique. Moreover uq(x) 1T u(x)
as a T 1.

PROOF. We prove the existence and uniqueness of the solution z. We cannot
use the argument of contraction mapping, since a = 1. To prove the existence of a
positive bounded l.s.c. solution, we consider the increasing sequence

Ug = 0
) = i {(0). nf 1, 0) + 8]}

then clearly
up Sup e Sy <o),
hence u,, T u > 0. Moreover u < 9 and is l.s.c.

Reasoning as in the proof of Theorem 7.1 we check that the limit u has the
desired properties and is a solution. Let us prove the uniqueness of a Borel bounded
solution. We cannot use the contraction mapping argument. We use the following
trick. We first exclude the case v = 0 in which case the unique solution is u = 0.
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Suppose there exist two positive bounded solutions z1, z5. Suppose there exists a
point z* such that zo(2*) < z1(2*). Then we have

_ 23()
’y = 1mn — .
(|21 (2)>0} z1(2)

We are going to show a contradiction. We are going to construct a number S with
v < B <1 such that Bz (x) < z3(z), V. It will follow

Z9 (a:)
v = mn
(|21 () >0} 21 ()

> B,

which is a contradiction.
Let 0 < A < 1. A solution z satisfies also

z(x) = min {)\w(m) +(1- )x)z(a:),vigg[)\l(x,v) + (1 =XNz(z) + )\vaz(ac)]} .

This is in particular satisfied with z; and z5. note that
Bzi(x) =
min {mwx) (L= 0Ba), nf (MBI, ) + (1~ Az (x) + Wﬁzlm]} .
One could claim that 8z1(z) < zo(x) whenever
BAY(x) + (1 = A)Bz1(x) < Mp(x) + (1 — A)z2(z)
ABl(z,v) + (1 — N)Bz1(x) < M(z,v) + (1 — N)z2(x)
Since z9(x) > 21 (x), it is sufficient to guarantee that
BMp(x) + (1= A)Bz1(x) < Mp(x) + (1 — A)yzi(x)
MBI, v) + (1= M)z (@) < N, 0) + (1 - Ay ()
We must have
(L= (B =Ma(z) < A1 - B)y(x)
(L =N(B=a(z) <A1 - B)l(z,v)
It is sufficient to check that
(1=XN(B =7 <A1-p)
(L=XB=7) <A1-5)

It is sufficient to choose S such that
B_’y:p:Amin<1 lo)
1-8 1-A el

P
1+p’
and v < 8 < 1. The contradiction has been established. From this contradiction it
follows that zo(x) > z1(x),Vz. By symmetry between z; and 2o we obtain z; = zs.
The uniqueness has then been proven.

To complete the proof, we have to check the convergence property. We first
prove that

o
]|

hence

a<d = uy < Uy
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This property is obtained by considering the increasing sequence
o1 (2) = min [0(2), inf (2, v) + @t ()],
v
and uq o(x) = 0. It is clear that

Ua,n (T) < Uas 0 (T) = Uan1(T) < Uar i1 (),

and the monotonicity result follows.
We next write

Uq () = min {w(ar)7 gglf][l(ac, v) + ®%uqy(z) — (1 — a)fbvua(x)]} V.

Since ||(1 — @)®%uq|| < (1 — @)]|®)||, hence tends to 0, we see easily that u, T u*
which a solution of (7.4.3). The proof has been completed. O

Remark. If the functions I(z,v) and v are continuous then the solution of (7.4.3)
is also continuous. This is checked by defining a monotone decreasing sequence,
converging towards a solution, which is u.s.c. By uniqueness, the solution is con-
tinuous.

7.4.3. PROBABILISTIC INTERPRETATION. We consider as in sec-
tion 7.2, a decision rule V' and a stopping time #. We then define the pay-off

0—1
To(V,0) = BV | > 1(y;,05) + $(yo) To<oo

=1
We can state the

Theorem 7.5. We make the assumptions of Theorem 7.4. We then have
u(z) = inf Jo(V,6).

PRrROOF. We first remark that
U(x) 2 Jo(V.0) > BV (0 - 1),
so, without any restriction, we can assume that # < oo a.s. P>, One then checks
the inequality

-1
u(@) < BV 1Y Uys,05) +ulye) | < Ju(V6).

j=1

Define next the feedback ©(x) Borel function with values in U which attains the
infimum in v in equation (7.4.3). We then define

6 = inf{n > 1|u(yn) = ¥(yn)}.
We can assert that
E\A/,wgg ¢($)'
lo

Indeed, for any N we can write

AN -1
u(z) = EV* Z Uyj,v;) +u(ygrn) | = EV "0 AN.
j=1
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Since u(z) < ¥ (z) we also obtain

¥(x)
0 )
and letting N go to oo the desired estimate is obtained. We therefore can write

EVTOAN <

-
_gVe Z Y5, 05) + u(yz)

Also u(yz) = ¥ (yg) since 0 < 0o a.s. PV+@. Therefore
’U,(LE) = JI(Va é\)v
and the proof has been completed. ]

Exercise 7.8. Check that when [y = 0, u,, T u minimum solution of equation
(7.4.3). This minimum solution is the value function defined in the statement of
Theorem 7.5.
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CHAPTER 8

IMPULSE CONTROL

Impulse Control has been studied mainly in continuous time, see [8]. Indeed, in
continuous time the difference between an impulse control and a continuous control
is quite apparent. An impulse control allows for jumps on the state of the system. A
continuous control allows only for a continuous evolution of the state of the system
and forbids jumps. In discrete time, there is of course no continuous evolution, so it
looks as if the concept loses its specificity; the state at time n+1 can be considered as
a jump from the state at time n. However, we will identify an analogy with optimal
stopping. One can embed optimal stopping into a standard control problem in
discrete time, but one can also treat it in a specific way. Similarly, an impulse
control problem can be embedded into a standard control problem in discrete time,
but one can also consider it in a specific manner. In that case it will look like optimal
stopping, but with a sequence of stopping times instead of a single stopping time.
We will begin by describing the model. Then we introduce the basic tool, which is
the functional equation arising from Dynamic Programming. We study it directly
by analytic techniques. We finally proceed with the interpretation.

8.1. DESCRIPTION OF THE MODEL

8.1.1. TRANSITION PROBABILITY. In this set up we will consider a
controlled Markov chain with special features. It is at the same time a generalization
and a special case of the general framework. However, we shall need the fact that X
is a vector space or a subspace of a vector space. To fix the ideas we take X = R?
or X = (R%)*. We consider as usual a transition probability 7 (z,v,dn). We define
then the transition probability

7(x,v,w,dn) = 7(x + w,v,dn).

It is indeed a generalization of the usual case, which is recovered by fixing the value
w = 0, but also a particular case, considering the pair v, w as a control.
We associate to the transition probability the operator

(@) = [ Fyna,vwdn).
R
Considering the operator ®¥ associated to 7(x,v, dn) we have obviously
OV f(x) = DV f(x + w).
The controls v, w are mathematically similar, but in practice act differently. The
control v modifies the transition probability, but does not change x. The control
w modifies z. Its influence is instantaneous, instead of taking place at the next
period. This is why it is called an impulse. So the difference remains meaningful,

even though we are in discrete time. We remark also that if the assumption (4.3.1)
is satisfied for ®v, it carries over to ®vv.
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8.1.2. ASSUMPTIONS. We now define a cost function. Let I(z, v) satisfy-
ing (4.3.2), we set
(8.1.1) l(z,v,w) =z +w,v) + c(w).
We consider only w € (R?)" in accordance with the applications we have in mind.
We then assume the special form
c(w) = KTyzo + co(w)
(8.1.2) ¢o(w) is sublinear positive continuous, c¢(0) =0
co(w) — 00 as |w| — oo
We note that (4.3.2) is satisfied by the function I(z, v, w).
Remark. Of course the important element in the structure of ¢(w) is the presence
of K, which is only there when an action is taken, w # 0. It is called a fized cost (in

the inventory literature it is also called set up cost). We note also that, even when
I(x,v) is continuous, the function I(x, v, w) will remain l.s.c and not continuous.

We consider a decision rule V,W extending the usual definition for V. We
associate a probability PV"":* on Q, A for which y; = = a.s. We will consider the
pay-off function

(8.1.3) T (V,W) = EVWo A am U (yn, vy wa) |

n=1

and, as usual, we are interested in the value function

(8.1.4) u(z) = ‘1/11‘;/ Jo(V,W).

We shall need a ceiling function. We cannot use the symbol wy(x) for the ceiling
function, since we have a new control w,,. By taking w, = 0 and v,, = vg where v
is a fixed element of U, the space of constraints, a closed subset of a metric space.
Define

(8.1.5) do(x) = amH (@), (2),

where I, (x) = I(z,v). We make the assumption

(8.1.6) Yo(x) < o0, Va.

We take 1 as the ceiling function. It is the same as for the control problem,
without impulses.

We can now write the Bellman equation corresponding to the pay-off (8.1.3).
This is the functional equation

(8.1.7) u(z) = inf [(z,v,w) + a®”" u(zx)].
velU
w >0

The preceding equation is equivalent to

(8.1.8) u(z) = inf [z +w,v) + c(w) + ad® u(z + w)]
vel
w >0
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8.2. STUDY OF THE FUNCTIONAL EQUATION

8.2.1. GENERAL RESULT. As a consequence of Theorem 4.3 we can state
the following

Theorem 8.1. Under the assumptions (4.3.1), (4.3.2), (8.1.2), (8.1.6) the set of
solutions of the functional equation (8.1.8) satisfying

0 < uz) < ¢o(x)Ve,

is not empty and has a minimum and a mazimum solution, denoted respectively
w(z) and u(z). The minimum solution is l.s.c.

As a consequence of Theorem 4.4 we can also assert that

Theorem 8.2. Under the assumptions of Theorem 8.1 the minimum solution is
the value function

u(x) = inf Ju(V. D)
Moreover there exist optimal decision rules V, W obtained through an optimal feed-
back v(x),w(x).

8.2.2. THE BOUNDED CASE. In this section we assume in addition that
(8.2.1) l(x,v) is bounded,
then we have

Theorem 8.3. Under the assumptions of Theorem 8.1 and (8.2.1), the solution u
of (8.1.8) in the interval 0,1 is unique.

PrROOF. The function vy is bounded. So all solutions between the minimum
and the maximum are bounded. We can then use a contraction mapping argument.
Indeed, let z be a l.s.c bounded function. We consider the map

Tz(z) = inf [z + w,v) 4+ c(w) + a®”z(x + w)].
velU
w >0

It is easy to check that it is a contraction with coefficient «. Hence the uniqueness
is obtained. O
8.3. ANOTHER FORMULATION

8.3.1. REWRITING BELLMAN EQUATION. In this section we con-
sider the bounded case, hence we have uniqueness of the solution u. We can rewrite
the equation (8.1.8) as follows

(8.3.1) u(z) = min [ngf](l(x,v) + ad®’u(x)),

K+ inf (l(x 4+ w,v) + co(w) + a®u(z + w))|.
velU
{ w>0,#20 }

We will now consider another formulation of (8.3.1).
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8.3.2. SEPARATING VARIABLES. In this section, we make a stronger
assumption on the function {(z,v). We shall assume that

(8.3.2) I(z,v) is uniformly continuous and bounded, positive.

We shall look for functions u(z) in C = C(X) the space of functions uniformly
continuous and bounded.
We define two operators on C', namely

T(2)(w) = inf [l(z,v) + a®2(2)],

and
M(z)(z) = K+ inf, (co(w) + 2(z +w)).
We consider the following problem: find u € C' with
(8.3.3) u(z) = min[M (u)(z), T (u)(x)].
Our objective is to prove the following
Theorem 8.4. Under the assumptions (4.3.1), (4.3.2), (8.1.2), (8.3.2) then there

exists one and only one positive, bounded solution of the functional equation (8.3.3).
This solution belongs to C'.

8.3.3. IDENTITY OF THE TWO FORMULATIONS. It is not obvious
that problems (8.3.3) and (8.3.1) which is equivalent to (8.1.8) coincide. Indeed the
solution of (8.1.8) is also the solution of
(8.3.4) w(z) = min[M (T (uw))(z), T(u)(z)],

which is not (8.3.3). We are going to prove that solutions of (8.3.3) are also solutions
of (8.3.4), hence of (8.1.8). Since the solution of (8.1.8) is unique, it is sufficient
to prove that the solutions (8.3.3) exist. There is then only one solution of (8.3.3),
and the two problems are equivalent. To prove that the solutions of (8.3.3) are also
solutions of (8.3.4) we have to prove that if u is a solution (8.3.3), then

(8.3.5) u(z) = M(u)(z) = u(x) = M(T(u))(x),
instead of just u(z) < M(T(u))(z). Indeed, from
u<Tu= M(u)<M(T(u)),
we get
w(z) < min[M(T'(u))(z), T (u)(z)],
and (8.3.5) implies also the reverse inequality. So proving (8.3.5) is the only thing
which remains.
Let z such that u(z) = M(u)(z). Let e < & we can find w, such that
u(x) > K + co(wz) + u(z + w,) — €.

We are going to show that
(8.3.6) u(z +wg) = T(u)(x + wy),
which implies

u(z) > K + co(wy) + T(uw)(z + wy) — €,
hence

u(z) > M(T(u))(z) —e.
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Since € is arbitrarily small we have u(z) > M (T'(u))(z) Since the reverse inequality
is true, we have the equality, hence the w is also a solution of (8.3.4).
To prove (8.3.6) we claim that if (8.3.6) is not true, then one should have

u(z +wy) = M(u)(z + wy).
But then there will exists w, such that
w(x + wy) > K+ co(z) + u(x + wy + ;) — €.
Collecting results we can write
u(x) > 2K + co(wy) + co(Wy) + u(x + wy + Wy ) — 2e.
Using the sub-linearity of ¢y we can assert
u(z) > 2K + co(wy + Wy) + u(x + wy + W,) — 2e.

Therefore also
u(z) > K + igfo[co(w) + u(z + w)],

by the choice of e. This is a contradiction.

Remark 8.1. We can then define an optimal feedback ©(z), w(x) separately. De-
fine first v(z) by minimizing I(z,v) + a® u(z). Next if u(zx) < M(u)(xz) we have
w(z) =0. If u(x) = M(u)(x) then w(x) minimizes co(w) + u(z + w) in w > 0.

8.3.4. DIRECT STUDY OF THE SECOND FORMULATION. If we
want to study the fixed point of (8.3.3), the equivalence obtained above and the
general theory applied to the pair v,w shows that the fixed point exists and is
unique. So the proof of Theorem 8.4 can be done in this way. We give a direct
proof here, which allows to introduce useful techniques, similar to those used for
optimal stopping. In fact, the problem of impulse control we are considering here
corresponds to choosing an optimal sequence of stopping times instead of just one.

We begin by proving that there is at most one positive, bounded solution.
We use a method reminiscent of the one used for the ergodic optimal stopping
problem, see section 7.4.2. However, one has to be careful about a big difference.
We need here a < 1 to work with bounded solutions, whereas in the optimal
stopping problem there was a natural bound and we could take o = 1.

PRrROOF. Uniqueness
Consider now two solutions u, us which are positive and bounded by a constant
Cy. Define
~v =sup{8 € [0,1]|fu1(z) < ua(z),Va}.
This number is well defined. Indeed
v = inf uz(2) .
{a|uy (2)>0} ug ()

We are going to show that v = 1. This will imply u(z) < us(z), Vx. By symmetry,
we will get also the reverse property, hence the uniqueness. O

Assume 0 < v < 1. We are going to construct a number 8 such that v < <1
such that
Buy(z) < uz(x), Vo,

which will imply a contradiction. Now Su; satisfies
Buy = min[SM (uq), BT (uq)].
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Now ST(u1)(x) < T(Buq)(z). Suppose we find 8 such that v < 8 <1 and
BM (u1)(z) < M(uz)(x),

then it will follow from Lemma 8.1 below that fu;(z) < ug(x),Ve hence 8 < 7,
which will be a contradiction. Checking the desired property means

KB+ ir;fo(ﬁco(w) + Bui(z+w)) < K + il;fo(co(w) + ug(x + w)).
Using yu; < usg it is enough to verify
KB+ inf (Beow) + Bus (e +w) < K+ inf (co(uw) + 7z + ),

or
KB+ inf (co(w) + Bur (i + w)) < K + inf (cofw) + yun(z + w)).

We want 8 > . Since u; — Cy < 0, us — Cy < 0 we have also
er;fo(co(w) + Buy(z +w)) < Jgfo(co(w) +yur(z +w)) + (8 —7)Co.

Hence it is sufficient to choose 3 such that

(B=7)Co < K(1-p).

Setting
_K
p - C() .
We can take n
P+
=l Ny<p<
p P B

We now prove the existence. We begin with some preliminary results.

Lemma 8.1. Let ¢ € C and S(¢p) = z € C solution of
z = min[y, T(z)],

then if ¢ € C satisfies
C<v, (<T(Q),

we have ¢ < z.

PRrOOF. Consider the map ¥ : C'— C defined by
¥(z) = min[y, T(2)].

The operator ¥ is a contraction and is monotone increasing. Since from the as-
sumption

z=1%"(z), (<X"(Q),
hence

z=(=X"(z) = E(Q).
Letting n tend to oo, the right hand side tends to 0. Hence the result has been
obtained. O

Lemma 8.2. The operator S is concave, namely
S(Ap1 + (L= N)h1) > AS(h1) + (1 = N)S(¢2), VA € [0, 1]

Exercise 8.1. Prove that T is concave and check then that S is also concave, by
making use of Lemma 8.1.

Lemma 8.3. The operator S is monotone increasing
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Exercise 8.2. Prove Lemma 8.3 by making use of Lemma 8.1.
Define next
A(z)(z) = S(M)(2)().
Exercise 8.3. Check that A is concave, monotone increasing.

Let @ to be the unique solution of @ = T'(w). Then 0 <@ < Cy. We can define
A > 0 such that \u(x) < K, Vz.
We state the following

Lemma 8.4. Let z,( € C positive, and 3 € [0,1] such that

(8.3.7) z(z) = ((z) < Bz(z), Ve,

then

(5.35) A)() — AQ)(@) < B — NA() (@), V.

We have, by assumption, (1 — 8)z(z) < ((z). From the monotonicity and the

concavity of A we can write

A(Q(@) = A((1—=B)(2))(x)
> (1-p)A(z)(x) + BA(0)(x)
However A(0) = S(M(0)) = S(K). But from M\u(z) < K and M\u(x) = AT (u)(x)
hence Mu(z) < T(A\u)(x) we deduce, using Lemma 8.1

Ma(z) < S(K) = A(0).
Collecting results we write

A(Q)(z) = (1 - B)A(2)(x) + BAu(x).

Now

and by a reasoning similar to that of Lemma 8.1 we deduce A(z)(x) < u(x). There-

fore
A(Q)(z) = (1= B)A(2)(x) + BAA(2)(),
and this is exactly the property (8.3.8).

S

We can can turn to the direct proof of existence in Theorem 8.4.

ProOF. Existence:
This amounts to proving that the operator A has a fixed point. We consider

the decreasing sequence
u" = A(u™)
0 _ .

W=7
We have

WO > o> ur >
Since u? — u! < u?, we deduce from Lemma 8.4

A(ug) — A(ur) < (1= A)A(uo),
which reads
Uy — UQ (]. — )\)
Iterating we get
u™ —umT < (1 =A™ < (1= A"l
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We deduce easily, that for n > m
1-A)™
(ESYiN
Letting n tend to co we get u,, | u, hence also
(L=N" 5 (1=
A - A
which proves that the limit v € C(X). We next check that

um =yt <

u" —u <

CU?

M (uy) § M(u) and in C
T(tupt1) 4 T(u) and in C

Since
U1 = min[M (un), T (tn+1)],

the limit u is a solution. The proof has been completed. (I

8.4. PROBABILISTIC INTERPRETATION

In Theorem 8.2 we have already given a probabilistic interpretation of the solu-
tion of the functional equation (8.1.8) in terms of the value function of a stochastic
control problem. There are no stopping times in this formulation. In a way sim-
ilar to what has been seen for optimal stopping, see Theorem 7.5, we will obtain
a different formulation involving decision variables which are stopping times. In
fact, we are going to interpret the second formulation, equation (8.3.3). Here also,
to simplify technicalities we limit ourselves to (8.3.3), which means that the cost
I(x,v) is bounded.

We take a control policy V' = {v1, -+ ,vn, -} where v, is ), measurable,
and belongs to U. The control policy W will be defined in a slightly different
way. We consider a sequence of Y™ stopping times, {71, -+, 7, -+ }. We assume
no accumulation 7, < 7,41, Vn, a.s. Consider the o- algebra Y™ of events prior to
T» and a sequence &, of random variables which are J™» measurable, with values
in X = R4E. > 0,# 0. We associate the control W = {wy,--- ,wy,---} defined
as follows

anZETn
wj:Oifj#Tla"'7Tna"'

We can check that w; is Y7 measurable, Vj. We can then consider J,(V, W) and
write it as

o] Tn+1—1
Jo(V,W) = BV N " am U Kbeo (&) +1(yn, +&rvr )+ Y 0?7 (y5,0))
n=1 J=Tn+1

To the optimal feedback ©(x), w(x) we associate a control policy V, W defined as
follows

Un = ﬁ(yn)

Wy = w(yn)
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We next define

71 = inf{n > 1|w, # 0}
7A'2 = inf{an’l—FHﬁ)n#O}
and R
&7, = Ws;.

Using arguments similar to those of Theorem 7.2, we can obtain
w(x) = J.(V,W) = inf J,(V, W)

87
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CHAPTER 9

INVENTORY CONTROL WITH SET UP COST

The techniques of impulse control will now be applied to study the situation
of set up costs in inventory control. The Base stock policy introduced in Chapter
5 will be replaced by the concept of s,S policy introduced by H. Scarf [35] and
studied by many authors. We will first consider a deterministic situation without
backlog, but different from that of section 5.3 of Chapter 5.

9.1. DETERMINISTIC MODEL

9.1.1. DESCRIPTION OF THE MODEL. We assume that the inventory
evolves as follows

(9.1.1) Yntl =Yn+0n—D y1 =1,
with the constraints
(9.1.2) vp >0, y, > 0.

The novelty is the state constraint. There is no lost demand. Since the demand D
is deterministic, this translates into a constraint on the control, which depends on
the state

(9.1.3) U > D — yp.

Define V = {v1,--- ,vp, -} we consider the objective functional

(9.1.4) Jo(V) =Y a" KTy, 50+ cvn + hyn),
n=1

and we want to study the value function
(9.1.5) u(z) = igf Iz (V).

The new term is the fixed cost K1,, ¢ to be paid only when the order v, is not 0.
This is not a continuous function. If we denote

(9.1.6) l(z,v) = KTy + cv + hx,
then the function I(z,v) is not continuous in v. However it is Ls.c.

9.1.2. BELLMAN EQUATION. The Bellman equation is written as fol-
lows

9.1.7 =h inf [KT, — D)|.
( ) u(x) x + vz(glfm)Jr[ >0+ cv + au(x + v )]

This functional equation belongs to the general category studied in Chapter 4. We
will focus on the specific aspects.
A first important fact is the following

89
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Lemma 9.1. The set of v in the right hand side of equation (9.1.7) can be bounded
by
K +cD n aDh

11—« (1—a)?

(9.1.8) cv <

PrROOF. The result will follow from the estimate

(@) > hx _ aDh
T e T =)

which is obtained by iterating on the functional equation (9.1.7), starting with
u(z) > hx. Next, we look for a ceiling function for u(z). Because of the constraint,
we cannot as usual the function corresponding to the choice v = 0. We shall take
v = D. So we consider the functional equation

wo(z) = he + K + ¢D + awy(x),
which is simply
_hx+ K+cD
N l1-a '
We look for solutions of (9.1.7) which are in the interval 0 < u(z) < w,(z). From
the bound below of u and the bound above provided by the ceiling function, we

deduce from the equation (9.1.7), that the values of v can be restricted by the
constraint

(9.1.9) wo(x)

ah(z — D)  hDa? hx + K +cD

h
vkt l-«a (1-a)? — -«
We see that the term in x drops out, and there remains the estimate (9.1.8). This
concludes the proof. O

Since the set of v is bounded, we can apply the techniques of Theorem (4.2.4)
to claim

Theorem 9.1. Under the assumption (9.1.6), the functional equation (9.1.7) has
one and only one solution which is l.s.c. This solution is the value function (9.1.5).
Moreover there exists an optimal control policy 1% defined by a feedback 0(x), which
achieves the infimum in the right hand side of (9.1.7).

9.1.3. OBTAINING THE OPTIMAL CONTROL POLICY. In this
section we are interested in characterizing the optimal feedback o(z). We first give
a different, more convenient form of the equation (9.1.7). We introduce

(9.1.10) z(z) = cx + au(x).
Then it is fairly easy to rewrite equation (9.1.7) as follows

(9.1.11) wx)=(h—cx+cD+ inf [KIL,,+z(n— D).

n>max(z,D)
We begin with the inequality
Lemma 9.2.

(9.1.12) z(z) < K+ 2(y),Vy > x.
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PRrROOF. Let z < y. From the equation (9.1.11) we can write

wz)+(c—h)x = D+ inf [KI,,+2(n— D)
n>max(z,D)

< ¢D+K+ inf z(n-D)
n>max(y,D)

< K+cD+ inf K1 +z(n—D

< il KTy 4 5(y— D)

< K+4+u(y)+ (c—h)y,

which implies
u(z) + cx < K + u(y) + cy.

But then
z(x) = oa(u(x)+cr)+cx(l —a)
< aK +a(u(y) +cy) +ey(l —a)
< K+z(y),
and the result follows. O

‘We then deduce

Proposition 9.1. The solution u(x) satisfies the property
(9.1.13) <D= u(z)=(h—c)x+cD+ K +inf,>¢ 2(n)
(9.1.14) x> D = u(z) = hz + au(x — D).
PRrROOF. For z < D, the equation (9.1.11) writes
u(e) = (h =)o +eD+ il (KT + 27— D)),
and thus
u(x)=(h—c)x+cD+ K + nigjsz(n — D),
and the property (9.1.13) follows. Next if 2 > D, ;he equation (9.1.11) becomes
u(z) = (h—c)x +cD + ggKﬂ”M + z(n— D).
But from Lemma 9.2 we have
2(x — D) < K+ 2(n—D), Ve <n,
hence
u(z) = (h— )z +cD + z(z — D).
Recalling the definition of z(x) we deduce (9.1.15). This concludes the proof. [
Lemma 9.3. We have the property
au(0) < u(0) —eD.
PRrROOF. We have au(0) = z(0). Now from (9.1.13)
u(0) —cD =K + 71}1%%2(7])
But inf, >0 2(7n) is attained at a point n* > 0. But from Lemma 9.2, we have

2(0) < K + z(n"),

and the result follows.
We can now assert the main result O
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Theorem 9.2. We assume (9.1.6). The optimal feedback is characterized as follows

o, ifx>D
(9.1.15) v(r)—{D(H,;)_x, ifx <D

where k is a positive integer which minimizes the quantity

K +c(k+1)D + ahDF(k)

(9.1.16) A(k) o ,
where
M — (k+1a+k
9.1.17 F(k) =
(9.1.17) (k) e
PROOF. From Proposition 9.1 it follows that u(x) is piece wise linear, but not
continuous. The discontinuity points are Dk, k = 1,2,--- Let us write

u(0) = ¢D + K + inf z(7).
n>0

We can easily obtain formulas for u((kD)") and u((kD)~), where these symbols
mean the limit to the right and the limit to the left at point kD. Indeed for k > 1

u(((j +1)D)7) = hD(j + 1) + au((GD)"),
and we deduce easily

k
(9.1.18) u((k+1)D)7) =hD> (k+1—j)o? + ¥ (u(0) — D), k > 0.

§j=0
Similarly for k& > 0
u(((j+1)D)") = hD(j + 1) + au((j D)),
and thus

k
(9.1.19) u(((k+1)D)*) =hD> (k+1—j)o’ + o u(0), k > 0.

=0
From Lemma 9.3 we can see that
u(((k+1)D)*) < u(((k+1)D)7),Yk >0

Since z(x) is also piece-wise linear, with the same discontinuity points as u(x), it
follows from this inequality that

(9.1.20) 717r21%z(77) = ég% [ckD + au((kD)")].
We can compute for k > 1
k—1
F(k) = Y (k=3
§=0
_ izt o (1—ka* ! 4 (k — 1)a)

l—-a (1-a«)?
A —(k+1a+k
(1—a)? '
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Note that this expression is also valid for k = 0, by taking F(0) = 0. So we can
write

u((kD)") = F(k) + a*u(0),k > 0

Therefore from (9.1.20), we can state

. . k+1
(9.1.21) 717121%2(7)) = ]g% [ckD + ahDF (k) + o T1u(0)] .

Now from (9.1.13), we have
u(0) = K + inf [e(k +1)D + ahDF (k) + o 1u(0)]

from which one gets easily

u(0) = inf A(k),

with A(k) given by (9.1.16). If k achieves the infimum, then kD achieves also the
infimum of z(n). Since for x < D, this infimum is achieved by x + ¢(z) — D, from
the definition of the feedback, we can state that

x4 0(x) — D = kD,

and we obtain (9.1.15). Note that A(k) attains its infimum since A(k) — oo as
k — oo. |

We now consider particular cases
Proposition 9.2. Assume that
(9.1.22) a(K +¢D) <eD + ahD,
then k = 0.

PROOF. We use the fact that k is also the value of k for which ¢(k + 1)D +
ahDF (k) + o**1u(0) attains its minimum. Let us prove that this function is
increasing in k, when the assumption is made. Using the fact that

1— k+1
Flk+1)—F(k)= —%

l-—a
we must check that for any k, we have

1 — okttt
u(0) (Xt — oFt2) < eD + athi.
We know that
K +cD
0) <w(0) = .
u(0) < w(0) = =
Therefore, it is sufficient to verify
1— okttt
o (K +¢D) < eD + ohD——,
-«
hence
hD hD
AN K+eD+ 2% <ep+ & ,
l—-« 11—«

and it suffices to check that it is true for k& = 0, which is exactly the condition
(9.1.22). |
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Remark 9.1. The optimal feedback is said to be derived from an s, .S policy, with
s=D and S = D(k +1). Note that if K = 0, then (9.1.22) is satisfied and k = 0,
which implies s = S. We have in this case a Base stock policy, with Base stock equal
to the demand. If we consider the optimal policy V= {01, ,0n, -} and the
corresponding evolution of the inventory 4y, -« ,%n, - then we have the property

(9.1.23) Jnin = 0,Vn

This property is known as Wagner-Whitin Theorem.

9.2. INVENTORY CONTROL WITH FIXED COST AND NO
SHORTAGE

9.2.1. BELLMAN EQUATION. We consider the analogue of section 5.1
of Chapter 5. We define the function I(x,v) as follows

(9.2.1) l(z,v) = KI,~0+cv+ hx +pE(x +v— D)7,

which is the same as equation (5.1.8) with a fixed cost K whenever an order is
made, whatever the size. Note that K 1, is l.s.c. It incorporates an ordering cost
(purely a variable cost), a holding cost and a penalty for lost sales. We note the
inequalities

(9.2.2) Kl,~o+cv+ hx <l(z,v) < KTy~ + cv+ hx + pD,

where D = ED. Therefore the function [(z,v) satisfies the properties (4.3.2),
(4.5.1) and the first condition (4.5.4), with

(9.2.3) lo = pD.

The operator ®V is defined by (5.1.2), or equivalently by (5.1.5). We note that
assumptions (4.3.1), (4.5.2), (4.5.4) are satisfied.

So the results of Chapter 4, in particular Theorem 4.8 apply. The functional
equation (4.3.7) reads

(9.2.4) u(z) = g%{l(w, v) +aFu((z +v— D))}

We can also write it as
(925) u(@) = (h =)o+ inf {K Loy + e+ pE(( — D)) +aBu((n - D)*)}.

The corresponding control problem is formulated as follows: The state equations
are

(926) Yn+1 = (yn + vp — Dn)+ =2z,

where the D,, are independent and identically distributed, with probability density
f(.) and CDF F'(.). The objective functional is

(9.2.7) Jo(V) = a" ' El(yn, vn),

n=1

where as usual, V' = {v1,- -+ , vy, -+ }. This formulation is, of course equivalent to
that of the controlled Markov chain described in Chapter 4. We can state
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Theorem 9.3. Under the assumptions (9.2.1) and (5.1.2), there exists one and
only one solution of the equation (9.2.4) in the space By. This function is l.s.c.
There exists an optimal feedback ©(x) with the estimate

N pD
9.2.8 < —.
(9.25) i) < 22
The solution u(x) = infy J,(V'), the value function. There exists an optimal control

policy V, derived from the feedback ().

9.2.2. OPTIMAL POLICY. The important question is to characterize the
optimal feedback, as we did in the case without fixed cost K = 0, see Chapter 5,
section 5.1.3. When there is a fixed cost, we cannot get a Base stock policy. We have
already seen in the deterministic case, see section 9.1, that the optimal feedback is
obtained from an s, S policy, with s = D. We shall see that this structure remains
valid in the stochastic case, with naturally different values of s,S. Following the
theory of impulse control developed in Chapter 8, we will determine the values of
s, S.

We introduce the operators

(9.2.9) T(u)(z) = hx + pE((x — D)) + aBu((x — D)*),
(9.2.10) M(u)(z) = K + ggi[(c = h)(n —z) +u(n)].

We have now a situation similar to that of section. 8.3. We note that the functional
equation (9.2.5) is equivalent to

w(x) = min[T'(u)(z), M (T (u))(x)].
However, this is also equivalent to
(9.2.11) w(z) = min[T(u)(z), M (u)(x)].

This formulation is the impulse control formulation of (9.2.5). There is no “continu-
ous” control, so the operator T'(u)(x) is affine. We are in the conditions of Theorem
8.4, with the important difference concerning the boundedness of the costs. Note
that the variable ordering cost is here (¢ — h)v so we shall assume

(9.2.12) p>c>h

The first inequality is essential, since otherwise there is no incentive to order. The
second one is less essential but will be made in coherence with our general formu-
lation of impulse control problems. Moreover it will be essential to obtain an s,.S
policy. We cannot use Theorem 8.4, to prove the existence and uniqueness of the
solution, since the function I(z,v) is not bounded. However, by the equivalence
with the formulation (9.2.5), we know that it is the case. It is therefore sufficient
to construct a solution for which the optimal feedback is given by an s, .S policy.
We begin with some notation. Define

(9.2.13) g(z) = (p—alc—h))E(x— D)* — (p—c)x + pD.
For any s > 0, define next

(9.2.14) 9:(2) = (9(x) — 9(5)) L.
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Let us set
(9.2.15) Hy(z) = Z an—lgs « f*(nfl)(gc)7
n=1

with the notation of (5.1.17).

Lemma 9.4. The function Hs(x) attains its minimum in points larger or equal to
s. Taking the smallest minimum one defines a function S(s) and

(9.2.16) H.(S(s)) = inf H.(n).

PROOF. We can write H,(z) as

Hs(w) = gs(x) +agsx f+ Z angs * f*(n)(w)

n=2

Consider .
£ — *(n) de,
@ = [ roea
then FO)(2) = 1,FW(z) = F(z). If

I'(z) = Z " F™ (),
n=0
then we can easily verify the formula
(9.2.17) H() = [ T n(e)de,

with = ¢'. Tt is useful to give a probabilistic interpretation of the function F(™)(z).
In fact, we have

F™(z) = P(Dy+ -+ D, < @),
in which Dy,---, D, are n independent identically distributed random variables
with the same probability density f(z). In this way, it is clear that

F™(z)11,as  — oo, L(x)

,as x T oo.
@

1—
Therefore Hs(z) — 400 as & T co. We can check that
H(s +0) = (s) = e(1 — a) + ah — (p — ac — b)) F(s).

Since p > ¢ the function u(s) increases from —(p — ¢) to ¢(1 — o) + ah. Therefore
it vanishes in a point § and is strictly negative for 0 < s < 5. This 5 is simply the
Base stock identified by formula (5.1.14).

Consider first s € [0,5). Therefore H.(s + 0) < 0 and the function H,(z)
becomes strictly negative for x > s close to s. Moreover

H@) = [ Ta-ou@d+ [ -9

1

>
T 1«

(9(5) = g(s)) + g(x) — g(5).

Therefore Hs(x) goes to 0o as z goes to oo. Since it is a continuous function, it
attains its minimum on [0, c0). By taking the smallest minimum, if there are several
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of them, we define uniquely the number S(s). Note also, that if s > 5 H,(x) is
increasing in z, and for s < § Hy(z) is decreasing in x on the interval [s, s), hence

S(s)=sifs>35 S(s)>sifs<s.
It follows also that H.(S(s)) = 0 for s < 5. Therefore

w — 2_[{S(l')|x:5'(s)7 if s <.

ds ~ 0Os
So
dH,(S . _
(9.2.18) % =—u(s)I'(S(s) —s) >0, if s < 3.
Clearly H,(S(s)) = 0 for s > 5. The property (9.2.16) has been proven. O

Consider now Sy = S(0). We have
Ho() = /0 T — O)de.
So
Hyx) = pO)T()+ /0 W ( — E)T(€) de

= (=)@ + (p—afe—h) [ fl-or(©) ds
However it is easy to check that I'(z) satisfies the renewal equation
(9.2.19) Nx)=1+ a/o flz=&Tr(¢)de.
Therefore

Hy(x) = ~{(p — alp — )P(x) ~ (p— afc — )]
Therefore Sy is given by

p—ac—h)
9.2.20 'Sy = ——=.
( ) ( 0) p— Oé(p — h)
We shall need the assumption
So
(9.2.21) (o) = [ Tl — e < =K.

We can then state the following

Theorem 9.4. Under the assumptions of Theorem 9.8 and (9.2.12), (9.2.21), the
optimal feedback 0(x) of the functional equation (9.2.5) is given by an s,S policy.
The value of s is the unique value such that

(9.2.22) K+ iI;f H,(n) =0,
n=s

and S = S(s). Moreover the function u(x) is continuous

PrOOF. Consider the function inf, > Hg(n) = Hs(S(s)).

We have H (S(s)) = 0 for s > 5. From the assumption we have Hy(S(0)) <
—K. From (9.2.18) we know that H,(S(s)) is strictly increasing in s, for s < §. So
there will be one and only one s, for which (9.2.22) is verified. So the pair s,S
is well identified. We are going to construct a solution of (9.2.11), for which the
optimal feedback is defined by an s, .S policy, with the values s, S just defined. To



98 9. INVENTORY CONTROL WITH SET UP COST

simplify notation we drop the indices s,S. We use the notation H(z) for H(z),
with the particular s. Consider the function
(9.2.23) u(@) = H(z) + (h— )z + 19(—8).
-«
Since H(x) is continuous, the function u(x) is continuous.
Then u(z) satisfies

g(s)
_ <
(h—c)x+ o z<s
hz +pE(x — D)™ + aEu((x — D)%), z>s

and also, from the choice of s

(9.2.24) u(z) =

(9.2.25) K+ inf [u(n) + (¢~ h)n) = fﬁszy,
hence also )
(9.2.26) u(s)+(c—h)s = K+ 71]r>1fs[u(77) + (¢ — h)n)
= K+uES)+ (c—h)S
Since
u(z) = —(c—h)z + %, x < s,

the function u(x) + (¢ — h)x is constant on 0, s. Therefore
inf[(c—h)n +un)] = mfl(c—hn+um)], vz <.
Hence the function w satisfies
u(z) = M(u)(z),Vo < s
u(x) =T (u)(z), Ve > s
So it remains to prove that
u(z) < T(u)(z),Va < s
u(z) < M(u)(z),Yo > s
In terms of H the first inequality amounts to gs(z) > 0,Vz < s. This is true since

w() < 0,Vx < ¢ < s < 5 The second inequality is more involved. In terms of H
it amounts to

(9.2.27) H(z) < K+ igf H(n),Vz > s.
n=x

To prove (9.2.27) we first notice that for > s we have inf, >, H(n) > inf,>; H(n) =
—K. So the inequality is certainly true whenever H(xz) < 0. Consider then the
smallest number called zg for which H becomes positive. We have then

H(zo) =0, H(z) <0 Vz,s <z < xo.

We can claim that gs(xg) > 0. This follows from the relation gs(z¢) = —aEH (z¢ —
D) and the properties of xo resulting from its definition. To proceed we note that
the relation (9.2.15) implies

H(z) = gs(x) + aEH(x — D),

which holds for any z, provided that we extend by 0 the definition of H whenever
z <0.
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Let £ > 0. We shall consider the domain > zo—¢&. Therefore values lower than
s are possible and even negative values are possible. We can write the inequality
(9.2.28) H(z) < gs(x) + aE(H(x — D)1;_p>zy—¢), Va.
This follows from the fact that

E(H(x—D)I;_p<gy—e) <O0.
Define next
M(z)=H(z+¢&) + K.
Clearly M (x) > 0. We can write thanks to this positivity
M(z) = aE(M(z — D)L, _psa¢) + M(2) — aEM(z — D).
Now for z > zg — £ we have
H(z+§) —aEH(z + & — D) = gs(x +¢),

hence
M(z) —aEM(z — D) = gs(x + &) + K(1 — «).

Therefore we have

(9.2.29) M(z) > gs(x+ &) +aEM(x — D)ly_p>ge—c), VT > 20 — €.
We claim that
(9.2.30) gs(x 4+ &) > gs(x),Vz > xo — &

Indeed, note that gs(z + &) > gs(zg) > 0 since g is increasing on [5,00). So
the inequality is obvious, whenever z < s. If x > s the inequality amounts to
g(x + &) > g(x). This is true whenever & > 5, by the monotonicity property. So
it remains the case s < x < 3. But in this case g;(z) < 0 and the inequality is
satisfied.

Let us define Y (x) = H(z) — M(z). From the inequalities (9.2.29) and (9.2.30)
we can state that

Y(z) <aE(Y (r — D)Iy_p>ge—c), YV > 20 — &,

and Y(zg — &) < —K.

These two properties imply Y (x) < 0, Vx > x¢g — £ Therefore we have obtained
(9.2.27) Yz > 29 — £ and in particular for > xg as desired. We have completed
the proof of the fact that the function w(z) characterized by the function H(x) and
defined by (9.2.23) is a solution of (9.2.11) or (9.2.5). So it the value function.

Moreover to the s, S policy is associated a feedback

S— if z <
(9.2.31) i(z) = Horess
0, ifzx>s
and it is an optimal feedback corresponding to u, which means
u(z) = l(z,9(x)) + aBu((x + 9(x) — D)*).

To this feedback rule we can associate a probability PV for which the canonical

process ¥y, evolves as

Yn+1 = (yn + ﬁn - Dn)+>
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with 0, = 9(y,). We can also state

u(x) = Z Ev’waj_ll(yj, 0;) + oanv’g”u(ynH)7
j=1
for any n. But by definition of the s,S policy, one has 0 < y,+1 < max(z,S).
Therefore u(y,+1) is bounded, hence as n — oo we obtain u(z) = J, (V). O

Remark. When K = 0, we have s = 5, and S is given by formula (5.1.14). The
function u(x) becomes C.

Let us prove the following property
Proposition 9.3.  The function S(s) is decreasing in s, hence 5 < S(s)

D
< min(Sp, P ).
c

i—a)
PRrOOF. From the relation H,(S(s)) = 0 we deduce

L HI(S(s)) + HY (5()8'(s) = 0.

Now, since S(s) is a minimum H,”(S(s)) > 0. Next use

Hi(w) = o) + [ 1w = n(e) de.
and thus 5
9 Hy(w) = —T'(a ~ uls),

which is positive for s < g, since u(s) < 0. It follows that S’(s) < 0. The result
follows. 0

Remark. We know that 5 < 1]777 see Remark 5.1, since 5§ corresponds to the
c

Base stock policy in the case without fixed cost. The inequality in the statement
implies that § < Sp. Let us prove this fact directly. Indeed we use (from the
equation of T, (9.2.19))

1 1

I'(Sp) < 1-aF(Sy) 1—a+aF(Sy)

It follows that

_ c(l—a)+ah - _

F(So) < —alc—h) = F(3),
from which we deduce Sy > 5. On the other hand Sy is not necessarily comparable
to PP
© c(l—a)

9.2.3. K-CONVEXITY THEORY. When K = 0, we also proved that the
solution was convex. The Base stock property of the optimal feedback was an easy
consequence of the convexity, the continuity and the fact that the minimum solution
tends to oo as x T co. The properties on u were a consequence of similar properties
of the increasing sequence u,,.

In the present context the minimum solution cannot be convex. Fortunately this
property can be replaced by another one, the K-convexity. This will be sufficient,
together with continuity and growth to co at co to guarantee that the optimal feed-
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back is described by an s, .S policy. This is the way the s, .S policy is proven in the
literature, since the seminal work of H. Scarf, [35]. We have seen in the previous
section that the techniques of impulse control allow to obtain the result, without
using K-convexity. L. Benkherouf, [3] has also considered a similar approach in the
case of backlog, which will be considered in the next section.

There is however an additional difficulty, due to the fact that the function is
only defined on positive arguments. So we have to clarify the properties of K-
convex functions defined only on positive arguments, which is not usually the case
in the literature.

A function f is K convex whenever, for a < b < ¢ we have

K+ 5(0)— 1) > =2 (8) ~ fa).

We need to consider functions defined on [0,00). In that case the property holds
for a > 0.

Theorem 9.5. Let f(z) be a K convex function defined on [0,00), which is con-
tinuous and f(x) — oo as ¥ — oo. Then, there exist numbers s,S with s < S
and

f(S) = min f(z)

s=01f f(0) < K+ f(95)

f(s) =K+ f(5), if f(0) > K + f(5)

f(z) is strictly decreasing on [0,s], if s >0
fla) S K+ fly),Vs<ax<y

PrOOF. The continuity and the growth condition imply the existence of S at
which the infimum is attained. If the minimum is attained in several points, we
take S to be the smallest minimum. Assume first that f(0) < K + f(S5), then we
have to prove only the last statement. Take any x such that 0 < = < .S. We shall
prove that f(z) < K + f(5). This will imply the result for z < S. The statement
is obvious whenever f(z) < f(0). So we may assume f(z) > f(0). If the statement
is not true, then we will have f(z) > K + f(S).

However K-convexity will imply
—x

K+ ()~ fl)> 2

(f(x) = £(0)),

and this leads to a contradiction. It remains to consider the case y > x > S then
from K-convexity we get

K+ J(y) ~ J(@) > T (f() = £(5)) > 0.

The case s = 0 has been completed. We may thus assume that f(0) > K + f(5).
Thanks to continuity, there exists s, satisfying the condition of its definition. If
they are many, we take the smallest value. Let 0 < x < s, applying K convexity
we have

0= K+ 1(5)~ f(s) > 2=

(f(s) = f(x)),

-
hence

f(z) > f(s),Vz < s.
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Now take 0 < 21 < 22 < s, by K convexity again we have

K+ £(8) — f(z2) > 222 (f(n) — f(22)),

T2 — X1

and since the left hand side is negative, we get f(x2) — f(z1) < 0.
Let now s < x < S we have

f(s) = f(x) = K+ f(S) = f(z) = (f(x) = f(s)),

which implies f(s) > f(z). Finally, for S < z < y we can write

K+ fy) - f@) > L2 (f(x) — £(S)) > 0.

S—x

r— S

x-S
The proof has been completed. O
Consider
hz) = it [F() + Ky,

then
Exercise 9.1. Show that

f(x), ifs=0

h(z) =4 f(s) =K+ f(S5), if0<az<s,
f(z), ifex>s

and that h(z) is K convex and continuous. Note that h(z) = f(max(s, z)).
Exercise 9.2.
Show that when s >0
h(z) < h(y) + K, Vo <y

We apply this theory to the functional equation (9.2.5). We set

G(n) = en+pE((n—D)7) + aBu((n — D)*),
then equation (9.2.5) can be written as
(9.2.32) u(z) = (h—c)z + 21;&{[(][791. +G(n)}-
We shall prove that

u(z), G(z) are K — convex.

Clearly G(z) T oo as z T 0o. In order to guarantee that G(z) is continuous, we shall
make the technical assumption

(9.2.33) f is continuous.

Exercise 9.3. Show that whenever (9.2.33) is satisfied, then Fu((y — D)%) is
continuous, hence G(y) is also continuous. Since G(x) is K-convex, continuous and
tends to co as x tends to oo, the optimal feedback is described by an s, .S policy.

Theorem 9.6. Under the assumptions of Theorem 9.8 and (9.2.12), (9.2.21),
(9.2.33) the solution of the functional equation (9.2.5) is continuous, K-convex
and tends to 0o as x T oo. The optimal feedback is defined by an s,S policy.
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PRroOOF. The only thing which has to be proven is the K-convexity. It is suffi-
cient to prove the K-convexity of the increasing sequence This is proved by induc-
tion. We note that

un+1(x) =(h—cz+ %22{]{][791 + Gn(ﬂ)},
with
Gn(n) = en+pE((n—D)7) + aBu,((n — D)7).
We prove by induction that the functions u,(z), G, (x) are K-convex. Assume that

they are continuous and — +0c0 as  — +o00. From Theorem 9.5, we associate with
G, (x) two numbers s, S,. We have the representation

Unt1(z) = (h — )z + Gp(max(x, s,)).

From exercise 9.1 we deduce that w,41 is also K-convex and continuous. Also
Un+1(2) = 400, as © — +oo. Then we have

Gni1(z) =cx+pE((x — D)") + a(h — ¢)E((x — D)T) + aEG, (max(z — D, s,,)).
The function
cr +pE((x — D) )+ a(h—c)E((x — D)") = (¢(1 — a) + ah)x + a(h — ¢)D
+p+alh—)E(x— D)),
is convex, and G, (max(z — D, s,)) is K-convex. It follows that G,y1(z) is K-

convex. It is continuous and — 400 as x — +oo.
This property is preserved, when going to the limit. O

9.2.4. PROBABILISTIC APPROACH. We are going to evaluate directly
the cost corresponding to an arbitrary s, S policy. We have the following

Theorem 9.7. Let Vi g be the control corresponding to an s, S policy, defined by
the feedback

(9.2.34) Vs =

)

S—z, ifr<s
{O, ifx>s
The corresponding cost is: For x < s
9(s) K+ Hy(S)

(9.2.35) Ta(Vas) = (h =)o+ 0+ Ty Tis = o)

For x > s, one has

9(s) K+ Hy(S)
(9.2:36) Lo(Vas) = (h=e)o Hofa) + {0 + (1= (1)l (=) ™
This function is continuous except for x = s.
PRrROOF. Let Vs 6 = (v1,--- ,vp---) and y1,Y2 -+ ,Yn - - be the corresponding

evolution of stocks. We have y; = . We begin by considering the case
I- x <s:

We then have v1 = S —x. We set 71 = 1 and we define the sequence of stopping
times
(9.2.37) Tht1 =Tk +1+inf{n >0| D, + -+ Dy qnn > S — s}.
Recalling the filtration 7" = o(Dy,- -+, D,),n > 1 We have the
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Lemma 9.5. The random times 1, are stopping times with respect to the filtration
F*=1. Moreover 1,41 —Tx —1 and D, , -, Dryn,n >0, are mutually independent
of F7*.

PRrROOF. We shall prove that
{e=n}eF" I n>1

We prove it by induction on k. The result is true for & = 1. Note that 7, > k.
Assume that the result is true for 7, we want to prove it for 7,41. It is sufficient
to assume n > k + 1, since otherwise the set is empty. If n = k 4+ 1 we have

{ep1=k+1}={m=k}N{Dy >S5 -5} c FF,
and the result is true. So we may assume n > k + 2. We then have

{1 =n} =({m=n—-1}N{Dn1 25 —s})
U2 {{m = 5} N {Dj+ - +Dp1 > S — s} N {Dj+---+ Do < S — s}
ﬂ{Dj"’"""Dn_Q < S—S}},

which belongs to F*~!, using the induction hypothesis. Let us now prove the
second part. Let £ be a random variable which is 7™ measurable. So {1, <, is
FP~! measurable, p > k. Consider next a random variable defined by the formula

‘b(Tk-l-l — Tk — 1)D7‘/€a"' 7DTk+m)a

where the function ® is deterministic. We must prove
(9.2.38)
E@<Tk+l — Tk — ]-7 DTk7 e aDTk+7n)£ = E(P(Tk’—‘rl — Tk — ]-7DTk7 et 7DTk+m)E€'

Call X = ®(mp41 — 7% — 1, D7y -+, Dryym). We have

EXE = 30 EB(Dy o Dy gennié
j=k h=0

o0 o
= Z Z E®(h,Dj,- -+ \Djym)le=iélp4.yp; i >5—sIpjr 4D 01 <5—s
=k h=1

+ZE‘I>(07DJ'7"' s Dy )y =D, > 5.
j=k
Since I, —;¢ is F7~1 measurable, we obtain

EX{ = ZZE(I)(}L’DW ’Dj+m)]IDj+'~'+Dj+hZS*S]IDj+'+Dj+h,71<S*SE]ITFj€
j=k h=1

+ Z Eq)(07 Dja e 7Dj+m)]IDj2575E]ITk:j£-
j=k
But

E®(h,Dj, - Djym)Ip 4D, p>5-s = E®(h,D1,- -+ ,\Diyn)Ip gDy, 55— s = An;

E®(0,Dj, -+ ,Djym)Ip,>5-s = E®(0,D1,- -+, Di4m)Ip,>5-5 = Ao,
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independent of j. Therefore

EX¢=Y " AuEC.
h=0

Moreover, applying this relation with £ = 1, we have also FX = ZZO:O Ap, and thus
EX¢ = EX E¢, which is the property (9.2.38). This concludes the proof of the
Lemma. g

We pursue the proof of Theorem 9.7. The ordering times of the control V, g
are the times 7. The inventory is then

Yo = (S = (Drp_, ++- -+ Drp 1)) VE > 2
and the order is
Ur, =8 — Y7, Vb > 2
We can next define the lost sales. At time 7, — 1, one has

LS; 1= (Si (‘D’f'k—l +e +D7k—1))_’Vk >2

We finally define the inventory between the times 74,41 and 7541 —1, if 711 —2 > 7%.
If 7441 — 1 = 7, we have naturally y;, y1 = yr,,,. Otherwise

y‘l'k—‘rl = SiDTk;

Yrpp—1 = S — (DTk +ee Dm+1—2)'
Therefore we can write

(92.39)  Jo(Vis)=(h—cz+K+cS+pY Ea™ ’LS,
k=2

+Y Ea™ N K + S+ (h - )yn,)
k=2

+hZEakal(aka+1 + 4 ka+Tk+1—Tk—1aTk+l7Tk71)~
k=1
=I+I1I+1I11

We begin by considering the term I11. We first note that

(9.2.40) Ynepr + -0+ ka+Tk+1*Tk*1aTk+17Tk72

1 —qmnm—l TR

R e DI DL
7=0 =0

1— o e+1—Te—1 T+l Tk —1 I _ qmevr—Te—1

a
=9 1—a B ZZ_; Drt 1—a '

Note that the first hand side is defined only when 7441 — 7% — 2 > 0, and must be
interpreted as 0, when 7441 — 7, — 1 = 0. However the right hand side is defined if
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Tk+1 — Tk — 1 > 0, and vanishes when 7,411 — 7, — 1 = 0. Therefore, formula (9.2.40)
is valid for 7441 — 7% — 1 > 0. From Lemma 9.5 we have

(9‘2'41) E[y‘f'k“'l et y7k+7k+1—‘rk-,—1a‘rk+l_Tk_2|]:‘rk]
1—af o al —
1—a > Di 1
1=0
where 0 = 79 — 2. Note that for k > 1,
Yo = (S - (DTk +ot D7k+7k+1*7k*1))+7

0

and
Oé‘rlﬁ»l—lkaJrl = lam T g (G — (Dy + -+ D‘rk+7'k+1*‘l'k71))+-
Therefore we can assert that
(9.2.42) Ela™ "y, |F* =a™ taEa® (S — (D1 + -+ Dite))*.
Similarly, for £ > 1
of’““_2LST,C+1_1 =TT el (g (D7, ++ 4+ Dy —7—1)) -
Therefore

(9.2.43) E[a™+72LS F5 ] =a™ 'Ea?(S — (D1 + -+ D140))".

Tk+1*1|
We can then assert that

I=(h-cz+ K+ cS—l—pZEaT’“_lEoze(S — (D14 -4+ D149))”;
k=1

II = Z Ea™ 'Ea’[a(K +¢S) +a(h—¢)(S — (D1 + -+ Do)
k=1

III_hakz:lEaTk 'E|S 1_a _ZDIH

el TR oy we get

Ea™+ 7! = Ea™ ' Faa?,

Using next a™+1 71 = o

and since Ea™ ! = 1, we obtain
(9.2.44) Ea™ ' = (Baa®)* 1 k> 1.
Collecting results, we can assert that
(9.2.45) J(Vss) = (h—c)x+ K +cS +
b Ba’la(K 1 ¢S) + alh— ¢)(S — (Dy + -+ Disg))t]

1—-Fax
1
+mE a’p(S — (Dy+ -+ Diyg))”

)
—l—ha(Sl @ a)]
11—«
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Lemma 9.6. We have

(9.2.46) Eaa’ =1—(1-a)(S —s)
(9.2.47) Ed’®(Dy + -+ Dyyy) =
1 o(0
faF(S —$)(®(S—s) —aE®(S —s+ D))+ %
1 S—s
+- / ['(z)(®'(z) — aE®'(z + D)).
0
PROOF. We can write
Ed? = Z a"ETly—,
= FElp,>g_5+ Z a"Elp 4..4Dyy>S—sID 44D, <5—s
n=1
= 1-F(S—s +Za FM(S —s) — FHD(§ — )

= Z a*(FM(§ — ) — FHD (5 — g))

1 1 oo
- —_(=_ np) (g _
- (oz 1> E a"F\'"(S — ),

n=0
and the property (9.2.46) follows. Next, we write
Ea®(Dy 4 -+ Dy1y)

= a"Elg—p®(Dy + -+ + D) E(D1)1p, >5«

n=0

oo
+Y a"BER(Di+ -+ Du)lIptipy s, 25-s 1Dyt D, <5

n=1

=E®(Dy)Ip,>5-s

+ > a"E®(Dy + -+ Dy)(Ip, 1t py<s—s — IpygpDyp<s-s)

n=1

= ECI)(D)]ID>S s

+Z / ™) (2)E®(x + D) d:c—zl /S “ £ (2)@ () d

— B®(D)Ipss_.
S—s S—s
+/0 I (2) E(x + D)da — g/o (T'(2) — af (2))D()dx
1 S—s
= E®(D) — —/ IM(z)(®(z) — aE®(x + D))dz,
0

(0%

and by integrating by parts we obtain (9.2.47). |
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We need now to compute

6 o
EZO[ZDH_[ = EzalDl_H]Igzl
=0 =0

= D+E Z ol DT>
=1

oo
N l
= D+EE aD1+l]ID1+~--D1+,<st
=1

= D+ DZalF(l)(S —5).
=1
Therefore

6
(9.2.48) EY a'Dyy = DI(S —s).
=0

We can now collect results to compute

(9.249) Jy(Vsg)=(h—c)x+ K +cS

1
e P Pt Do)
1 S
+m [(K - E(P + (h—c)a))(1 = (1 —a)I(S —s))
SO (50 -0)- D).
with .
B(x) = (p+ a(h— ))(S — o)t + <p+ 1_aa> N
We have .
'(z) =p+ ﬁ —(p+ alh =) Tgsa,
hence

P(S—s)—aE®(S—s+D)=(p+ah—c))(s—aE(s—D)")

H =+ an) (s -9 —aD (p+ ),

P (z) —aEd'(x+D)=(1—a)p+ha— (p+alh—:c)(1—aF(S—z))lss,.

We can then apply formula (9.2.47) to obtain, after rearrangements
1
Ed’®(Dy + -+ Dy1yy) = aS(p + alh —c))

féf(S —3) {S((l —a)p + ha) + sa(p —c)

—a(p+alh—c)E(s—D)" —aD <p+ 1h—a06ﬂ

S—s
+/ F@)e—p+ (p+ a(h—¢)F(S — z)]dx.
0
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Using this formula in (9.2.49) we deduce

K
J(‘/&S) = (h—C).T-FCS‘f‘m
— ot [eS(1—0) + 5(p— ) — (p-+ alh — €)) E(s ~ D)* — pD]
1 S—s
e, T@lempt 0ol )F(S - o)l

and equation (9.2.35) follows easily.
We now consider the case

II- = > s:

Now 71 > 2. We have the definition
71=2+inf{n >0/Dy + -+ D14, > x — s}.
Moreover
Y, = (@ —(D1+ -+ Dy _1))" LS;, 1=(x—(D1+-+Ds 1)),
and vy, = S — y,,. Moreover if 7, > 3, we have

y2 = z— Di;

Y = $—(D1—|—~--+D7—1_2).

By construction Dy + -+ D, _1 > x — s. Therefore y,, < s, and 7 is the first
ordering point. It is a F"~! stopping time. From 7; on the sequence 13,k > 2
is defined as in (9.2.37). The quantities y,,, LS, _1,vs, are defined as in the first
part, with of course 7y # 1 and given by the new definition. We can then write

(9.2.50) Jo(Vs,s) = Ty (Vas) + T2 (Vs s),
with
(9.2.51) Jr(Vys) = hx + hE(ays + -+ +a™?)

+Ea™ YK + ¢S+ (h— )y, ) +pEa™ 2LS,, 1,

(9.2.52) J2(Ves) = pZEaTk_QLSTk_l + ZEaT"_l(K +cS+ (h—0)yr,)
k=2 k=2

o0
—1 o —TR—1
+hZEOLTk (aka+1 4+ 4 ka-O-T;cH—m—lOlTkH Tk )
k=1

We begin with J2(V;,s), which is closely related to the computations of the first
part. We have

T3 (Vieys) = [T(S = 8)(g(s) — (K +cS)(1 — ) + K + Hy(S)] Y Ea™ 1,
k=1
and

> Eaqm—!
Ea* t= ———
kZ:l (1—-a)T(S—s)
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Therefore
K + Hy(S)

9 1] 9(8)
(9.2.53) To(Vas) = Bam ™| o = (K4 eS) + o v

11—«
Now 7, — 2 and 6 have the same distribution with S replaced with xz. So we can
write the formulas

1-(1-a)l(z—ys)

(9.2.54) Ea™™? = ;
(0%

(9.2.55) Ea™2®(Dy + -+ Dypr,_2) =
*lf(x —8)(®(x — s) —aFE®(x — s+ D))
‘1)(0)

(%

w1 [ r@@ ) - ape' e+ D))

It is then possible to compute J1(V; g), with calculations similar to those of the
first part and to obtain the formula (9.2.36). This concludes the proof of Theorem
9.7 O

It is clear from formulas (9.2.35) and (9.2.36) that one can optimize S indepen-
dently of x. It is sufficient to minimize the function

K+ Hs(x)

for x > s. It is easy to check that there is a minimum, and we can always take the

smallest minimum. Indeed, one has Z;(s) = K and Zs(x) — +oo as © — +oo,
1

since I'(x — s) — T 7% — +00. So in fact, there is only one remaining choice,
-«

the value of s. We can then define the function us(x) by the formulas

(9.2.57) us(z) = (h—c)z + Hs(z) + LSZX
1-1-a)(z—s9). . K+ H)
+ -« é>fs LE—s) ’ e
(9.2.58) ug(z) = (h—c)z + %
+ ! inf K—’_HS(@, Vr<s

1—aeée>s T(E—s)
There is a discontinuity for x = s, unless

o KHH(© _
e2s T'(E—s) ’

which is equivalent to the condition K + infe>s Hg(§) = 0. We recover the pair
s, S obtained by the analytic theory of Impulse Control, Theorem 9.4. So the
choice of s is dictated by a continuity condition of the cost function, and not by
an optimization (unlike the choice of S). However, we have shown in Theorem 9.4,
that the function defined by this s,.5 control policy is the value function and is
solution of the Bellman equation.

(9.2.59)
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9.2.5. INVARIANT MEASURE. The inventory, controlled by an s, S pol-
icy, remains in the interval X = [0,5], if the initial state y; = « € X. This state
space being compact, the process is ergodic. The situation is very similar to that of
section 3.6.1 of Chapter 3. The example developed in that section was in fact the
case of s = 0. The controlled Markov chain is defined by the transition probability

F(x)6 -, <.d if
(9260) WS,S(xadn) _ _(.Z') (77) + f(.Z‘ 77) n< 7, 1 T>s

F(8)6(n) + f(S = Iy<sdn, fx<s
To simplify notation we shall omit to mention explicitly the indices s, S. The oper-
ator ® = &, g associated to the Markov chain is (see Chapter 3)

(9.2.61) Do(x) = Ty [«p(O)F(x) + /Om o) f(z - n)dn]

+]Iac§s

B S
H(0)F(S) + / o) F(S n)dn] .

Even if ¢ is continuous the image ®¢(.) is discontinuous in s. Assuming for instance
F(S) > 0, suffices to imply the ergodicity, see Chapter 3. An invariant measure
m(dx) on X, must satisfy the equation

s s S
(9.2.62) /0 w(n)m(dn) = /0 /0 m(dz)m(z; dn)e(n), Ve(.) bounded.
From ergodic theory, we know that there exists one and only one measure solution
of (9.2.62). We postulate the form
(9.2.63) m(dz) = Ad(x) + B(z)dz,

where §(x) is the Dirac measure at 0. Since m(dz) is a probability, we must have
the relation

s
(9.2.64) A +/ B(z)dz = 1.
0
We introduce the integral equation
S — S
(9.2.65) 2(n) = f(f(o)”) + / Lpoy f(z — 1)2(z)dz,

and we look for solutions in the space B(0, S) of measurable bounded functions on
(0,.5). We have the

Theorem 9.8. We assume F(S) > 0. Then equation (9.2.65) has a unique solution
in B(0,S). Define next

F(S) ’
fOS F(z)z(z)dx + [; F(z)z(x)dx + fss F(S)z(x)dx

and B(z) = B(S)z(z),z € (0,5). Then the measure m(dzx) defined by (9.2.63) is
the unique invariant measure.

(9.2.66) B(S) =

ProOF. The map
2(.) = T(2)(),
defined by

B s
T()(n) = f(f(o)”) 4 [ Lt - )et@)a,
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satisfies

1T (21) = T(22)Il < F(S)llz1 — zll;
and from the assumption it is a contraction. Hence it has a fixed point. One checks
easily that the function B(x) satisfies

s
0267 B+ [ B@IIS ~ )~ fo - )Lesyldo = £S5~ ),
and we have
S

(9.2.68) A=F(S)+ / B(x)(F(S) — F(x))dz.
After rearrangements we have also

. f F(z)B(z)dz + F(S) [y B(x)dx

F(9) ’

B(n) = £(5 —n) (A <[ B(z)dx> - " fle ) Ba) Lo,

and for any function ¢(.) we can then check the relation (9.2.62). Hence m(dz) is
an invariant measure. It is the only one, by ergodicity property. O

Consider now the objective function (9.2.7), when we apply a control V =V, g
defined by an s, S policy. The inventory ¥, becomes ergodic so we have

s
(1- a)/ +(Vs,s)ms s(dx) = /0 [hx + (K +c(S—x)li<s
E(S—D) I,<s+ E(x — D)_]Ix>5)} ms,s(dx).

From the property (9.2.62) of the invariant measure, this expression is also equal
to

S
(9.2.69) (1- a)/ Vi.5)ms s(dx) = pD + h/o xms, g(dx)

/ (K + (¢ —p)(S — z))ms g(dz).

0
We omit in the following the indices s, .S to simplify notation. Using the definition
of the function g(x), see (9.2.13), we have also

1—a)/ V)m(dz) = (h—c)(l—a)/osxm(dx)—l—K/osm(dm)

+/0 (9(2)Tz>s + g(S)a<s)m(dz).

Using now the function H(z) which satisfies
H(z) = (9(x) — g9(s))Lo>s + aEH((x — D)"),

we obtain also
(9.2.70)

o B o g(s) K+ H(S) [*
/0 J:(V)m(dz) = /o ((h— )z + H(z))m(dz) + I — o + /0 m(dx).

1l—«
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Exercise 9.4. Show directly formula (9.2.70) from the formulas giving J,(V),
formulas (9.2.35), (9.2.36). One needs to prove that the function I'(z) satisfies the
relation

s S
(9.2.71) INCES s)/ m(dz) + (1 — a)/ Iz — s)m(dz) = 1.
0 s
Indeed, from the equation of I', one can state
(T(x—s)—DI,ss = al,~ ET(z — s — D)I,_s_p>o,
and also
I'S—s)—1=aFT(S—s—D)Is_s_p>o-
Therefore
Tz —8) = DIss + T s(T(S — 5) = 1) = [l ET(x — s — D)I,_s_pso
+]Ix§sEF(S - S D)]IS—S—D>O]'

Integrating both sides with respect to the invariant measure yields

/SS I'(e — 8)m(dz) +T(S — s) /0 m(dz) ~1=a /SS Hemsmidz).

where we have used the fundamental property of the invariant measure(9.2.62)
applied to the test function ¢(z) = I'(x — s)T;_s>0. This is the result (9.2.71).

9.2.6. PARTICULAR CASE. Consider the case f(z) = Bexp—pz. We

can then obtain analytic formulas. We first have

1

(9.2.72) I'(z) = T o T 1o &XP -B(1 — a)x,

then

(9.2.73) w(@) =c(l —a)+ah — (p— alc— h))exp —fx;

(9.2.714) g(z) = pD — W +(c(1 — o) + ah)z + p-ale—h) exp —fz.

The value § such that p(8) = 0 is given by

c(l—a)+ah

(9.2.75) exp —f5 = p—alc—h)

Next we have, for x > s

|1 iya(c(l —a)+ah)+ (p—a(c—h))exp—PBs| .

For s < 3, The number S is uniquely defined by the equation H'(S) = 0, namely
(9.2.77)

exp—p(1 —a)(§ —s) = c(1-a)+ah

alc(l —a)+ah)+ (1 —a)(p—a(c—h))exp—PBs’
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We deduce
(9.2.78) H(S) = W(s _s)
~(p—alc—h))exp—PBs — (c(l — a) + ah)
Bl —a) ’

and s is defined by the equation Hs(S(s)) = —K, assuming that Hy(S(0)) < — K.
The number Sy = S(0) is defined by

c(l—a)+ah
2. 81— S it
(9:2.79) exp (1 )8y = S oo
and the condition amounts to
c(l—a)+ah p—c
2. So — -K.
(9.2.80) T—a ) 5(1—a)<
Let us now turn to the invariant measure. The solution of (9.2.65) is
1, ifn>s
9.2.81 =
( ) ) {eXp —Bls—m), ifn<s
Then B(S) = % and thus
B :
7 ifn>s
1+3(5—s)’ exp —f3s
9.2.82 B(n) = Ao EPbs
( ) (n) Bexp—p(s —n) i< s 1+ B(S —s)
14+ 8(S—s) ’ -

9.3. INVENTORY CONTROL WITH FIXED COST AND BACKLOG

9.3.1. BELLMAN EQUATION. We consider the situation of section 5.2,
in which we add a fixed cost. The Bellman functional equation is given by

(9.3.1) u(z) = yig%[l(a:, v) + aEu(z + v — D)),

with

(9.3.2) I(x,v) = KTyso +cv+ha™ +pr~.

We write also (9.3.1) as

(9.3.3) u(r) = hat +pr~ + ig%[K]LDO + cv+ aBu(z +v — D)].

We define the ceiling function by the linear equation

(9.3.4) wo(z) = ha™ + pr~ + aEwy(x — D).

Recalling

(9.3.5) Dp(x) = Ep(x +v— D),

then

(9.3.6) wo(x) =Y a™ (@) (hat + pa7)(x),
n=1

and the series is well defined with
W . D
l—-a (1-a)?

(9.3.7) wo(z) < max(h, p) [
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Assumptions (4.3.1), (4.3.2), (4.3.6) are satisfied. So results of Theorems 4.3, 4.4,
4.5 are applicable. We can then state

Theorem 9.9. Under the assumptions (9.3.1), (9.3.5) the set of solutions of the
functional equation (9.3.3), in the interval 0 < u < wq is not empty and has a
minimum and a mazximum solution uw and w. The minimum solution is l.s.c. It
coincides with the value function. There exists an optimal control policy, obtained
through a feedback 0(zx).

We can check an estimate for the optimal feedback as in the case without fixed
cost.

Proposition 9.4. The optimal feedback satisfies

aK
1—a’

aD
9.3.8 )<z + —m—
(9:38) @) <2+ ol
PRrROOF. We begin by getting an estimate from below of the value function. It
is the same as in the case without fixed cost, with the same proof,

ha™t P haD
px aT_ap

The next step is to majorize u(z) by a convenient function. We do not use wo(z)
but the function w(z) solution of

w(z) = Klyco + (c+p)x~ + hat + aBw(z™ — D).
We have that u(z) < w(x). The following estimate holds

hzt K+ a(c+p)D
< - .
w(e) < (c+pla + 7o 4 T2
Now, going back to the functional equation (9.3.3), we minorize the quantity within
brackets on the right hand side, by using
hxt haD

ulw) 2 l—a (1-a)?

ht(p+c)(1—a)+

u(z) >

l1—«

We see that it is minorized by

ha™ P haD
px e

Therefore, looking for the infimum, we can restrict the controls v to the set

K4 +hx+ o haD -
v+ ——+prT - ——
1-a ' P (1-—a)? —

Using then the estimate on w(x), we deduce that we can restrict the set of v to be
bounded by the right hand side of (9.3.8). The optimal feedback must satisfy this
bound, hence the result (9.3.8).

We can then prove the uniqueness of the solution of (9.3.3) in the space Bj,
where

K+ cv+

11—«

w(zx).

u € By < [u(2)] <C.

O

Theorem 9.10. Under the assumptions (9.3.1), (9.3.5), the solution of (9.3.3) in
the space By is unique. The function u is l.s.c
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PROOF. As usual, we are going to check that the minimum and the maximum
solution coincide. Define the optimal control associated with the optimal feedback.

If we denote the optimal control by V' = {01, -+ , 0y, - - - } and the optimal trajectory
by {41, ,Jn, -+ } we must prove that V belongs to V, which means that

a’1Elg;| — 0,

as j — oco. However, from the estimate (9.3.8) and setting
aD aK
c=—""_1|n 1-
Tl a1 —a) +

)

11—«
we can state that
Unt1 < Zl];l_ +C,
hence
U1 <zt +nC.
On the other hand

Unt1 > — Dy —---— D,
Therefore
x—nD < Egni1 < zt 4+ nC,
and the condition is satisfied, hence the result. (I

9.3.2. 5,5 Policy. Our objective is now to obtain the optimal feedback. We
want to show that it is derived from an s, S policy.
First of all we introduce the operators

(9.3.9) T(u)(x) = hat + px~ + aBu(x — D),
and

(9310) M(u)(w) = inf [KL5. + (e = B)r™ =) = (p-+ )™ — )+ ulw)].

This operator is a little bit more involved than the one introduced for the case
without shortage (see (9.2.10). The variable cost from going to an inventory x to
an inventory 7 > x is positive, if the assumption ¢ > h holds, but is not a function
of the difference 1 — x, because the inventories do not have the same meaning when
they are positive or negative.

The functional equation (9.3.3) can be written as

w(x) = min[T'(u)(z), M (T (u))(x)],
and we see as in (9.2.11) that this is equivalent to
u() = minT(u)(x), M (u) (2)].

Define next

(9.3.11) g(x) = cx(l — &) + acD + ahE(x — D) + apE(x — D)™,
and
(9.3.12) 9s(x) = (9(z) — 9(5)) Lo

We then define the function Hy(x) by solving
(9.3.13) H,(z) = gs(x) + aEHq(x — D).
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We know that the solution is given by

(9.3.14) Hy(x) = go(x) + agsx [+ a"gs x [ (),

n=2

and using

P = [ e

and
[(z) =Y a"F™(x),
n=0
then we can easily verify the formula
(93.15) Hy(x) = [ Tl = Ou)de

with o = ¢’. The function I'(z) is the solution of the renewal equation (9.2.19).

Lemma 9.7. Assume

(%
9.3.16 h —
( ) <e<pr—

then the function Hs(z) attains its minimum for x > s. Taking the smallest mini-
mum, one defines a function S(s). If 5 is the unique value such that p(s) = 0,5 > 0,
then S(s) = s,VYs > 5. The equation

(9.3.17) H,(S(s)) = iI;f H,(n) =—K,

has a unique solution s < 5.
PROOF. It is similar to the proof of Lemma 9.4. We have
(9.3.18) g (z) = p(z) = c(1 — a) + ah — a(h + p)F(z).

Thanks to the condition (9.3.16) we can define § > 0 such that u(5) = 0 and
p(z) < 0,Ve < 5 and p(xz) > 0,Vz > §. Since I' is an increasing function, the
function Hg(z) is increasing in x, whenever s > 5. Therefore we can assert

n=s
So we limit the set of possible s to satisfy s < 5. Clearly for s < 5 <z

() = Hy(w) + [ Ta (e

We have again
1

Hy(2) 2 7——(9(5) = g(5)) + g(2) — 9(s).

Therefore Hy(x) — oo as x 1 oo. Since H.(s+) = pu(s) < 0 the function H,(z)
attains a negative minimum on (s, 00). We call S(s) the smallest minimum if there
are many. We have
H.(S(s)) = 0.
We have next
d

D H(3(9)) = 2L @)]509) = ~T(S(5) ~ 8)u(s) > 0.
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Also
H(S() < H(s) = [ Tl - (e

< 2 [ w(@ds = 166 - gt

Since g(s) — 400, as s — —o0, we have Hs(S(s)) — —o0, as s & —o0.

Hence the function inf, >, Hs(n) increases from —oo to 0, as s increases from
—o0 to §. Therefore there exists a unique s for which it is equal to —K. We can
find the pair s, S by solving the algebraic system

S
nsf@ma+/’NS—QMQM5=m
S S
| T - oute)ds = -k

We can finally state the O

(9.3.19)

Theorem 9.11. Under the assumptions (9.3.2), (9.3.5) and (9.3.16) the functional
equation (9.3.3) has a unique solution in By, which is continuous, tends to +o0o as
|x| tends to +00. The optimal feedback is defined by an s,S policy, which is a
solution of the system (10.3.22).

PRroOF. Having defined s, .S by solving (10.3.22), which defines uniquely s, and
then S, taking possibly the smallest value, we consider Hy(z) given by (9.3.15). We
will from now on drop the index s, and thus consider H(z). We then define

(9.3.20) w(z) = H(z) + hat + pz~ — cz + 19(_82['
Then u(z) satisfies

+ - _ g(s) <
(9.3.21) wz) = AP —er kT, a s

hat +pz~ + aFBu(zr — D), x>s

This function is continuous and tend to +oo as |z| — +0o0.
And also, from the choice of s, for x < s

u(@) = K+ nflu@) +(c~ h) (" —a) = (c+p)(n~ —a7)]
= K+ inffum) + - —2%) - (c+p)n -z
Therefore the function u satisfies

u(z) =

M(u)(z), Ve<s
T(u)(x), Var>s
So it remains to prove that
u(z) < T(u)(z), VYe<s
u(z) < M(u)(z), VYe>s
In terms of H the first inequality amounts to gs(z) > 0,Vz < s. This is true since
w(€) < 0,Vx < & < s < 8. The second inequality in terms of H amounts to

(9.3.22) H(z) <K+ iI>1f H(n),Vz > s.
n>x
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To prove (9.3.22) we first notice that for > s we have inf, >, H(n) > inf,>; H(n) =
—K. So the inequality is certainly true whenever H(xz) < 0. Consider then the
smallest number called zy for which H becomes positive. We have then

H(zp) =0, H(x) < 0Vz,s < x < xp.

We can claim that gs(xg) > 0. This follows from the relation gs(z¢) = —aEH (z¢ —
D) and the properties of xg resulting from its definition.

Let € > 0. We shall consider the domain z > xo—&. We can write the inequality

H(z) < gs(z) + aE(H(x — D)Iy_p>yy—e), VT > 29 — &,
which follows from the fact that
E(H(z = D)1y p<ay—¢) < 0.
Define next
M(z)=H(z +¢) + K.
Clearly M (xz) > 0. We can write thanks to this positivity
EM(x—D) > EM(x — D)l,_p>p,—¢)-
Now for & > ¢y — £ we have
H(z+¢§) —aBH(z +§ - D) = gs(z +§),
hence
M(z) —aEM(z — D) = gs(x + &) + K(1 — ).
Therefore we have
M(z) 2 gs(x + &) + aE(M(z = D)ly—p>aq—¢), V& 2 0 — &
We can claim that
gs($ + f) > gs(x),Vx > x0—&.

Indeed, note that gs(z + &) > gs(xg) > 0 since g is increasing on [5,00). So
the inequality is obvious, whenever z < s. If x > s the inequality amounts to
g(z + &) > g(x). This is true whenever x > 3, by the monotonicity property. So
it remains the case s < x < 3. But in this case ¢gs;(z) < 0 and the inequality is
satisfied.

Let us define Y (z) = H(z) — M (z). From the inequalities above we can state
that

Y(z) <aE(Y (xr — D)1y p>ap—c), V& > 20 — &,

and Y(zg — &) < —K.

These two properties imply Y (z) < 0, Vo > x¢ — & Therefore we have obtained
(9.3.22) V& > 2 — £ and in particular for x > x¢ as desired. So u is solution of the

functional equation (9.3.3) and thus is the value function. The feedback defined
from the s, S policy is optimal. O

Remark. Another proof of (9.3.22)
We will give another proof of (9.3.22), using an idea originated by [3].

PrOOF. We recall that
H(z) = gs(x) + aEH(x — D),

and we want to prove
H(x) < K + inf H(n).
n=x
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Define
B(z) = H(z) — inf H(n).
n>x
So we want to prove
B(z) < K.

For z < s we have

Consider the first point zy such that zy > s and H(z) =0, H(z) < 0,Vz < xg.
For s < x < xy we have

B(z) < —inf H(n) < —inf H(p) = K.
n2a n2s

It remains to consider the case x > xy. Assume that there exists a point 2’ > xg
such that B(z') > K. Then there will exist a point 2’ such that
s<mo <2, B(a)=0, Bz) < K, z <.
Define the point x3 such that
H(xz3) = inf H(n).

n>x’

The point z3 is uniquely defined as the smallest infimum beyond 2’. Moreover
x3 # o’ since

B(z') = H(z') — H(z3) = K.
Next define x5 such that

H(zz) = gggH(n) = ax H(n).

We take x5 the smallest maximum. Then we can assert that zo > z’. Indeed if
o < o’ then

inf H(n) < inf H(n),

n>ws n=>z’
and
H(xo) — inf H(n) > H(2') — inf H(n) = K,
n>x2 n>z’

which will contradict the definition of z’. Hence 2’ < 29 < x3. Moreover o # T3
since

H(z2) — H(xz3) > H(2') — H(z3) = B(2') = K.
Let us check now that
(9.3.23) H(z) — H(y) < H(z2) — H(xs), Vo <y < 3.
Indeed if z < 2’ then

H(x) = Hy) < H(a) — inf H(y) < K < H(za) = Hza).

Next if 2/ < x <y < z3 then
H(z) — H(y) < H(x2) — H(x3).
Collecting results we note

s<3<zyg <z <z < 3.
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Now
H(za) = g(z2) —g(s) + aEH(x2 — D);
H(z3) = g(z3)—g(s) + aEH(x3 — D),
and we have
g(x2) — g(x3) < 0;
H(xz2 — D) — H(zs — D) < H(x2) — H(xs),

from which, subtracting the equations we get H(z2) < H(x3). This is a contradic-
tion from the definition of x. O

We finally have the equivalent of Proposition 9.3

IA
I
e
3
S

Proposition 9.5. The function S(s) is decreasing, hence S(s) > §, if s
S(s) = S*, as s — —o0, with

p—(c=h)(1-a)
(1—a)(h+p)
PRrROOF. The first property is proven as in Proposition 9.3. The second property

follows from the first equation (10.3.22), which defines S(s). From the monotonicity
we know that S(s) 1 .S*. Then

(9.3.24) [(S*) =

r(s - su(s) + L=,

We can go to the limit in the first equation (10.3.22) and obtain

c(l—a)—ap s .
LU= athn) [ 05 -9 5©de 0.
— 0
then using the renewal equation, we get the formula (9.3.24). We can check directly
that S* > 5. Indeed using

rg e L __(-a)htp)
l—a+aF (5% < = .
)= 15 = p—(e=hi-a)
Therefore ( )
_ c(l—a)+ ho
aF(S")Y<(1-« .
R G
But, from the assumption (9.3.16), we deduce
l1-a 1

p—(c—h)(1—-a) = h+p
From the expression of F'(5), we obtain F'(S*) < F(5), and the result follows. [
Finally we can check the K —convexity property
Proposition 9.6. The function u(z) is K-conve.

PRroOOF. This is proven as in Theorem 9.6. One proves inductively that the
increasing sequence is K —convex, and thus this property holds for the limit. O

Remark. If one makes the technical assumption (9.2.33), then Fu(x— D) is contin-
uous, and the s, S property of the optimal feedback can be proven as a consequence
of the K —convexity theory, as in the proof of Theorem 9.6.
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Finally, consider the situation when

(9.3.25) c> 22

11—«

)

then the function Hg(z) is always increasing in x. Therefore S(s) = s, Vs. It follows
that the optimal feedback is o(z) = 0.

9.3.3. PROBABILISTIC APPROACH. As we have done in the case
without backlog, we are going to evaluate directly the cost corresponding to an
arbitrary s, S policy. We have the following

Theorem 9.12. Let V, g be the control corresponding to an s, S policy, defined by
the feedback

S — if x <
(9.3.26) Vs = z, fwss
' 0, ife>s
The corresponding cost is: For x < s
_ 9(s) K+ Hy(S)
9.3.27 Jo(Vss) = ha™ — .
(9.3.27) Vas) =hat tpa et 4 = a)r(s — 9)
For x > s, one has
(9.3.28) Jo(Vss) = ha™ +px~ — cx + Hy(x) + 19(8)
-«
K + H,(S)

+1-(1-a)(z— s))m.

This function is continuous except for x = s.

ProoF. The formulas are identical to the case without backlog, however the
functions g, H are those corresponding to the present case, see (9.3.11), (9.3.13).
The number s is real, and to simplify we take S > 0 and > s.

Let Vs,s = (v1,+ -+ ,vp---)and y1,y2, - -+ ,Yn - - - be the corresponding evolution
of stocks. We have y; = x. We begin by considering the case

I- £ < s<0:

We then have v; = S —x. We set 7y = 1 and we define the sequence of stopping
times

(9.3.29) Thp1 =T +14+inf{n >0|D, + -+ Dspqpp > S — s}.
Since S — s > S, we will also need another sequence of stopping times
(9.3.30) Opy1 =7 +1+inf{n>0| Dy + -+ Dryn > S},

and we have 7, + 1 < Op1 < Tpy1.

From Lemma 9.5, simply changing S — s into S, we see that for k > 2, 0 is
a stopping time with respect to the filtration F*~!. Moreover 6., — 7 — 1 and
D+, Dy 4n,n > 0, are mutually independent of ™. The ordering times of
the control V; g are the times 7. The inventory is then

y'rk - S_ (DTk,l + +D‘rk—1) S 57Vk 2 2

and the order is
Vr, =8 —Yr,,Vk > 2
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Let us consider the inventory between the times 74, +1 and 7541 — 1, if 741 —2 > 7%.
If 7441 — 1 = 7%, we have naturally y,, +1 = ¥yr,,. Otherwise, it is important to
consider the position of 0jy;. If 0,41 = 7 + 1, then the first inventory y,, +1 is
negative and all the inventories till 7,41 —1 are negative. If 7p 11 —1 > 011 > 7 +2,
then we have

Yrp+1 = S — DTk >0
Yopin—1 = S—(Ds +--+Dg,,,—2)>0
$< Yo = S—(D7k+"'+D9k+1_1)§0
S < Yrppi—1 = Si(D7k+“.+D7k+1*2)§0

If k11 = Tg41, the inventory is positive from 74 + 1 to 741 — 1.
Therefore we can write

To(Vas) =Y Ba™ (K +cS = (c+p))yr,)

k=1
fe%e] Tr+1—1
+ Z L7y >mit2 Z Oénil(hy;r + Yy, )
k=1 n=71r+1
We also can write
(9.3.31) Jo(Veg)=K+cS—(p+o)x
o0
+ Z Ea™ YK + ¢S — cyr,)
k=2
0k+1 1
+(h ""p)EZ ]Iok+1>7'k+2 Z oy
k=1 n=1,+1
Tk+4+1
DEY Y vy
k=1n=71+1

which we write as
Je(Vss)=K+cS—(p+c)z+ Zy.
Let us compute Z;. We first note that

Ok 11 1 — ofs+1—7e—1

Ez ]Iek+1>7'k+2 Z a” yn = E;a"—k_l |fga I—a

n=7r+1

Okir—mi—1 al _a9k+1_7k—11

~ Y Daua
— 11—«

Similarly one has

Thtl 1 — o™ +1—Tk—1

EZ Z a” :EiaT‘“llSa
k=1 n=rgp+1 k=1 l1-a

Th41—Tr—1

ol — aaTETTETL
— E D7k+l (0% .

11—«
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We also write

(oo}

- Trk4+1—Tr—1
> Ea™ NE+cS—cy,)=E) o™ taT (aKJrac 2 le) |
=0

k=2 k=1
From the independence properties we can write

Op41—Tr—1

1 — fr+1—7e—1 U qfkr—mi—1

« T
E SCET — Z D7k+[ « I—a |.F k
1—af d ol —af
“1T-a ; T e |
where 0 = 6, — 2. Similarly
1— aame—me—1 T ol —aamr T
BlSo—T—4—— = X Duna——F— 7"

1—aa? ol — aal
=F|Sa—— — D _
[ 11—« Z AT 1’
where 6 = 75 — 2. Finally

E

Tk4+1— Tk 1
a1 TR K+ ac E Dy, 11 ‘]—'Tk

0 <ozK+ozci D1+l>] )

=0

So we have

7, = EX, Ezoﬁv—l
k=1

and
EZa = Z (Baa?)k1,
k=1

and from Lemma 9.6

1
EZ“ T 1T (S—s)

Moreover

of d ot —
- E D14y
—« 1
1=0

6
1
X, =af (aK+ac§D1+l> +(h+p) | Sa 1

g 1— aa? ze:D ol — aal
— o—— — a—— | .
p 11—« — 1+ 11—«
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We recall
0
EY o'Dyy =DI(S —s),
1=0

and

0 _ 1 — S—s
Eaof ZDH_l =DI(S—s)+ (/ I(x)dz — (S — s)I'(S — S)) .
1=0 @ 0

Therefore, collecting results we obtain
EX1=K1-1-a)l'(§=35))—cS(1—a)I'(S —s)
+I'(S — s)(acD + sc(1 — &) + paD — pas)
s S—s
) ( JRCIE S> Het-a)-p) [ T
0 0
Note that

g(s) = acD + sc(1 — ) + paD — pas.
Moreover from the integral equation of I', (9.2.19) we have by integration

S
M) -5 = af NE-9F©E
0
S
— o[ Ts-0rE©d
since s < 0 and F(§) =0, for £ <0. Also

/ T rga = / (s - e

Therefore
S S—s
(v + h)( / P(€)dE — 8) + (c(1 — a) — pa) / P(¢)de
S
- / I'(S — €)[c(1 — ) — por + alp + h)F(€))de
S
= [ 15— oo
— H(S)
Hence

EXi=K(1-(1-a)(S—35))—cSA—a)T(S—s)+T(S—s)g(s)+ H(S).

It follows that K+ H(S) (&)
+ g(s
Z = — (K
LS A ar(S—s) T1oa  EF)

which implies
9(s) K+ H(S)
l-a (Q1-a)(S-3)’

Jo(Ves) =—(p+c)z+

and thus (9.3.27) is proved in this case.
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We now consider the case
II- s >0, x < s:

The stopping times 6 not relevant in this situation. However y(7) can be
positive or negative. We can write

J:(Vis) =K +¢(S —z)+ hat +pz~

+ Z Ea7k+1—1(K +c(S = Yry) + hy;f;+1 + pyT_Hl)

k=1
Tr4+1—1
1
+hE§ ]I‘rk+1>rk+2 § a” Yn-
n=71r+1

Operating as before we get

Trp1 -1 1 — q e+~ 71

0o
-1
Z ][Tk+1>7'k+2 Z a” Yp = kz_:loﬂ'k Sa 1—o

n=1r+1

Th+1 7Tkl l_ a‘rk+1‘rk1]
9

— Z D.,—k_;,_laa 1_a

and

o0
Z a7k+171(K + C(S - ka+1) + h’y"tﬁ—l +py;’<+1) -
k=1

Tk+177'k71

aK + ac Z D, 4

Tht1—Tk—1 + Tht1—Tk—1
+ah (S— > DT,CH> +ap (s— Z le) 1
=0

It follows that

[e'S)
E aTk—laTk+1—Tk—1

k=1

J:(Ves) = K +¢c(S — ) + hat + pr~ + Za,

with By
Ty 2
T A-—ar(S—s)
and
of
X2 = a ZDlJrl + h )
with

O(€) = aK +act +ah(S— &1 +ap(S—¢&).
To compute EXs we need to use the formula (9.2.47) of Lemma 9.6. After rear-
rangements we obtain

6
Eo’® (Z D1+l> =K(1—(1—-a)(S—5))—cS(1—a)T(S —s)

=0

“hsT(S — 8) + T(S — s)g(s) + H(S) + hS — h /S (S — €)de,
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and from previous results

S I

ERS

s
= shI'(S — s) —hS+h/ (S —&)d¢

Therefore
EXo=K+H(S)— (K+cS)(1—a)l'(S—s)+T(S—s)g(s) = EX;.

Hence Zs = Z; and we have again ((9.3.27).
We next turn to the case

IHI- 2 >0 > s
Now 71 > 2. We have the definition
71=2+inf{n >0|Dy + -+ D11 > x — s},
and we need to introduce
01 =2 +inf{n > 0|D1 + -+ + D14, > x},

and 07 < 71. We may write

T1—3

Jo(Vas) = ha+ BTy, >3 Y odF (hyfp+pyy,o) + Ea™ " (K +cS—(c+p)yr )+ Zi.
j=0

The number Z; stems from the same definition as Z;, see (9.3.31), except for the

fact that 71 is no more 1. Making use of independence properties one can check
that

71 =Z1Ea™ 1,

Now 71 — 2 has the same distribution as 6, except that S must be relaxed for z. It
follows that

(9.3.32) Ea™ ' =1-(1-a)(z - s).

We next write

7173
El. >3 Z a1+1(hy;'+2 +PYjita)
=0
91—3 T1—3
= (h+p)Elg>3 Yy o’ yjs —pEL >3 ) o? My
=0 =0
—2 012 01—2
ol —«
= (h+p)E - Z Dl_HOz ‘|
a—aa™? Tl2 a—aTlQ
—pFE |z BT Z Dijjo——m

Then

Ea™ YK +cS— (c+p)y.,) = FEa™!

T1—2
K+c¢S—{p+oz+(p+c) ZDHZ] .
1=0
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We obtain

K+ H(S)
(1—a)l(S—s) +1—a

Je(Vss)=Y1+(1—-(1—-a)l'(z—9)) [

with

9,—2 01—2 ol — fi—2
Yi:h$+(h+p)E ﬁ—ZDl_HOé

o — a2 w2 —aTlQ
—pE [ Z D1+lo¢

+E711

T1—2
K+c¢S—(p+ce)r+(p+co) Z D1+l] .
1=0

The expressions with 7 — 2 and 0, — 2 are expressed as similar ones before with
and 0, except that one replaces S with . Therefore

Yi=hz—cx+ (K+eS)(1—(1—a)l'(x—35))+g(s)'(x—s)
ween) ([ T =) e -a)—pe) [ T

We then notice that
(t0) ([ 1@ =) + (et =) o) [ Ti)tE = (o),

using the fact that s < 0, as we have done for H(.S) earlier. Collecting results we
obtain (9.3.28).
We turn to the case

IV-0> 2 > s.
We then have

T1—2

Jo(Ves) = —pz —pE Y o/ Ty + Ba™ (K + ¢S — cyr,) + Z1.
j=0
We see again that
Ju(Vs.s) = —px — cx + H(z) + g(s)I'(x — s)
+(K 4 ¢S)(1— (1 —a)T(z — 5)) + Z1,

and we again obtain (9.3.28).
It remains to consider the last case

V-z>s5>0.

With similar techniques we check that

Jo(Ves) = Yo+ Zy,
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with
Zy = Zy(1—(1—a)l(z—s))
= Z11-(1—-a)'(z—29))
B K+ H(S) 9(s)
and
7’172 )
Yo =hz+hEY o’y 0+ Ea™ (K +cS — cyr,) + (h+p)Ea™ y7,,
=0
SO
a— a2am—2 T1—2 ol — a2
Y, = E — D - =
>o=hxr+hFE |x - ; 1+1Q - ]
T1 2
a™™ 2@ (Z D1+l)
in which

®,.(8) =aK +ac(S —z)+ac€+ a(h+p)(z—§&) .
Note that z is simply a parameter here (playing the role of S before). By using
familiar techniques we can check that

Yo=hr—cx+H(z)+ (K+eS)(1—(1—a)l'(x—3))+T'(x—s)g(s),
and (9.3.28) is verified. This completes the proof. O

We have the same situation in the backlog case as in the case without backlog.
From formulas (9.3.27), (9.3.28) we see that one can optimize S independently of
x. It is sufficient to minimize the function

K + Hy(x)
Zs(x) = ——7,
+(@) I'(z — s)
for © > s. It is easy to check that there is a minimum, and we can always take the
smallest minimum. This is identical to the case without backlog. So in fact, there
is only one remaining choice, the value of s. We can then define the function u,(z)
by the formulas

(9.3.33) us(x) = —ca + hat +pr~ + Hy(x) + 19(—7521
(1-(1-a)l(z—s)). . K+ HE)
+ I—a égfs F(gfs)’ Ve > s
(9.3.34) us(z) = (h— )z + % +
! 1an+Hs(£) Ve <s

1—ag>s r¢—-s)’
There is a discontinuity for x = s, unless
o K+ H,(6)
9.3.35 inf ———2= =0,
( ) e2s (€ —s)
which is equivalent to the condition K + infess Hg(§) = 0. We recover the pair
s,.S obtained by the analytic theory of Impulse Control, Theorem 9.11. So the
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choice of s is dictated by a continuity condition of the cost function, and not by
an optimization (unlike the choice of S). As for the case without backlog, we have
shown in Theorem 9.11, that the function defined by this s,.5 control policy is the
value function and is solution of the Bellman equation.

9.3.4. INVARIANT MEASURE. We have already obtained the invariant
measure in section 3.6.2 of Chapter 3. We recall the result. The state space is
X = (—0, 5] and the invariant measure has a density with respect to Lebesgue’s
measure given by

F(S=m)+[2 2(z) f(z—n)da

S )
(9.3.36) m) =4 T .
EEoT its<n<S

ifn<s

where the function z(n) is defined in s, S as the unique solution of the integral
equation

S

(9.3.37) A = FS=n)+ [ s@)fe—mds, s<n<s,

which has a unique solution in B(s, S), if F(S) < 1.
Consider now the objective function J;(V; g), when we apply a control V- = Vs ¢
defined by an s, S policy. The inventory y,, becomes ergodic so we have

s s
(1—a)/ Jm(Vs,S)m&g(x)dm:/ [ha™ +pz~ + (K +c(S —2)) Lp<s|ms s (z)dz.

— 00 — 00

Note that the integrals are well defined, in view of the fact that D is finite, see also
(9.3.38) below.
Also

S

S
(1- a)/ Jo (Vs g)ms s(x)dx = / [(1—a)(ha™ +pz~ — cx)

— 00 —00

+H(K + (S — 2))Iy<slms,g(x)dx

S
+/ [c(1 — a)z + alha™ + pz~)]ms s(x)d.

— 00

We omit the indices s, .S to simplify notation. Recall that
g(z) = cz(1 — a) + acD + ahE(x — D)* + apE(z — D).
It follows that

9(2)Mss + () Tocs = ¢(1 — @)z + acD + (1 — a)(S — ) M<s
+ahE(x — D) 1~s + ahE(S — D) 1, <
+apE(x — D) Tyss + apE(S — D) I, <,.
On the other hand, from the equation giving H(x), see (9.3.13), we have

g(m)]la:>s + g(S)]Ia:SS = H(m) + H(S)]IISS + g(S)
—a[EH(z — D)oy + EH(S — D)T,<,).
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Integrating with respect to the invariant measure, and making use of its fundamen-
tal property we get

S
/ (9(2)Toss + 9(S)Lp<s)m(z)da

—00

= acD + /S [c(1 — o)z + aht + ap”|m(z)dx

— 00

+c(1—a) /_S (S — z)m(x)dx

S ~ S
=(1-a) /_ H(z)m(z)dx + g(s) + H(S) /_ m(z)dz.
Therefore
S S
(1- a)/_ Jo(V)m(x)de = /_ (1—a)(hat +pz~ — cx + H(x))m(z)dx

+(K + H(S)) /_Oo m(z)dz + g(s) + ca [/_;(S —z)m(z)dx — D} .

Now we use the property

(9.3.38) D= /S (S —z)m(z)dx.

— 00

This follows from writing

s s
/ xm(z)dr = / [M;>sE(x — D) + 1,<,E(S — D)m(z)dx,
which is a consequence of the fundamental property of the invariant measure.
Therefore, we obtain

s s
(9.3.39) / J:(V)m(z)dx = / (hat +pz~ — cx + H(x))m(x)dx

oo

— 00

o) | K+HE) [
i /O (2)da.

11—« 11—«

We can show directly formula (9.3.39) from the formulas giving J,(V'), formulas
(9.3.27), (9.3.28). Omne needs to prove that the function I'(x) satisfies the relation

s S
(9.3.40) (S — 8)1 m(dx)+ (1 — a)/ I'(x — s)m(dz) =1,

[e.e]

which is similar to (9.2.71).

9.3.5. PARTICULAR CASE. Consider the case f(z) = Bexp—pfz. We
recall that

1 !
(9.3.41) I(z) = T 1_g %P —8(1 — a)z,
then
(9.3.42) w(x) =c(l —a)+ah —alp+ h)exp —Bz™,
and

+p

(9.3.43) g(z) = c(1 — )z +a(hz® +pr~) +alc+p)D + ozh (exp —Bzt —1).
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The value § > 0 such that u(5) = 0 is given by
c(l—a)+ah

(9.3.44) exp —f5 = alp+ )

)

thanks to the assumption (9.3.16).
Next we have, for x > s

H'(z) = ¢(1 — a) + ah — a(p + h) exp —Ba™
+1 f‘a(ca —a)+ah)[l —exp—B(1 - a)(z — 3)]
a8+ 1) exp (1~ e

exp —Baxt — exp —fas™
Pa '
For s < 5, The number S is uniquely defined by the equation H'(S) = 0.
Let us now turn to the invariant measure. The solution of (9.3.37) is z(n) = 3
and

exp—fF(1 —a)z™ —exp—B(1 — a)s™
B —a)

B

(9.3.45) m(n) = };:xg(fﬁ_(;)—’n)

1+8(S—s) '

ifs<n<s

ifn<s



CHAPTER 10

ERGODIC CONTROL OF INVENTORIES WITH
SET UP COST

In this chapter, we shall consider the situations studied in the previous chapter,
in the case a — 1.

10.1. DETERMINISTIC CASE
10.1.1. SETTING OF THE PROBLEM. We consider the functional equa-
tion

10.1.1 o =h inf [KT, > a — D),
( ) Ua () x+v2(§71>+[ >0+ v+ aug(z + v )]

in which we have emphasized the dependence in a. We know that the optimal
feedback is given by
0, ifx>D

(10.1.2) f}a($) {D(iﬂ’a + 1) —x, ifx<D

where k., minimizes

K +c(k+1)D+ ahDF, (k)
B 1— aktt ’

)\u(k)

where

oMt — (k+1Da+k
(1-a)? '
We want to study the behavior of u,(z) and 0,(x) as a — 1.

Fulk) =

10.1.2. CONVERGENCE. We define the integer k which minimizes

K k

10.1. =— D—
(10.1.3) A1 (k) k+1+h 5

over k > 0. We next define
(10.1.4) = ¢D 4 Ay (k),

then we can state the following convergence result

Theorem 10.1. We have the properties, as o — 1

(10.1.5) 00 = (1 — a)ua(0) = p;
(10.1.6) 2a () = ua () — ua(0) = z(z),
with

| (h o)z, ifx <D
(10.1.7) z(z) = {hx —p+zlz—D), ifzx>D

133
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We also can write

(10.1.8) z2(x) +p=hx+ >(il£1f )+[Kﬂv>o +cv+ z(x+v— D),

and the pair z(x), p given by (10.1.11), (10.1.4) is the unique solution of (10.1.8).
Moreover the optimal feedback is

79(){o, ifz>D

(10.1.9) \D(k+1)—z, ifz<D

PRrROOF. The solution of (10.1.11) is simply

(10.1.10)  2(kD+¢€) = hD@ +Eh(k +1) — kp,¥0 < € < D;
Ak + 1Dy = apEENEER g,

where again z(((k +1)D)™") represents the limit to the right at point (k+ 1)D. We
know that R
ua(0) = Aka),
and it is easy to check that
(1 =)Ao (k) = eD 4+ A (k), VE.

This property carries over to the infimum,

ko — K,
which proves (10.1.5). By definition,
(h— )z, ife <D

10.1.11 () =
( ) 2a(@) {hx—pa—i—za(x—D), ife>D

Thanks to (10.1.5), the convergence of z,(x) to z(x) follows easily. To prove
(10.1.8), one looks at (10.1.1), which can be written as

(10.1.12) Z2a(®) + po = hz+ inf [Kl,50+ cv+ azq(x+v— D).

v>(D-z)*
We note the relation
(10.1.13) po = K + De(kq + 1) + azo (ko D).
Denote
Guo(z,v) = Kls0 + ¢(v + z) + azo(z +v — D),

and

Go(z) = vZ(iana:fr Go(z,v) = Golz,04(x)),

and similarly
G(z,v) = Kl,s0+c(v+z) + z(x + v — D);
G(z)= inf G(z,v) =Gz, (z)).

v>(D—z)t
We claim that

(10.1.14) Ga(z) = G(x).

Indeed, when x > D, Go(z) = Go(x,0) — G(x,0) = G(x). When = < D, then
from (10.1.13) and the expression of 9, (z)

Gao(x) = po — p = G(z).
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We can pass to the limit in (10.1.12) and obtain (10.1.8) and (10.1.9). The proof
has been completed. ]

10.1.3. INTERPRETATION. The interpretation of p is easy. Consider an

inventory evolution
Yntl1 =Yn tvn — D, y1 =0,
and use the following policy. Order at time 1, v = (k+1)D (we must put an order
otherwise the inventory will become negative, which is forbidden). We then order
nothing till the inventory becomes 0. This occurs at time k 4+ 1. The cost of this
policy is
k(k+1)

K +eD(k+1) +hD=-—,

and the cost per unit of time is

hDk
K py PR
rrl YT

So p is the minimum average cost. Concerning z(z), we can refer to (10.1.8) and
interpret it as a Bellman equation. Considering the evolution

Ynt1 = Yntvn—D, y1=uw
vy > (D~ yn)+
and the cost functional
(10.1.15) Jo(V) = [KTy, 50+ cvn + hyn — pl,
n=1

then one has
z(z) = ir‘}f J (V).

Remark. If we consider the equation (10.1.3) which defines A1 (k) and make the
change of variable ¢ = Dk, we obtain, making the approximation D(k + 1) ~ ¢,

~ KD h
)\1(]?) = )\1((]) = T + ?q,

and we recover the cost which has led to the EOQ formula, see section 2.2.1.

10.2. ERGODIC INVENTORY CONTROL WITH FIXED COST
AND NO SHORTAGE

10.2.1. STATEMENT OF THE PROBLEM. We consider the Bellman
equation

(10:2.1) ua(2) = (b= c)a+ inf {K Lo+ e+ pE((7— D)) + aBua((n — DY)},

studied in section 9.2. Define

(1022)  ga() = (p—ale — h))E(@ - D)* — (p— )z +pD,
and
(10'2'3) ga,s(aj) = (ga(m) - ga(s))]IxZSa

(10.2.4) Hg,s(x) = Z an—lga,s « f*("_l)(x).
n=1
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Let f1a(x) = gh (), then

(10.2.5) Hoa(@) = [ Talz = Opa(€)de,
where ', () is the solution of the renewal equation
(10.2.6) Ta(z) =1+ a/ Flz — OTu(€) de.
0
We define the function S, (s) such that
(10.2.7) ir;f Ha s(n) = Hy s(Sa(5)),
n>s
and the pair s, S, is defined by the relations
(10.2.8) inf Hes, () + K =0, Sa=Sa(sa).
n>sa
We know that
(10.2.9) 0< Sa < 5a,
with
(10.2.10) c(l1—a)+ah—(p—alc—h))F(5,) =0.
Finally
(10.2.11) Ua(x) = He s, (2) + (h — c)z + 91“892).

We want to study the behavior of u,(z) as a1 1.

10.2.2. CONVERGENCE. We shall make the assumption
(10.2.12) F(z) < 1,Ya.
Thanks to the assumption (10.2.12) the function I'y () converges to I'(x) where

D(z) =) F™(a).
n=0

‘We note that

1
I'zr) < ———
@) < T =F@y
and I'(z) is the solution of the renewal equation
(10.2.13) INz)=1 +/ flx—&T(&)de.
0

We have next
(10.2.14) po(x) = p(x) =h — (p—c+ h)F(z).
Similarly

nle) = gla) =l +pD—(—c+h) [ P
(10.2.15) =hz+ (c—h)D+(p—c+h)E(x— D)~

The function

(10.2.16) H, s(x) = Hs(x) = /w INCEFITI IS
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Assuming (9.2.12) we define 5 such that u(s) = 0, and u(s) < 0,0 < s < 3,
w(s) > 0,Vs > 3.

Lemma 10.1. The minimum of Hs(x) for x > s is attained in points strictly larger
than 5. Moreover min,>4 Hy(z) < 0.

Proor. Unlike what has been done for H, s(x), we cannot rely on the fact
that Hy s(x) — 400 as & — 4o00. This is because I'(z) is not a priori bounded like
I'y(x). For s < 5, we can assume that s < §,. Therefore we have

5§ < 54 < 54(8) < S4(0).
Recalling that

p—alc—h)
To(Sa(0) = 2= — 1
(5a(0)) p—alp—h)
we can assert that S,(0) — S(0) solution of
(10.2.17) (5(0)) = 1%”.

Therefore we can extract a subsequence of S, (s) which converges to S¥. Clearly
s <5< 8<S5(0).
Clearly Hg 5(Sa(s)) — Hs(S%). Since Hy 5(Sa(s)) < Hys(z),Yo > s, we get

also Hs(S¥) < Hs(z),Yx > s. Therefore Hs(S*) = inf,>, Hs(x). So the infimum
is attained. Since H.(s+) < 0, the infimum is not attained in s and is strictly

negative. Note that S is solution of the equation

53
(10.2.18) DS~ ) + (- c+1) [ T(S - 7€) de =0,
and thus we cannot have S} =5, if s < 5. O

We then define in a unique way the smallest minimum, called S(s) and S(s) > 5.
Moreover S(s) = s,Vs > 3.
We have again

%HS(S(S)) =—I(S(s) —s)u(s) >0,0 < s < 5.
The function H,(S(s)) increases from Hy(S(0)) to 0 when s goes from 0 to s.
Assume
(10.2.19) Ho(S(0)) < —K,
then there exists a unique s such
(10.2.20) H,(S(s)) = —K.
Theorem 10.2. We assume (9.2.12), (10.2.12), (10.2.19), then we have
(10.2.21) Sa =8, Sa —5;
(10.2.22) Ug(x) — % — u(z) = H(z) 4+ (h— ¢)z.

Set p = g(s), then p > 0 and one has
(10.2.23) u(z) = (h —c)x — p+ inf [K1,~, +cn+pE(n— D)~ + Eu((n—D)")].
n=x
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PROOF. We use again the fact that S,(s) is decreasing, see Proposition 9.3.
Hence S, = Sa(sa) < Sq(0), which remains bounded. We have S, (0) — S(0) = S
(to shorten the notation). Also Hg 0(54(0)) — Ho(So). Therefore, from the as-
sumption (10.2.19), we can assume that, for « sufficiently close to 1, H, 0(S.(0)) <
— K. Therefore the pair s,,5, is well defined, and these numbers remain bounded.
So we can extract a subsequence which converges to s*, S*. From the expression of
H, s(z), we easily deduce that H, s (So) = —K — H,~(S*). From this one obtains
that s* = s, §* = S, defined by equations (10.2.20), (10.2.18).

Note that

(10.2.24) g(z) = ha +p/

x

F@d+ (= n) [ Fe)de

0
so it is a positive function, thanks to the assumption (9.2.12). Hence p > 0. Clearly

(1 — @)ua(x) — ga(sa) = 0, as a 11,
hence
(1= a)ua(z) = p=g(s).

We recall that we have also

H(z) + p = g(z) + EH((z — D)"), Vo > s;

H(z) =0,Vz <s,

where H(xz) = H,(z), defined by (10.2.16), for the specific s, limit of s,.
Let us check that these conditions can be summarized into

(10.2.25) H(x)+p =+ inf [K1yss +g(n) + EH((n — D).
n=x
If (10.2.25) is satisfied, then the equation for u (10.2.23) follows immediately, using
the definition of g(z).
Let us check (10.2.25). Take first + < s. Then H(xz) = 0. If we express the

right hand side of (10.2.25), then we have to consider the case n = z and n > z.
For n = = we have

—p+g(x)+ EH((x — D)") = g(z) — g(s) > 0,
since < s < 5. On the other hand for x < 1 < s we have
—p+ K +g(n)+EH((n—D)")=—p+K+g(n),
which is decreasing. Therefore
—p+ K+ inflg(n) + EH((n - D)")]
= —p+ K+ inf[g(n) + EH((n — D)")]
=—p+ K+ nf[H(n) +g(s)] = 0.
Hence (10.2.25) is verified for x < s Assume x > s. Then
(10.2.26)  —p+ inf [KTyso +g(n) + EH((n — D)")] = inf [KTy50 + H(n)].
But, from (12.5.3) we have, denoting Hy(z) = Hq s, ()
H,(z) < K+ TllgfI H,(n),Vo > s4.
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But H, s, () — H(z), We pass to the limit and obtain
H(z) < K+ iI>1f H(n),Vx > s
n=x

and the right hand side of (10.2.26) is H(z). This completes the proof of the
Theorem. d

10.2.3. PROBABILISTIC INTERPRETATION. We give now the in-
terpretation of p and of the solution u(z) of (10.2.23). We first associate to an s, .S
policy an invariant measure m g(dx). Moreover the infimum in equations (10.2.23),
(10.2.25) is attained by a feedback ©(z) associated to an s, S policy. We still denote
it s,.5 to save notation.

It is convenient to notice that

(10.2.27)  l(x,v) =pD + (h — p)x + Ly=o(K + (¢ — p)v) + pE(z + v — D)7,
and
(10.2.28)  I(z,9(z)) = pD+ (h—p)x+ Lics(K + (c —p)(S — 2))
+p[o<s E(S — D) + Los  E(z — D),
and (10.2.23) reads
(10.2.29) uw(z) = l(z,0(z)) — p+ Eu(z + 9(x) — D).
Let us denote by m;()(dz) the invariant measure mg s(dz), for consistency of no-

tation. It follows from (10.2.29) that

(10.2.30) p= /Z(x, 0(x))my(.y(dr).

Note that the state space of mg(y(dx) is [0, 5] but can be taken as [0, 00) to work
with a fixed state space. Now define the set U, of feedbacks such that

(10.2.31) Uy, = {v(.) > 0|3M such that z + v(z) < max(z, M)}.

If v(.) € Uy, necessarily v(z) = 0, if > M. The Markov chain, controlled with
the feedback v(.) is ergodic with state space [0, M]. We denote the corresponding
invariant measure by m,()(dz). Note that a feedback defined by an s,.S policy
belongs to U,. We then have

Theorem 10.3. We make the assumptions of Theorem 10.2. We have

10.2.32 = inf |1 O (da),
(10.2.3) p=int [ 1o 0(@)my, (o)

and there ezists an optimal feedback, defined by an s, S policy. This s, S policy has
been defined in Theorem 10.2.

PrOOF. Consider a feedback v(.) in Up,. From (10.2.23) we can state
(10.2.33) u(z) + p < l(z,v(z)) + Bu((z +v(z) — D)T).
Integrating with respect to the invariant measure m,)(dx) yields

p< / Uz, v())mag (da).

Taking account of (10.2.30) the result follows immediately. O
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Remark 10.1. Let J, ;(v(.)) be the cost functional with discount « for a controlled
Markov chain, with control defined by a feedback wv(.) belonging to U,. From
Ergodic Theory we can claim that

(10234) (1 - Oé —> / 57 mv()(df)
Therefore we have also

10.2.35 = inf lim(1l—a)dsz(v(.)).

( ) p= M, Jim(1=a)fas(v()

Let us also give the interpretation of the function u(z). Let us pick a feedback in
Uy. Let us denote by y,,, v, the corresponding trajectory, with

Yn+1 = (yn + vp — Dn)+ Un = U(yn); y1=x.
Lemma 10.2. We have the property

(10.2.36) Eu(yy,) — /u(m)mv(,)(dx).

PROOF. The integral is well defined because the function u(z) is continuous
and the range of m,(dx) is [0, M]. In fact (10.2.36) will hold for any continuous
function. By taking positive and negative parts of u(xz) we may as well assume

that u(z) > 0. Consider the sequence u.(z) = & We note that 0 < y,, <
1+ eu(x)
max(z, M). So Eu(y,) < co and we can write
u?(Yn)
10.2.37 Eul(y,) = Bue(yn) + e ———F—,
( ) (Un) = Euc(yn) + € T+ eu(y)
and M < C = maxee|o (2, M)] u?(€). If the initial inventory x > M, we
1+ GU(yn) = ,max(x, )
note that
{1 >M} ={D1+---+ D, <z — M}
Therefore
P({gns1 > M}) = F™(x — M) < F"(z — M).
Now

lim sup Eue(yn) = limsup Fue(Yn+ny) < P(ynO > M)+limsup Ely, _,, te(Yntn,)-

n—oo n—oo n—oo

1
From Ergodic Theory, using the fact that u.(z) is bounded (by —) we have
€

E]IynOSMue(ynJrnO) — /ue(x)mv(_)(dx), as n — 00.

Therefore {
lim sup Fue(yn) < /us(x)mv(,)(dx) + EP(yn0 > M).
n—o0
Letting ng — oo we obtain

lim sup Fue(yn) < /ue(x)mv(,)(dx).

n—oo

On the other hand, we have also

liminf Fu(y,) = hm 1nf Eue(Yntn,) > liminf ET,

n—oo n—oo

o<M Ue (yn-‘rno ) .
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Therefore
liminf Fuc(y,) > /ue(:z)mv@(d:z).

n— o0

Hence
Euc(yn) — /ue(:z)mv(A)(d:E),

as n — 00. Letting now € — 0 and using Fatou’s Lemma we deduce

/ue(:z)mv(.)(dw) — /u(x)mv(_)(da;).
On the other hand, from (10.2.37), we have
| Eu(yn) — Eue(yn)l < Ck,

hence
lim sup Fu(y,) < /ue(ac)mv(‘)(dx) + Ce.

n— o0

Letting ¢ — 0, we get

lim sup Eu(y,) < /u(a:)mv(_)(dm).

n—o0

Now,

liminf Fu(y,) > liminf Eu.(y,)
n—oo

n— 00

/ ue(@)my ) (do).

Letting € — 0, and using Lebesgue’s Theorem we obtain

lim inf Fu(y,) > /u(a:)mq,(_)(d;rﬁ

n—o0

and the result follows.
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O

Let us consider a feedback v(.) € U, and let us consider y, v, the corresponding

trajectory
Define

n

(10.2.38) Trw() =Y E(l(y;,v;) — np.

j=1

We then assert

Theorem 10.4. We make the assumptions of Theorem 10.2. Then JI(0(.)) has a

limit as n — oo and

(10.2.39) u(z) = ILm J2(D()) +/u($)m@(‘)(d$).
Moreover, for v(.) € Uy, J*(v(.)) is bounded below, and on has

10.2.40 = inf liminf J! (v(. o) (d .
(102,40 ) = int - fimint Z200) + [ e (as)|

PROOF. From equation (10.2.29) we check easily
u(@) = J;'(0(.) + Eu(fn1),

and from (10.2.36) we deduce easily the property (10.2.39). Similarly, considering

any feedback, which belongs to Uy, we can write using (10.2.31)
u(@) < J(v() + Euyni1)-
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Using again (10.2.36), we obtain that

u(z) < liminf J7'(v(.)) + /u(w)mv(,)(dx),

n—oo

and the property (10.2.40) follows. O
We see that the function u(.) enters in the definition of the objective function.

10.2.4. PARTICULAR CASE. We consider the particular case of an ex-
ponential distribution f(x) = Bexp —fz. The solution I'(x) of the renewal equation
(10.2.13) is easily seen to be

(10.2.41) I'(z) =1+ pz.

Next we have

(10.2.42) w(z) =h—(p—c+h)exp—Px,

and

(10.2.43) g(x) = hx + % — %(1 — exp —fx).

We then compute, for x > s

(10.2.44) H(z) = /zr(x—é)u(é‘)dé

h
= h(z—s)+ %(z —8)2—(p—c+h)(z—s)exp—Ps
The number § satisfies u(5)=0, hence
h

10.2.4 5= ——.

(10.2.45) exp —f35 S eth
We thus consider 0 < s < 5. We define S(s) by H'(S) = 0, hence
(10.2.46) h+pBh(S—s)—(p—c+h)exp—8s=0.

This equation has a unique solution S = S(s), for s < 3, and one easily checks
that S > 5. We next define the value of s. We need a condition, see (10.2.19). Let

So = 5(0). From (10.2.46) applied with s = 0, we obtain Sy = P—€ and next, from
o  (p—o)? .
formula (10.2.44), with s = 0, we see that Ho(Sy) = — 25h and the condition
on K is
(p—o)®
10.2.47 K
( ) <o

To define s, we must write the equation H,(S(s)) = —K. Using formula (10.2.44)
and (10.2.46) we check that

[(p—c+h)exp—ps — h)?

Hy(S =— ,
((s)) %
and we obtain easily the value of s, by

h+ V2B8hK

10.2.4 —fBs = .
(10.2.48) exp —f3s py—
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Thanks the condition (10.2.47) the right hand side of (10.2.48) is less than one, so
s < 5 is well defined. Using (10.2.48) in (10.2.46), we can check the formula

(10.2.49) Cs= /2;; J2ED QKD

Remark 10.2. If we compare with the deterministic case (10.1.3) where we had an
s, 8 policy with s = D and S = D(k+ 1), so S — s = Dk. The integer k minimizes

Pl + hDi. Assimilating k£ and k + 1 to the same real number, we obtain

2K 2KD
= “E and thus S — s = 5 which is exactly (10.2.49) with of course

D = D. So the ordering quantity is the same as in the deterministic equivalent, but
the ordering point s is not D. It takes into account the randomness, and also the
penalty when some demand is not satisfied. This cannot occur in the deterministic
case.

T

We can next obtain the number p = ¢(s). Using (10.2.48) we obtain

V2BhK

p=hs+ ° + L,
B B

and thus also

(10.2.50) p= % + 1S,

which is also equivalent to the deterministic case, see(10.1.4). Let us recover this
formula, by the probabilistic interpretation, Theorem 10.3. We will not take any
feedback in Uy, but only those defined by an s,.S policy. So consider a feedback
defined by an s, .S policy. We call it vs, 5. We consider the invariant measure of the
corresponding controlled Markov chain. We call it m, g(dz), see (9.2.82)

exp — s Bexp—Blz—s)”
10.2.51 ss(dr) = —————§ dz.
(10-2:51) mas () = T O T sy
Let us call I; s(z) = I(z, vs,s(x)). We check easily the formula
(10.2.52) lss(x) = (K —(p—¢)(S—2)ly<s +pD + (h — p)x
(10.2.53) +plyssE(x — D)* + pl,<sE(S — D).

This formula is general and is not limited to the particular case of exponential
distribution. We then compute the ergodic cost

S
JS,S = / ls,S(x)ms,S(dx)'
0

Making use of the property of the invariant measure, when integrating the last part
of relation (10.2.52), we obtain

(10.2.54) Js,s =pD + (K — (p— ¢)S) /0 ms,s(dx)

+(p—c) /OS xms s(dx) + h/os xms s(dz).
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We now use the particular case, in which the invariant measure is given by (10.2.51)

_ 1
and D = —. After some lengthy but easy calculations we get the formula

B
h p—c+h
C_§ K+T6prﬁ87ﬁ 1
(10255) s =52+ 55 ) +h(5(S — ) +9).

We can try now to minimize this expression in the two arguments s, S —s. We first
consider s fixed and minimize in S — s. We obtain the condition

p—c+h
(10256) K—i-iﬁ exp—ﬁs—% :i
o (1+B(5 —s))? 28’

which defines S(s). We can then compute J, = J, g(5). We obtain the simple ex-
pression

(10.2.57) Jy = % +hS(s).
Since we want to minimize J;, we find s such that S’(s) = 0. Now writing (10.2.56)
as
2 - h
(1+6(S—5))? = WﬁK + 2% exp —f0s — 1.

We differentiate this expression in s, and we take into account that S’(s) = 0. We
check easily that this implies

1+8(8—s)= Z%Mexp—ﬁs,

which is exactly (10.2.46). Using this relation in (10.2.56) and rearranging we
obtain
h
K = ?ﬁ(s - 5)23

which is (10.2.49). So the number p is the minimum of the ergodic cost, over all
possible s, S policies.
10.3. ERGODIC INVENTORY CONTROL WITH FIXED COST
AND BACKLOG

10.3.1. STATEMENT OF THE PROBLEM. We consider the Bellman
equation

(10.3.1) U (z) = —cx + ha™ + pr~ + ir>1f {K1,5> +cn+ aBus(n— D)},
n=x

studied in section 9.3. Define

(10.3.2) Jo(7) = cx(1 — a) + acD + ahE(x — D)* + apE(z — D)™,
and

(10.3.3) pa(z) = gh(x) = (1 — a) + ah — a(h + p)F(z).

Then

(10.3.4) Hys(z) = /x Loz — &) pa(€)de,
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where I', () is the solution of the renewal equation

(10.3.5) To(x) = 1+oz/ flx =T (&) dE.
0
We define the function S, (s) such that
(10.3.6) iI;f Ha s(n) = Ho s(Sa(9)),
n>s
and the pair s,, S, is defined by the relations
(10.3.7) i;lf Hos, (M +K =0, So=54(54)
NZSa

We know that

(10.3.8) Su < Ba,
with

(10.3.9) c(1—a)+ah —a(p+h)F(5.) = 0.
Then

(10.3.10) ta(@) = Ha, (z) — cx + hat +pz— + glagsz).

We want to study the behavior of u,(z) as a1 1.

10.3.2. CONVERGENCE. We shall make the assumption
(10.3.11) f(z) is continuous, f(z) > 0, V.

We recall that D = [ 2 f(x)dz < co. Also F(z) < 1,Va.
The function 'y, (z) converges to I'(z) where

x

(10.3.12) Mz)=1+ ; flz =T (&)dE.
We have next

(10.3.13) o) = p(z) = h — (p+ h)F(z).
Similarly

(10.3.14) ga(z) — g(x)=cD+hE(x — D)t +pE(x — D)".

The function

(10.3.15) He,s(x) = Hy(x) = /m I'(z — §)u(§)de.
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We can define 5 > 0 such that x(3) =0 and u(z) < 0,Vx < § and p(x) > 0,Vz > 3.
Since T is an increasing function, the function H(x) is increasing in x, whenever

s > 5. Therefore we can assert

S(s)=s, inf Hg(n) =0, if s > s.
n=>s

So we limit the set of possible s to satisfy s < 3.

Lemma 10.3. For s < §, the infimum of Hs(x) for x > s is attained in points

strictly larger that 5. Moreover inf,>4 Hy(z) < 0.
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Proor. We cannot argue as in Lemma 10.1. The reason is that we do not have
anymore the a priori bound provided by S, (0). The equivalent would be S, (—00).
However, from formula (9.3.24) we see that S,(—00) is not bounded as a T 1. We
shall instead rely on the estimates
(10.3.16) 1+ Byz <T'(x) <1+ Box, By =sup —z=—+—, By = inf m————

x>0 fO )dg z20 fo )d£
Note that the numbers By, By are well defined. Indeed the function G(z) =
F(z)
JTF(©)de

is continuous. Call

1
converges to f(0) > 0 as x — 0 and to 5 s — 00. Moreover it

z(xz) =T(x) — 1 — Bz,

then 7z is the solution of
(o) = F@) =B [ P+ [ sw—ofe)e

If F(z) — B fo €)d¢ < 0, the function z(x) is also negative. Similarly, if F(z) —
B fo §)d§ > () it is positive. The estimates (10.3.16) follow easily. We next
express

H@) = [ Te-oua

h [ v - - m [T -oFEe

If s > 0, we get

Ha) 2 h [ Tt — G4 1) [ T - OF (e
However
(10.3.17) /I D(x — &F(&)d¢ =z,
which can be seen simply by di(iiferentiating the left hand side and showing that the

derivative is 1. So, we have, from (10.3.16) and (10.3.17),

Hyw) > h(e—s)+ Dha =52~ (p+ b

B
(10.3.18) = %(xfs)z—px—hs, x>s5>0
Now if s < 0, we have

x

0
Ho(0)=—p [ Tl-de+h [ T eds— (p+
s 0
and using (10.3.16) we get easily
B B
(10.3.19) Hy(x) > ps +p?2(—82 +2sx) —pr + h%xa s<0<uz.

Therefore, in both cases, Hy(x) — oo as T oo. Also H,(s+) = u(s) < 0. Hence
the function Hg(x) attains a negative minimum on (s, 00). We call S(s) the smallest
minimum if there are many. 0
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We have
HL(S(s)) = 0.
We have next

D H(3(9) = 2L )]s = ~T(S(5) — $)u(s) > 0.

Moreover S(s) > § > 0. For s <0, > 0 we have

0 T
(10.3.20)  Hs(z) = —p/ Iz —&)dé + h/ I'€)dé —(p+h)z, Vs <0 < x.
s 0
It follows that
H{(x) = (p+ W)T'(x) = pL'(x —s) = (p+ 1),
therefore S(s) is solution of the equation
(10.3.21) (p+h)I(S)—pl'(S—s)—(p+h)=0.

It follows that as s — —o0, S(s) — +o00. Otherwise, there will be a contradiction
with (10.3.21). Furthermore, for s < 0 one has

HL(S(s)) < Ha(0) = —p / T (©)de < ps,

from which it follows that Hs(S(s)) - —o0 as s — —o0.

Hence the function inf, >, Hs(n) increases from —oo to 0, as s increases from
—00 to §. Therefore there exists a unique s for which it is equal to —K. We can
find the pair s,.S by solving the algebraic system

S
DS~ o)uls) + [ T(S = Ou'(€)d =0
S S
| T - oniede = -x

Theorem 10.5. We assume h < ¢ and (10.3.11), then we have
(10.3.23) S = S, Sq — S,
where the pair s, S is solution of (10.3.22). Let H(z) = Hy(x). Then

(10.3.22)

(10.3.24) Ua(T) — % — u(z) = H(x) — cx + ha™ +pa~.

Set p = g(s), then p > 0 and one has
(10.3.25) u(z) +p=—cx+ hxt +pz~ + igf {K 1>z +cn+ Eu(n— D)}.
n=x
PROOF. Let us check that s, is bounded. Since s, < §, — 8§, it is sufficient to
assume s, < 0. We have S, > 0. We can write
-K = Hoz.,sa (S(x) < Ha,s,,t (O)

(e(1 - ) - ap) / Lo (—€)dE < —sa(c(l — a) — ap)

which implies
K
ap—c(l—a)’
and thus s, remains bounded. But then, using estimates (10.3.18), (10.3.19) we
get immediately that S, remains also bounded. So we can extract a subsequence

Sa S
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which converges to s*, S*. From the expression of H, s(z), we easily deduce that
Hy s, (Sa) = —K — Hg~(S*). From this one obtains that s* = s, S* = S, solutions
of equations (10.3.22). The value s is uniquely defined, and since S, is the smallest
infimum, we obtain also that S is the smallest minimum.

Note that

g(z) =cD + hE(x — D)" +pE(x — D)™,
so it is a positive function. Hence p > 0. Clearly
(1 - a)ug(r) — gal(sa) = 0, as a1,
hence
(1= a)ua(z) = p=g(s).
We recall that we have also

H(z)+p=g(x)+ EH(x — D), Vx> s

H(z)=0,Vx <s

where H(x) = Hq(z), defined by (10.3.15), for the specific s, limit of sq.
We can check that these conditions can be summarized into

(10.3.26) H(z)+p=+ 322[K1n>1 +g9(n)+ EH(n— D)].

If (10.3.26) is satisfied, then the equation for u (10.3.25) follows immediately, using
the definition of g(z).

The proof of (10.3.26) is identical to that of (10.2.25) in Theorem 10.2.

This completes the proof of the Theorem. O

10.3.3. PROBABILISTIC INTERPRETATION. We give now the in-
terpretation of p and of the solution u(x) of (10.3.25). We first associate to an s, S
policy an invariant measure ms g(dz). Moreover the infimum in equations (10.3.25),
(10.3.26) is attained by a feedback ©(x) associated to an s, S policy. We still denote
it s, S to save notation.

We recall that

(10.3.27) l(x,v) = KLys0 +cv+ hat +paz~,

and

(10.3.28) l(z,9(z)) = Ly<s(K + (S — 2)) + hat +px~,
and (10.3.25) reads

(10.3.29) uw(z) = l(z,0(z)) — p+ Eu(xz + 0(x) — D).

Let us denote by m;()(dz) the invariant measure mg s(dz), for consistency of no-
tation. It follows from (10.3.29) that

(10.3.30) p= /l(x,@(z))m@(_)(d;r).

Note that the state space of mg()(dz) is (=00, S] but can be taken as (—oo,00)
to work with a fixed state space (independent of S). We next define the set Uy of
feedbacks such that

(10.3.31) Uy, = {v(.) > 0|3M such that — M <z + v(z) < max(z, M)}.
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If v(.) € Up, necessarily v(z) = 0, if x > M. The Markov chain, controlled with the
feedback v(.) is ergodic with state space (—oo, M]. Indeed, the transition probability
is

m(x;dn) = Tycpio(@) f (@ +v(z) —n)dn.
If we take Xg = [-M — 2, —M — 1], then for € X, we have

1 — > i .
n<m+v(m)f(x + ’U(I) 77) = ye[lIgll\I/l[+2] f(y) >0

We denote the corresponding invariant measure by m,,)(dz). Note that a feedback
defined by an s, S policy belongs to U. We then have

Theorem 10.6. We make the assumptions of Theorem 10.5. We have

10.3.32 = inf | Uz, ooy (d),
(10.3.32) p= it [ U oe)m(de)

and there exists an optimal feedback, defined by an s, S policy. This s,S policy has
been defined in Theorem 10.5.

PrOOF. Consider a feedback v(.) in Up. From (10.3.25) we can state
(10.3.33) u(x) + p < l(z,v(x)) + Fu(x + v(xz) — D).

Integrating with respect to the invariant measure m,)(dx) yields

p < /l(m,v(z))m,,(_)(daj).

The integral is finite. Indeed, one has

/|$|mv(,)(d1‘) = /E|x + v(z) — D|myy(dz) < M + D.
Since
1(1'7 v(‘r)) = K]I71(.7;)>0 + C(I + U(ﬂ))) —Ccx + h£17+ +px -,
it has a finite integral with respect to m,)(dz). Recalling also that
u(z) = H(x) — cx + hat + px~,
and noting that

M
/ (H () (dz) = / | (2) o (d) < o,

we see also that |u(.)| is integrable with respect to m,)(dz).
Taking account of (10.3.30) the result follows immediately. O

Remark 10.3. Let J, ,(v(.)) be the cost functional with discount « for a controlled
Markov chain, with control defined by a feedback v(.) belonging to U,. From
Ergodic Theory we can claim that

(10.3.34) (1= @ Jaa(w() = [ UE0(E)) o (d).

Therefore we have also

(10.3.35) p= inf lim(1—a)Ju.(v(.)).
v(.)EUp a—1

Let us also give the interpretation of the function u(z). Let us pick a feedback in
Uyp. Let us denote by y,, v, the corresponding trajectory, with

Yn+1 =Yn +Un— Dy 'Un:U(yn); y1 =
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Lemma 10.4. We have the property

(10.3.36) Eu(y,) — /u(az)mv(,)(daz).

PrOOF. The integral is well defined, as it has been seen in the proof of Theorem
10.6. However, we cannot proceed as in the proof of Lemma 10.2, because y,, does
not remain in a compact interval. However we have

(10.3.37) Ep(yn) — /w(w)mm(dw),

for any function ¢(x) continuous and bounded on the state space (—oo, M]. This
is done as in Lemma 10.2, using ergodic theory and the procedure to address the
situation of an initial value x > M. Recalling that

u(x) =H(x) —cx + hx™ 4+ pz~,

and noting that H(z) is continuous and bounded on (—oo, M], it remains to prove
the property (10.3.37) with p(z) = 2T or 2. For 2™ it is immediate, since it is
continuous and bounded on (—oo, M]. For 27, one notices that,

By, 1 = EG(yn),
where
Gx)=FE(x+v(x)— D),
and one notices that
G(z) <M+ D,
therefore it is continuous and bounded. The proof has been completed. O
Let us consider a feedback v(.) € U, and let us consider y,, v, the corresponding

trajectory
Define

n

(10.3.38) Tr()) = E(l(y;,v;) — np.

j=1
We then assert

Theorem 10.7. We make the assumptions of Theorem 10.5. Then J(0(.)) has a
limit as n — oo and

n— oo

(10.3.39) u(z) = lim J;(f/(.))—l—/u(x)m{,(,)(dx).

Moreover, for v(.) € Uy, J2(v(.)) is bounded below, and on has

(10.3.40) w(z) = inf [1iminfjg(v(.))+ / u(x)mv(,)(da:)}

v(.)EU n—00

PROOF. The proof is the same as that of Theorem 10.4 O
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10.3.4. PARTICULAR CASE. We consider the particular case of an ex-
ponential distribution f(z) = fexp —Bz. We recall that

[(z) =1+ .

Next we have
(10.3.41) w(@) =h—(p+h)exp—pBz™,
and
(10.3.42) g(z) = hat +px~ + (c+p)D — ]%h(l —exp —fzT).
We next compute the function H(x), for z > s. We use the formulas

—pI'(z — s), ifz<0

H'(z) =< —pl'(z —s)+ (p+ h)(T(z) — 1), ifs<0<ux

W (z —s)— (p+h)F(z) — (p+h) [[T/(x—&EF()dé f0<s<z

hence
—p(1+ Bz —s)), ifx<0
H'(z) = ¢ —p(1+ B(x — s)) + (p + h)Bz, ifs<0<ux

h(1+B(x—s)) —(p+h)exp—fs f0<s<uz
We then obtain, for z > s

(10343)  Ha) = -p (2 -5+ o)

Hi+p) (@ = )1 exp-ps) + et 7

The number 5 satisfies 1(5)=0, hence

h
10.3.44 -5 = ——7.
(10.3.44) exp—f5 =

We thus consider s < 5. We define S(s) by H'(S) = 0, hence
Bs™ — h(1 — BsT) + (h + p)exp —fBs™
hs ’
We can see that S(5) = 5, and S(s) is decreasing for s < 5. Moreover S(—o0) = +00.
We next define the value of s. We first obtain the formula

(10.3.46) H,(S(s)) = —ﬁ[(h%-p) exp _55+_h]2—%(P—Fh)(s_y—@s_.

We can check directly on this formula that H,(S(s)) increases from —oo to 0, as s
grows from —oo to 5. So there exists a unique s such that

(10.3.45) S(s) =2

H,(S(s)) = —K.
Exercise 10.1. Check that
2
(10.3.47) K < fTﬁ — (p+h)exp—Bs = h+ \/2hBK, s > 0,

2

and for K > 2];7 then s is the negative root of

2 2
sPpp+h) st h) o P
2h h 2hp3

(10.3.48)
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We can next obtain the number p = g(s). We first have, from (10.3.46)

(h+ p)exp —fs™ h+\/m\/Kp(ph+h)5 (14_552_>’

and then using (10.3.42), we obtain

V2hp -
(10.3.49) p=hst +ps” + SR el \/KW (14-58),

2
and using the formula for S, we get again (10.2.50), namely

(10.3.50) p=2S+hS.
g
Let us recover this formula, by the probabilistic interpretation, Theorem 10.6. We
will consider only s, S policies.
So consider a feedback defined by an s, S policy. We call it vs 5. We consider
the invariant measure of the corresponding controlled Markov chain. We call it
mg s(dz), see (9.3.45)

Bexp—f(x —s)~
14+ 8(S—s)

Let us call s s(z) = l(z,vs,5(x)). We recall formula (10.3.28) and we compute the
ergodic cost

dx.

(10.3.51) ms,s(dx) =

S
JS75'=/ ls,s(x)ms,s(dx).
0

We obtain
(10.3.52)
s s S 0
Js.s :K/ ms’s(dx)Jrc/ (Sfx)msys(dm)th/ xmsys(dx)fp/ xmgg(dz).
0 0 0 —o0
Using the invariant measure given by (10.3.51) we get the formula
(10.3.53)
h h S h

. K- 3 + ;pexpfﬂs"' +h,37 + hst + ps™ —I—I%ﬁ( )2 - 76(5"')2

Js.s = =+
S 1+ B(S —s)

We can try now to minimize this expression in the two arguments s, S —s. We first
consider s fixed and minimize in S. We obtain the condition

(10.3.54)
2
K- n + htp exp —f3sT +hﬁi + hst +ps™ + Zﬁ( )P - @(54—)2
BB 2 2 2 — 1S

14 B(S —s)

which defines S(s). We can then compute J; = J g(;)- We obtain the simple ex-
pression

(10.3.55) Jy = % +hS(s).
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Since we want to minimize J, we find s such that S’(s) = 0. Now writing (10.3.54)
as

(10.3.56)
K=+ P exp st —ha% s+ 2R B (s e hpss = .

We differentiate this expression in s, and we take into account that S’(s) = 0. We
check easily that this implies

hBS = —h+ B(hs™ +ps™) + (h+p) exp—PBs™,

which is exactly (10.3.45). Using this relation in (10.3.56) and rearranging we
obtain

K—ﬁ[(iﬂrp)exp —Bst ]2*%(p+h)( )2717(1972—]1)57

which is Hs(S(s)) = —K. So the number p is the minimum of the ergodic cost,
over all possible s,.S policies.

=0,
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CHAPTER 11

DYNAMIC INVENTORY MODELS WITH
EXTENSIONS

11.1. CAPACITATED INVENTORY MANAGEMENT

We consider the dynamic inventory model, without set-up cost, see Chapter
5. To fix the ideas we study only the case with backlog, see section 5.2. By
capacitated inventory management, we mean that there is a limit in the size of the
order. Therefore, if x denotes the stock before the order, and 7 the stock just after
the order, then we have the constraints

r<n<z+Q,

where (Q represents the bound on the size of the order. We adapt the Bellman
equation (5.2.5), as follows

(11.1.1) u(z) :Oglir)léQ[l(aﬂ,v)—l—aEu(a:—i—v—D)]7

with

(11.1.2) l(x,v) = ha™ +pz~ + cv,

S0

11.1.3 = ha™ T - inf e Eu(n— D)].
(11.13) u(e) = hat +pe” —cot _inf [+ aBu(y - D)

We first state

Theorem 11.1. Under the assumption (11.1.2), the solution of (11.1.1) in the
space By is unique. Moreover u is continuous. There exists an optimal feedback

0(z, Q).

PRrROOF. The proof is similar to that of Theorem 5.5 and even simpler, since
the control v is bounded. We omit details. |

We want to investigate the modifications with respect to the base stock policy.
Let us denote by u(z, @) the solution of (11.1.1). We state

Theorem 11.2. Assume,
(11.1.4) c(l —a)—pa <0, f(zx) continuous, bounded.

The solution u(z,Q) of (11.1.1) is convex, C in x, except in 0, where it has a left
and right derivative and u(z, Q) — 400, as |x| — 4o0. Let

(11.1.5) G(z,Q) = cx + aBu(x — D, Q).

155
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Then G(z,Q) is conver, C*,G(z,Q) — +00 as |x| = +o0. Let S(Q) be the mini-
mum of G(x,Q), then the feedback ¥(x, Q) is given by the formula

Q. if e < S(Q) - Q
(11.1.6) or.Q) ={S@ . F5(Q) -Q<z<S(Q
0, if ¢ > 5(Q)

S(Q) is decreasing in Q and strictly positive. The derivative ul,(x,Q) increases in
Q, except in 0. In 0, the property applies for the left and right derivatives.

PrROOF. We consider the monotone increasing process u,(z). We start with
up(z) =0, uy(z,Q) = ha™ + pr~ and
11.1.7 = hat — inf E - D, Q).
( ) Unta(2,Q) T" +px cx + {I§7711§11+Q}[C77 + aBun(n Q)]
As we have seen in the case Q = +00, see Chapter 5, section 5.2, for 1 <n < ng+1
with
ap
1-a

we have u, (z, Q) = up(z), with

(1—a™) >c> T o Cipa(l —a),

(
(11.1.8) Upy1(z) = ha™ + pr~ + aFu,(r — D),0 < n < ng.

This is obvious, when ng = 0, which corresponds to ap > ¢. So we can assume that
¢ > ap. We have ng > 1.
The functions u,(x) defined by the sequence (11.1.8) are convex and

n
, l-«a

Un(.flj) =P 1— o

,rx<0,1<n<ny+1,

therefore
Gn(x) = cx + aBuy(x — D),

is also convex and monotone increasing, for 0 < n < ng. Note that G, (z) is C*

since
T

Guﬂ:c+a[7uudﬂrfdw,
and

1—a"
G (@) = ¢ —ap~

>0,Vz <0, 0<n <ng

It follows that u,(x) satisfies (11.1.7), and therefore u,(x,Q) = un(z),V1l < n <
no + 1. Clearly u, (z) — 400, as |z| — +o00, and u, () is C! except in 0. One has

n—1

1—
u;l(O—F):h—ozp%,lgngno—‘—l

Consider now y,+2(z, Q). Note that

, 1— qnotl
no+1(T) =c— apﬁ

Therefore the function G, +1(x) is strictly decreasing for  negative and — +oo,
as x — +o00. Hence it has a minimum.
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Also the minimum is strictly positive. Taking the smallest minimum, we define

it in a unique way and call it S;,4+1. We then have

hat +pr~ —cx + Guor1(z +Q), ifz < Sp11—Q
un0+2(ac, Q) = hat +pxr —cx+ Gno+1(Sno+1)a if Spov1 —Q <z < Spot1

hat 4+ px~ — cx + Gpot1(2) ifx > Sy 41
We first see that this function is convex. This follows from the property
(11'1'9) gnqul(x) = er]igchrQ Gn0+1(77)7

is convex, since Gp,4+1(z) is convex. The function is clearly continuous. It is
C! except in 0. Also G, 11(z) — 400, as |z| — 400, and up,+2(z,Q) — +00,
as |z| — 4o00. We can also check that u;, ,(x,Q) is monotone increasing in Q,
Vz # 0, and the same is true for the left and right derivatives in 0. Then

Gno+2(x7 Q) =cx + OZEUnO+2({I,' - Da Q))

is convex, C'! and
Grot2(7,Q) > cx+alhE(x — D)t +pE(x — D)™ — ¢(z — D)]
> (1l —a)— aplz = +oo,a8 © = —00
So Gpot2(z,Q) — +00, as |z — +oo. Also G}, (7, Q) is monotone increasing
in Q. Moreover, for © < 0, from the expression above of wup,42(z,Q) we have
u;m_i_z(x, Q) < —p — ¢, and thus
ot2(1,Q) <ce(l—a) —ap <0,Vz <0

Therefore G,,12(z, Q) attains its minimum in a point S, +2(Q) > 0. By taking
the smallest minimum, one can define in a unique way Sp,+2(Q). The function
Sno+2(Q) is monotone decreasing. Indeed, if Q1 < @2, then writing

no+2(Sno+2(Q1), Q1) = Gy 12(Sne+2(Q2), Q2) =0,
hence
mo42(Sne+2(Q1), Q2) > 0,
from which it follows that Sy,4+2(Q1) > Sny+2(Q2).
We now assume that, for n > ng + 2, one has
up (1, Q) is convex C', except x = 0,
up, (2, Q) is increasing in Q,Vz # 0, u,(z,Q) = +00,as || = 00
In 0, u),(z,Q) has left and right limits, and both limits increase in Q. We also
assume
up, (z,Q) < —c—p,Vo < 0.
The function
Gn(z,Q) = cx + aEuy(x — D),
is convex, C'! and
Gn(z,Q) > cx + a[hE(x — D)™ + pE(x — D)~ — ¢(x — D)],

therefore again, from the assumption (11.1.4) we obtain G, (z, Q) — +00 as |z| —
+00. Moreover G/ (x,Q) is monotone increasing in Q. It follows that G, (z,Q)
attains its minimum, in a point S,(Q). Taking the smallest minimum, we can



158 11. DYNAMIC INVENTORY MODELS WITH EXTENSIONS

define in a unique way this point. This point is strictly positive, since G} (z,Q) <
c(l —a) —ap < 0,Vz < 0. It follows that we can write u,11(z, Q) as follows

hat +pr~ —cx+ Gp(z +Q,Q), ifzr<S,(Q)—Q
Un+1(2, Q) = S ha™ +pr~ —cx + G, (S,(Q),Q), if Sp(Q) —Q < x < S,(Q)
hat + pxr~ —cx + G, (z,Q) if £ > 5,(Q)
We then check that w,41(x, Q) has the same properties as u,(z,Q). Note that
Sn(Q) is decreasing in Q.

From the convexity of u,(z,Q) we deduce that the limit u(z, @) is convex.
Since u(x,Q) > un(z,Q), we obtain that u(z,Q) — +oo as |z| — +oo. Also
G(z, Q) defined by (11.1.5) is convex, continuous and — 400 as |x| — +o00. The
function G(z, @) attains its minimum in a point S(Q) and by taking the smallest
minimum, we can define S(Q) in a unique way. The formulas (11.1.6) define an
optimal feedback. Let us now prove that u(x, Q) is C!, except in 0. We first notice

the estimate (h.p)
, max(h,p) + ¢
< —

Q) < L

Therefore, the limit u(z, Q) is Lipschitz continuous. But then G(z, Q) is C!, since

x

G'(z,Q) :c+a/ u' (2, Q) f(x — 2)dz,

—0o0

and G'(S(Q), Q) = 0. The function
9(z,Q)= _inf G(n,Q),

e<n<z+Q
is also C''. Therefore
w(,Q) = ha™ +pr~ —cx +g(z,Q),

is also O, except of 0. Since G’(0,Q) < ¢(1 —a) —ap < 0, S(Q) > 0. We can also
check that S(Q) is decreasing and that u/(z, Q) is monotone increasing in Q.

The proof has been completed. O
Remark 11.1. There is no explicit formula for S(Q). It satisfies

c+ aEd' (S(Q) — D) = 0.

However, unlike the case @) = +o0, one cannot express explicitly Fu'(S(Q) — D).
Define

Z($) = u/(x) —hlzso +ploco + ¢
g(z) =c(1 —a)+ah—a(p+h)F(x),
then the condition becomes
(11.1.10) 9(S(@Q)) + aEz(S(Q) — D) =0.
When @Q = +00,z(x) = 0,Vx < S, but it is not true when @ is finite. The function
z(x) is the solution of the problem
E - D if -
A1111)  2(x) = 9(z+Q)+abxz+Q-D), ifz<S5Q) -
0 if S(Q)—Q <x<5(Q)
It suffices to define z(z) for z < S(Q) — Q. We get the problem
2(x) = gl + Q) + aEz(z 4+ Q — D)Ips (g420-5(Q))+
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which is equivalent to the integral equation

min(z+Q,5(Q)~Q)
(11.1.12) () :g(:c+Q)+a/ z(n)f(z+Q —n)dn.

— 00

For each S > 0, we solve the integral equation (11.1.12). We then define S(Q) by
the algebraic equation (11.1.10).

The case of a set -up cost is open. It is unlikely that the optimal feedback is
given by an s(Q), S(Q) policy.

11.2. MULTT SUPPLIER PROBLEM

11.2.1. DESCRIPTION OF THE PROBLEM. We present here a prob-
lem considered by E. Porteus, [33]. It generalizes the problem of inventory control
with set-up cost developed in Chapter 9. For ordering, one supposes now that there
are multiple supplier sources. More precisely the ordering cost function is given by

0 if z=0
(11.2.1) Cz) =14 pemr
min; (K; +¢z) ifz2>0
with
(11.2.2) c1>cp> - >ey >0, 0< Ky <Ky <o < Ky

The variable costs and the fixed costs vary in the opposite way. So there is not a
single supplier which combines the cheapest variable and fixed costs. A trade off is
possible. This is, of course, the source of the difficulty.

Exercise 11.1. Show that C(z) is a concave function on z > 0 and C(0) = 0.
Show that a function C(z), which is concave on RT and vanishes at 0, verifies the
sub additivity property

Exercise 11.2. Show the following property
M
C(Z) = min Z(Ki]l’vi>0 + Civi)~

Vit F o =2 | i=1
UiZO

This is proven by recurrence on M. It can be interpreted as the fact that there is no
point splitting the order among the suppliers. One needs to select a single supplier.

We consider the dynamic inventory control problem with backlog. We can
easily write the DP equation.

(11.2.4) w(z) = ha™ +pz~ + inf [K;L>q + ci(n — ) + aEu(n — D).
i=1, M
n=>x
If we set
(11.2.5) w(z) = u(z) — hat —pa~,

the D.P. equation is equivalent to

(1126)  w@) = wf[C(y - ) + aB(hln — D)* +p(n — D)~ +w(n - D).
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It is convenient to introduce the following notation. Define

gi(x) = ci(x + D) + a(w(z) + ha™ 4+ pz~),

and
Gi(z) = Egi(z — D).
Let also
Gi () = min | Gy(z), inf (Ki + Gi(y)) | = inf (Killy>. + Gi(y),
y>w y>x
and

w;i(z) = —ciz + G (x).
Finally the DP equation (11.2.6) becomes

w(z) = 1£i§HM w;(z).

The objective is to prove the following result

Theorem 11.3. . Assume (11.1.1), (11.1.2) and

(11.2.7) c1 —acy —ap <0,

and a restriction on the probability density of the demand, namely property P, below
(f is Poisson or a convolution of Poisson). Then the feedback d(x) in the right hand

side of (11.2.4), is given by a generalized s,S policy. This means that there exists
a double sequence

(11.2.8) Sy, < Sy <8] <8< Sy < Sy, 1<m<M,
with the feedback

Sm  ifx <8y,
(11.2.9) ()= S ifsj<z<sii=1,---,m-1

x if x> s}

11.2.2. AUXILIARY RESULTS. We will need some extension of the K
convexity theory. We start with functions G;(z), satisfying algebraic properties.
Later on, we will show that the functions, with the same notation, defined in the
previous section satisfy these properties.

Consider functions G;(z),i = 1,---, M, which are continuous, G;(z) — oo
as |z| — +oo. We assume that there exists a; such that G;(z) is decreasing on
(—00, a;], and verifies

Gi(v) < K; + Gi(y),Va; <z < y.
We say that G;(x) is K; nondecreasing on [a;, +00). We also assume the relations

Git1(z) = Gi(w) = (cit1 — &)z
We set

G (z) = inf (K; L5, + Gi(y)),

y>x
and
w;(z) = —ciz + G (x).

Finally, we are interested in computing

(11.2.10) w(z) = 1£1SnMwi(x).
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The optimization problem is in two steps. For each ¢ find the optimal
yi = 0i(z),

which achieves the minimum in y in the definition of G}(z). Then find the right
index i(x) in the definition of w(x). The feedback function, which expresses the
order as a function of the inventory is given by

Yy = 6(x) = di() ().

Beyond the indexing, the framework is reminiscent of K convexity. However, the
functions G;(z) are not K; convex, but they enjoy a close property, the quasi K;
convexity. Dropping the index, we define the K quasi convexity by

Gz + (1 —0)y) < max[G(z), K + G(y)],Ve <y

Exercise 11.3. Show the K quasi convexity property of the functions G;(z). Show
also that a K convex function is K quasi-convex.

Exercise 11.4. Give an example a function which is decreasing in (—o0,a], K
nondecreasing in [a, 00), and which is not K convex.

The first easy thing is to check that the J;(x) are given by a s;, .S; policy. Indeed
there exist

si <a; <5,
such that
Gi(S1) = minGi(y).
and
Gi(si) = Ki + Gi(S)).
Then clearly

o ifr <ss
e
z, if x> s;
Note also the property
Gi(x) < Gi(s;), for s; <a < S;

Remark 11.2. If the function G;(z) is K; convex, then we can associate to it,
s, 9; satisfying the properties above. By taking a; = s;, we see that the properties
of decreasing on (—o0, a;] and K; nondecreasing on [a; = 00) are satisfied.

We note that

YT Gila),  ifx > s

So it is a continuous function and w;(z) is also continuous.
Exercise 11.5. Show that w(z) is also continuous.
One has the property

Lemma 11.1.
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Proor. Note that, by the definition of the S; one has
Giy1(S:) — Gi(8i) =2 Gig1(Sit1) — Gi(Sit1),

hence
(cig1 —¢i)Si > (ciz1 — ¢i)Siq1,
and thus
S < Siq.
O
One has also the property
Lemma 11.2.
If s; < sj, fori<j then w;(z) > w;(x)Ve
Proor. If ¢ < s; then
wi(z) = —ciz+ Gi(si)
= —cz+ (¢ —¢j)si +Gi(ss)
> —cix+ (¢ —¢j)si + Gi(sy)
= —cr+ (6 —c¢j)s +wj(x) +cjz
> wj(x)
If s; <z < sj, then
wi(z) = —cx+ Gi(x)
= —¢r+Gj()
> —cr+Gi(s;)
= w;(z)
Finally
If x> s, wi(z)=w;)
This concludes the proof. O

It follows that the supplier i can be discarded. So there remains a number
m < M of suppliers with the following configuration
Sm < Smo1 < - <8 <S5 << S
We now define the concept of generalized s, S policy (see statement of Theorem. It
consists in a double sequence
Spy < Spy_q < 8] <81 < Sy < Sy,
with the feedback
Sm, ifax<sy,
o(z)y=<¢ S; ifsj,, <z<si,i=1,---,m—1
x, if x> 57
Recalling that §(x) = d,(,)(), we see that a generalized s, S policy is possible only
if
st < 84,87 = s1.

We can formulate the main result of the optimization problem as follows
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Theorem 11.4. The function w(x) in (11.2.10) is obtained through a generalized
s, S policy. Namely, there exists m < M, and a subset of [1,---, M], which we
can renumber in increasing order as [1,--- ,m], and an associated sequence s}, with
87 > siy 1, 87 <54, 8] = s1, such that

—emZ 4+ Gp(sm), fx<s}, i(z)=m
w(xz) =< —ciz+ Gi(s), ifsj <z <sf,i=1,---,m—1,i(x)=1
—cx + G1(x), if x> s7 =s1, no order
PRrROOF. Define
Gi(si) — Gj(s)) .

Sij = 3
J cifcj

s; = min <Sj,i_II7I}le71j_1 sij> .
We shall prove that
i(x) may be chosen > jif z < s}
(11.2.11) zEx; rnai,/ be chosen ; z —lif ; s;
Indeed, if x < s7, then
wj(x) = —cjz + Gj(s)),
and for i < j — 1, z < s;; implies

Gi(si) — Gj(s))

r< ——————~,
C; — Cj
Therefore
wj(x) < —cix + Gi(s;), Vi < j—1.
However
(2) = —cx+Gi(s;), ifx<s
Wilt) = —cx+Gi(x), ifr>s
Note also

wi(z) < —cx + Gi(x), V.
Hence if z < s;, we can assert that w;(x) > w;(x). On the other hand, if z > s,,
then w;(z) = —¢jz + Gj(x) > wj(z). So the first part is proven.
Suppose now that x > s3, we show that there is some ¢ < j —1, such that
wi(z) < w;(x). There are several cases. If s = s, then w;(z) = —c;z + Gj(z),
hence
w;(z) = —ciz + Gi(x) > w;(x)Vi # j.
Suppose s}* = min;—y ... j_15i;; < S;, then if x > s;, we have the same situation
as before. There remains the case when s7 < z < s;. In that case, w;(z) =
—c;jx + Gj(s;), and there exists i < j — 1, such that s;; = s} < x, which implies
w;(x) > —c;x + G;(s;), Moreover s; > s;, since i < j — 1. Hence z < s;, and
wi(x) = —c;x + Gi(s;). We get immediately w;(z) < w;(x). So we have proven
that there exists ¢+ < j — 1, better or equivalent to j.
It follows that
if 57 <s7,i<y,
then the supplier i can never be chosen. Indeed, we know that if z < s}, we can
chose among the suppliers j,---, M, hence ¢ may be out. On the other hand if
x> sj > s;, then i as well as j may be excluded. So we eliminate all the indices 4,
such that there exists j > 4, with s} < s7. There remains m indices, with decreasing
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s7. We may renumber them and define in this way the sequence s} > s5--- > s7 .
It follows that if s}, | < = < sj, then i(x) can be chosen among the indices larger

or equal to i, but we may exclude ¢ + 1,--- ,m, hence ¢ is optimal. If z > s] = s1,
we may eliminate all indices, hence it is optimal not to order.
The proof has been completed. 0

We now prove some properties of the function w

Corollary 11.1. The function w(zx) is decreasing on (—o0,a1], and w(zx) + c1x is
K1 non decreasing on [ay, +00).

PROOF. Recall that w(z) is continuous. From the formula proved in Lemma
11.4 it follows that w(x) decreases on (—oo, s1) and from the properties of G also
decreasing on (s1,a1). The second part is obvious. O

Let us check additional properties of w.
Corollary 11.2. w(z) + ¢;x is K; nondecreasing on the whole line R. Assume
am > 0, then w(x) + ¢ is decreasing on (—o0,0].
PRrOOF. Noting that
Gi(z) = Gi(x) + (¢; — c1)x.
We can write

Gi(w) = int (KL + Gi(y) — eay + cip).

Since

wi(z) = —ciw + G (x),
it follows that

wi(z) = infy>e[Kilyss + ci(y — 2) + Gi(y) — cry)].
It follows that
w(x) =inf,>.(C(z —x) + G1(2) — c12),
where
C(z) = IIl_i{l[Ki]IZ>0 + ¢;z].
Take y > x, then
w(x) < igf [C(z —x) + G1(2) — c12)],

z>y

and from the subadditivity of C(z), and z > y > z, it follows
w(z) <w(y) +Cly — ),
from which we deduce
w(z) < w(y) + Ki + ci(yi — xi), Vi.

Hence w(x) + ¢;x is K; nondecreasing on the whole line R. Next

G (Sm)s ife <s?,

w(x) + cmT = 4 (e — )+ Gi(s;), ifsf <x < s

(cm —c1)z+ Gi(z), ifz>st

In fact, one observes that

w(z) + cmx = G (), if > 5.
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From the above expression, using c¢,, < ¢;, Vi, and the fact that a,, > 0, hence
G () is decreasing on (—o0, 0], the second part of Corollary 11.2 follows. O

11.2.3. APPLICATION TO THE MULTI SUPPLIER PROBLEM.
To apply the preceding results to the multi-supplier problem, we need an additional
intermediary result. Consider a function ¢ (x), piece wise continuous, which tends
to 400 as |z| — +oo, hence attains its minimum. Let D be a positive random
variable, with density f. The quantity

x(x) = E¢(x — D),

is a continuous function, which also tends to +o0o as x — 4o0.

Exercise 11.6. Prove the preceding property. Use the fact that ¢ (z) reaches its
minimum.

However, if ¢ decreases on (—o0, al, and is non K decreasing, on [a, +00), then
this property does not carry over to x. The same bad situation occurs whenever 1 is
quasi K convex. In the case of K convexity, the property carries over. Note however,
that x(x) decreases on (—o0,al, and since it goes to +o00, as * — 400, there is
necessarily some b > a, such that x(x) decreases on (—oo,b], and may increase
after. So b is a local minimum. We want to restrict ourselves to distributions f
such that the following property P holds:

The function x is non K decreasing on [b, +00).

Let us show that the property P holds, whenever the distribution f is Poisson,
or a convolution of Poisson distributions. Suppose f is a Poisson distribution, with
parameter A, then

f(z) = Nexp —Az.

Exercise 11.7. Check that
X' () = AMep(x) = x(2)).
Let S be the minimum of x. Since x'(b) = x'(S) = 0, we have x(S) = ¥(95)
and x(b) = ¢(b). Let h > 0. Consider the function
z(x) = x(z) = x(z +h) - K,
then we have
2(b) < x(b) = x(5) = K = ¢(b) —4(5) — K <0,
sincea <b<S.

Exercise 11.8. Check that
2 () < —Az(z).

Therefore
dz exp Ax <

<0,
dx
and it follows that

z(z) exp Ax < z(b) exp b,V > b,
hence z(z) < 0,Vz > b. This implies that x is K nondecreasing for > b. The
property P carries over to convolutions of Poisson distributions. Indeed, if

J
D=) "D,
j=1
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where the random variables D7 are independent and have Poisson distributions
(with parameters A7), then define

qa@EwG:§:m>«ﬂm¢u»

Clearly x(x) = v/ (z).
Exercise 11.9. Prove that
v (x) = By~ (z — D).

Since each of the demands has a Poisson distribution, one can checks recursively,
that there exists a b such that x(z) is decreasing on (—oo, b], and K nondecreasing
on [b, +00).

We are in a position to solve the multi supplier problem. It is convenient to
introduce the operator, for which w in equation (11.2.6) is a fixed point. More
precisely, introduce functions v(z) such that

v is continuous, (cps + ah)z + av(x) — +oo, as ¢ — +oo
(¢c1 — ap)x + av(x) — 400, as x — —o0

v(x) + cpx is decreasing on (—oo, 0]

v(x) + ¢;z is K; nondecreasing on R

(11.2.12)

Note that, from the third condition, we have also
v(z) = o0, as & — —oc.

We introduce the operator which associates to the function v(z), successively the
functions

gi(v)(x) = ci(x + D) + alhzt + pr7) + av(z),

and
Gi(v)(z) = Eg;(v)(z — D).
Let also
Gi(0)(z) = inf (Killos + Gi(0)(0).
and

w;(v)(z) = —ciz + G (v)(2),

w(v)(z) = 1gilignM w;(v)(z).

Then, we can assert that
We begin with the

Lemma 11.3. Assume (11.2.7) and that the demand D satisfies the property P.
Skipping v in the notation of G;(v), we can state that

G is continuous, G; — +00, as |r| — +oo
(11.2.13) Ja; > 0 such that G; is decreasing on (—o0, a;] .
G; is non K; decreasing on [a;, +00)
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ProoOF. Writing

gi(x) = ;D + (¢c; — c1)x + (c1 — acpr)r + alha™ + px™) + al(eyz + v(z)),
we see immediately from the assumption (11.2.7) and the properties of v that

gi(z) is decreasing on (—o0,0].
Writing also
gi(z) = ;D + (1 — a)cw + a(he™ + pr™) + alcz + v(x)),
we get from the properties of v that
gi(x) is non K; decreasing on [0, 4+00).

Clearly g;(z) — +o0, as |z| — +oo. It follows that G;(x) is continuous, by the
smoothing effect of the mathematical expectation, G;(z) — 400, as |z| — +oo,
and since the demand satisfies property P, there exist a; > 0, such that (11.2.13)
is verified.

From the general analysis of the intermediary optimization problem, considered
earlier, and in particular Corollary 11.2, it follows that w(v) verifies the same
property as v, namely (11.2.12). Moreover the optimal feedback denoted 6(v)(x) is
given by a generalized s, .S policy.

We apply the developments above to the multi supplier problem. We start with
wo(x) = —cprx. If we assume (11.2.7), then this function satisfies the properties of
the generic function v in (11.2.12). So the recursion can start. This completes the
proof of Theorem 11.3. O
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CHAPTER 12

INVENTORY CONTROL WITH MARKOV
DEMAND

12.1. INTRODUCTION

In all models considered so far, the demand has been treated as a sequence
of independent identically distributed random variables. In reality, the successive
demands are linked for a lot of reasons. The simplest way to model this linkage is
to assume that the demands form a Markov process as such or are derived from a
Markov process. Our objective here is to show how the methods described in the
preceding chapters can be adapted to this situation. In a recent book by D. Beyer
et al. [12] a comprehensive presentation of these problems is given. We refer also
to the references of this book for the related literature. In this work, the authors
consider that the demand comes from an underlying state of demand, which is
modeled as a Markov chain with a finite number of states. The fact that the
number of states is finite simplifies mathematical arguments. We will here discuss
the situation in which the demand itself is a Markov process.

12.2. NO BACKLOG AND NO SET-UP COST

12.2.1. THE MODEL. Let 2,4, P be a probability space, on which is de-
fined a Markov chain z,,. This Markov chain represents the demand. Its state space
is RT and its transition probability is f(¢|z). We shall assume that

(12.2.1) f(¢|z) is uniformly continuous in both variables and bounded

+oo
(122.2) | s < o+
0

We can assume that z; = z, a fixed constant or more generally a random variable
with given probability distribution. We define the filtration

Fr=0(z1, ", 2n).

A control policy, denoted by V, is a sequence of random variables v,, such that v,
is F™ measurable. When z; = z, then v is deterministic. Also, we assume as usual
that v, > 0. We next define the inventory as the sequence, with

(12.2.3) Yni1 = (Yn +0n — 2n11)", 1 =1

The process ¥, is adapted to the filtration F™. The joint process y,, z, is also a
Markov chain.

169
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We can write, for a test function ¢(z, z) (bounded continuous on RT x RT)
Elp(ya, 22)[y1 = @, 21 = z,v1 = v]
= Elp((z +v—2)", 2)la =7
+o00 r+v
= [T e00sc+ [ ele+v-c.Of(Cl)
T 0

+v
This defines a Markov chain to which is associated the operator

+o00 r+v

(12.24)  %p(x,2) = / ©(0,¢) f(¢lz)d¢ +/ ez +v—¢,0)f(¢lz)ds,
T+v 0

hence the transition probability is given by

(12.2.5) m(x, z,v;dE,dC) = 6(&) @ f(s|2)LesptvdC

+0(§ = (2 +v =) @ f(¢l2) Ls<atodC.

We next define the function
o0

(12.2.6) lzx,z,v) = cv—i—hx—f—p/ (C—z—w)f(¢lz)d¢,

rt+v
which will model the one period cost. The cost function is then

(12.2.7) Jez(V)=E>_ a" ' (yn, 2n,vn).
We are interested in the value function
(12.2.8) u(z,z) = ir‘}f Iz 2(V).

We first notice that the properties (4.3.1), (4.3.2) are satisfied. To proceed, we
need to specify a ceiling function. It corresponds to a control identically 0. Set
ly(z,2) = l(z, z,v). Note the inequalities

(12.2.9) v+ ha <ly(x,2) < cv+ hx + plcoz + 1),
and
(12.2.10) cv < 81, (2,2) < cv+ h(x +v) + p(ciz + coer + c1).

Consider then the function

(12.2.11) (z,2) = Zoz L@y (x, 2)

Lemma 12.1. We assume that
(12.2.12) acy < 1,

then the series wo(x, z) < 00, and more precisely

hx pcoz pey
12.2.13 < .
( ) wo(,2) < —a 1—ca (1—a)(l—coa)

PROOF. It is an immediate consequence of formulas (12.2.11) and (12.2.10). O
We can now write the Bellman equation

(12.2.14) u(zx, z) = 711r21%[l(9c,z,v) + a®u(z, 2)).

We state the following
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Theorem 12.1. We assume (12.2.1), (12.2.2), (12.2.6), (12.2.12). Then there
exists one and only one solution of equation (12.2.14), such that 0 < u < wqp. It is
continuous and coincides with the value function (12.2.8). There exists an optimal
feedback 0(x, z) and an optimal control policy V.

PROOF. We first notice that conditions of Theorem 4.4 and 4.3 are satisfied.
Hence the set of solutions of equation (12.2.14) is not empty. It has a minimum and
a maximum solution. The minimum solution is l.s.c. and the maximum solution
is u.s.c. The minimum solution coincides with the value function. There exists an
optimal feedback ©(z, z) and an optimal control policy V. To prove uniqueness, we
have to prove that the minimum and maximum solutions coincide. We begin by
proving a bound on 0(z, z). It will be first convenient to mention a slightly better
estimate for wg. Indeed, we can write

12.2.15 <h Poyn—1 bcoz pcy
( ) wo(z,2) < ;(a ), 2) + T~ cca + A=) —coa)’

and (12.2.13) was simply derived from (12.2.15) by using ®°z(z, 2) < x. Next, from
(12.2.14), considering u, the minimum solution, we can state that

ia@o" Lo(2.2),

which follows from I(z, z,v) > hz, and
(12.2.16) dUp(x,2) > ®p(z,2),Yv > 0,V increasing in .

Therefore, we can write

oo
lz,z,v) + a®’u(x,z) > cv+h Z(a@o)"flz(x, z).
n=1
Therefore, in minimizing in v, we can bound from above the range of v. More
precisely, we get
N pcoz pc1
12.2.17 < .
( ) ¥z, 2) < c(l —coar) (1 —a)(l—cpa)
We consider the optimal trajectory ¢, 2, obtained from the optimal feedback,
namely

gn+1 - (Qn + ﬁn - Zn+1)+a ﬁn - {)(Qn7 Zn)
with 1 = x, 21 = 2.
Following section 4.5 of Chapter 4, the maximum solution will coincide with
the minimum solution, if we can check that Ve V, i.e.

a"Eu(Jnt1, 2nt1) — 0, as n — 00

It is sufficient to replace @ by wgy and by the estimate (12.2.13), it is sufficient to
show that

(12.2.18) a"Efnt1, o"FEzy,i1 — 0, asn — co.

However, by standard Markov arguments, o” Ez,4+1 < (acp)"z. From the assump-
tion (12.2.12), the second part of (12.2.18) follows immediately. We next use

Unt1 < Gn+Un
~ PCozn pc1
< .
= Wt c(l —cpa) (1 —a)(l—cpa)
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Therefore
pCy 2 pey

Eypi1 < Eyy )
Ynt1 = Efn+ el —cpr) (1 —a)(l—coa)

and we deduce the estimate
pzcg 1—cf npcy
(1—ac)l—co c(1—a)l—coa)

Using again the assumption (12.2.12), we deduce the first part of (12.2.18). This
completes the proof. O

EQn-Q—I <z+ g

12.2.2. BASE-STOCK POLICY. We want now to check that the optimal
feedback ©(z, z) can be obtained by a base stock policy, with a base stock depending
on the value of z. We have the

Theorem 12.2. We make the assumptions of Theorem 12.1 and p > c. We assume
also

(12.2.19) f(z|z) > ag(M) > 0, Va,z < M.

Then the function u(x, z) is convex and C* in the argument x. Moreover the optimal
feedback is given by

(12.2.20) (2, 2) = {5(3) -, Zi i 222

The function S(z) is uniformly continuous and the derwative in z, u'(z,z) is uni-
formly continuous.

PrROOF. We consider the increasing process

Uns1(x, 2) = ig%[l(a:, z,0) + a® uy,(z, 2)], up(z) =0

which we write also as
Unt1(z,2) = (h— o)z
+ inf{en + pE[(n — 22)7 |21 = 2] + aElun((n — 22)", )|z = 2]},
and we are going to show recursively that the sequence u, (z, z) is convex and C*
in z. Define
Gn(r,2) = cx+pE[(x—2) |21 = 2] + aBu,((x — 20)", 20) |21 = 2],

then the function G, (z,z) attains its minimum in S, (%), which can be uniquely
defined by taking the smallest minimum. We first consider

Go(z,2) = cx + pE[(z — 22) " |21 = 2].
It is convex and C' in 2. We have
Chfa,2) = ¢~ pF(a]2),
with
Fal) = [ ftela)ae.



12.2. NO BACKLOG AND NO SET-UP COST 173

The function G{(z, z) increases in z, from ¢—p < 0 to c. Thanks to the assumption,
we define in a unique way So(z) such that G{(So, z) = 0. From convexity, we can
assert that

(h—c)x + Go(z, 2), if £ > Sp(2)

We see that u(z, 2) is convex and C! in z. Then

wn(z.2) = {(h — &)z + Go(So(2),2), i < So(2)

Gi(z,2) = cx + pE[(z — 20) |21 = 2] + a(h — ¢)E[(z — 29) T |21 = 2]
+aE[Go(max(z — 22, So(22)), 22)|21 = 2]
and we see that G1(z, ) is convex and C?! in z. By induction we check that u,(z, 2),
Gp(z, 2) are convex and C! in z.
Moreover
Gl (7, 2) = c — pF(x|2) + aE[ul(x — 22, 22) Lp>,, |21 = 2]

1 _ n
We see that G/,(0,2) = ¢ — p and we can check that G’ (+00,2) = ¢ + ha I a
—a

Therefore there exists a point Sy, (z) such that G}, (S,(z), z) = 0. Note that S,,(z) >
0, since G7,(0,2) = ¢ —p < 0. We have

s (. 2) = 4 9T+ Cn(80(2). 2), il < Sue)
n+1(Z, (h—c)z+ Gp(z,2), if > S,(2)

It follows that the limit u(x, z) is convex in x. Clearly u(z, z) — +00, as  — +o0.
Also

G(z,2) = cx + pE[(z — 22) 7|21 = 2] + aBu((z — 20) T, 22)|21 = 2]

is convex and — +o00 as x — +00. So The minimum is attained in S(z), which can
be defined in a unique way, by taking the smallest minimum.

Since h—c < ul, (z,2) < =g Wecan assert that u(z, z) is Lipschitz continuous
in z. The same is true for G(x, z). But

G'(x,2) = ¢ — pF(x|2) + aE[u (v — 29, 20)Lpsoy|21 = 2] = c—pasx — 0
therefore also S(z) > 0. Then, from convexity

_ <
wwo {0 G 50
Next, from
¢ — pF(Sn(2)]2) + aBlul,(Sn(2) — 22, 22)Ls, (2)52, |71 = 2] = 0

we deduce, using the estimate on u/, and the property

n Coz + C1
FSn(2)l2) < =g

that

(12.2.21) Su(2) < (coz +e)(p+a(h—c)

c+alh—c)

The same estimate holds for S(z). It is easy to check that S,,(z) — S(z), and S(z) is
the smallest minimum of G(z, z) in z. Furthermore, from the continuity properties
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of G(z, z) in both arguments, we can check that S(z) is a continuous function. The
feedback 0(x, z) defined by (12.5.12) is also continuous in both arguments. Define
X(IL', Z) = ’U/(.’IJ, Z) —h+c

as an element of B (space of measurable bounded functions on RT x RT), then x
is the unique solution in B of the equation

(12.2.22)  x(z,2) = g(x + 0(z, 2), 2)
+aEx(x 4+ 0(x, 2) — 22, 22) Uy pi(z,2) 52021 = 2], 2,2 € RT,
where -
g(z,z) =c+alh—c)— (p+alh—c)F(z[z).
Since the function g(z+9(z, z), z) is continuous in the pair x, z, the solution x(z, 2)
is also continuous.
Let us check that S(z) is uniformly continuous. Let us first check that
(12.2.23)
(G'(z1,2) — G'(22,2)) (21 — 22) = (P — e — h))(F(21]2) — F(22]2)) (21 — 22).
Assume, to fix the ideas that x1 > x2. We have
(G'(21,2) = G'(w2,2)) (21 — @2) = p(F(21|2) — F(22]2)) (21 — 22)
+aB[(u' (x1 — 22,22) — U/ (x2 — 22, 20)) (1 — 22) Ly < |21 = 2]
+aBu (11 — 29, 20) Lpy<rpen, (71 — 12)|21 = 2]
The second term is positive, from the convexity of u. Using the left estimate on v’
for the last term, we deduce (12.2.23). We then obtain
(S(2) = S(2'))(G"(S(2), 2') = G'(S(2'), 2))
S(z)

> (p— alc - h)(S(2) - $(')) [ /S (F(€l2) + F(E1"))de

()
If z, 2" < m, then from (12.2.21) we can find M, > m such that S(z),S(z') < M,,.
From the assumption (12.2.19), we deduce
(5(2) = S(z))(G'(5(2), ') = G'(5('), 2))
> 2a0(Mom)(p — a(c — h))(S(2) — S(2))
Next we have

G'(2,2) = G'(2,2) = /Om(p + o (z = G, O)(f(C]2) = f(Cl2))dC,

hence

|G'(z,2") = G(z,2)| < 2C sup |f(¢|z") — f(C]2)].
0<(<x

Applying this estimate with x = S(z) and = S(2’) and combining estimates, we
obtain easily that S(z) is uniformly continuous. It follows that the feedback 9(z, z)
is uniformly continuous. Then from (12.2.22), we obtain that x(z, z) is uniformly

continuous. The proof has been completed. ([
Remark 12.1. We have x(z, z) = 0,Vz < S(z), and

(12.2.24) X(7,2) = g(x,2) + aB[x(v — 22, 22) Lys 2, |21 = 2], V& > S(2)

Also

(12.2.25) 0=g(5(2),2) + aE[x(S(2) — 22, 22) Ug(2)> 2, |21 = 2].
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So S(z) is not the solution of ¢g(S(z), z) = 0. If we consider the function
G*(2,2) = (p+alh— )El(x — 22) |21 = 2] — (p — ¢)x + pE[z2|21 = 2],
then the solution of g(S,z) = 0 is denoted by S*(z). We have G(z, z) > G*(x, 2).

12.2.3. ERGODIC THEORY. We turn now to the case when o« — 1. We
write uq(x, z) to satisfy

(12.2.26)
(h =)z + cSa(2) + PE[(Sa(z) — 22) 7|21 = 2]+ . ;
o= FaBla((Sa() = 22 )l = 2, frs )
o\, hx —|—pE[({L‘—22)7‘21 :Z} ifIL‘ZSa(Z)

+aEus((x — 20)", 22)|21 = 2],

We shall make the assumptions

(12.2.27) co =0, and
inf f(¢lz) = v(a) > 0,Va
0<(¢<a
z
(12.2.28) f(¢]z) is ergodic
(12.2.29) 1912 = (¢l < 81z - 2|

sup F(z|z) = do(x) < 1,Vz

We denote by w(z) the invariant probability density corresponding to the Markov

chain f((|z).
We state the

Theorem 12.3. We assume (12.2.1), (12.2.2) with ¢o = 0, (12.2.6) with p > ¢ and
(12.2.27), (12.2.28), (12.2.29). Then, for a subsequence (still denoted o) converging
to 1, we have, for any compact K of R

(12.2.30) sup [So(2) — S(2)| < e(a, K), €e(a,K)—0, asatl
zeK
(12.2.31) sup  |ua(zx,z) — Pa u(x,z)| = 0,YM, N,
e < M 11—«
z< N
with po, — p and
(12.2.32)
(h—c)x+cS(2) + pE[(S(2) — 22) 7|21 = 2] .
FRRUD B (ORISR Jo =56
) hz + pE[(x — 22) 7|21 = 2] ifo> S(2)

+E[u((z — 22)T, 22)|21 = 2]
The function u(x, z) satisfies the growth condition
Cl.%‘

(12.2.33) sup  [u(§,2)] < Co + T a0

E<uz
z
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It is C' in x and Lipschitz continuous in z. The following estimates hold

C

12230 s fwEaN S oy

z

lu(z, 2) —u(z,2)| < |Co(mo) + % 8|z — 2|
(12.2.35)
(1 —=100(z)) sup |ugg(&,2)] <C, (1 —=06bo(x)) sup |uzz(&,2) <C, ae.
£<z §<x
z z

Given S(z), the pair u(z, z), p satisfying the above conditions and [ (0, z)w(z)dz =
0 is uniquely defined.
Also

(12.2.36) u(z,z) +p= iI;fO[Z(x, z,v) + ®%u(x, 2)].
PROOF. We begin with (12.2.30). We first note that, thanks to ¢ = 0, we have

(12.2.37) Sa(z) < alp+h)

~ min(h, c) - Mo

We pursue the estimates obtained in Theorem 12.2. We have, first
(Sa(2) = Sa(2)(G4(Sa(2),2') = G (Sa(2'), 2))
> 2min(h, ¢)y(mo)(Sa(2) — Sa(2'))?

We know that u, (z, 2) is C! in z. Then, from (12.2.26), we have (denoting u/, (x, z) =
U (T, 2)

uy(z,2) = h—c if x<S,(2)
= h—pF(z]2) + aE[u, (z — 22, 20) Lps, |21 = 2], if @ > Su(2)

from which we can assert that

(12.2.38) sup [ (€, )] < Dax(hp)
é. S T 1-— (50(56’)
z
Therefore
, , max( h p
GL(S0(2),) = Gl 2) = (i + T Cel ) [ 15(cl) = f(claac
max(h,p)
GL(Sa() ) = G802 = (4 T ) [ 17(0l) = peclolac
Collecting results we obtain the estimate
max(h p)
(50 mo

(12.2.39) 1Sa(2) — Sa(2')] < / F(C12) — FCI2)ldc,

mm(h c)y
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and from the first assumption (12.2.29), we finally obtain

max(h,p)
1 —do(mo)

(12.2.40) 15a(2) = Sal) < Lo Gne)

§lz — 2.

Therefore, the sequence S, (z) is uniformly Lipschitz continuous. It is standard (see
Appendix A.4) that one can extract a subsequence, which converges in the space of
continuous functions on compact sets, for any compact set K, towards a function
S(z). Therefore (12.2.30) is satisfied.

Define xq(z,2) = ul, (x,2) — h + c¢. We have

(12.2.41) Xa(®,2) = ga(z, 2)
+aE[xa(r — 29, 22)Lps ., |21 = 2], @ > So(2)
= 07 z S SOC(Z)

with
(12.2.42) Jo(7,2) = (c+ a(h —c) — (p+ a(h — ¢))F(x|2).
As it has been done for u/, (z, z), we can state
h
(12.2.43) b (6 ) < L)
0< 5 <z - O(CL')
z

If we consider ¥, (z, 2) = x4, (z, 2) = v’ (z, z), then using the fact that x,(0,z) = 0,
we see that

(12.2.44) Yoz, 2) = (p+ alh —c)) f(x|z)
+aE[wa($ — 22, 22)1x>z2|zl = z]7 z > Soz(z)
=0, x<S4(2)

The function v, (z,z) is not continuous, however it is measurable and bounded.
We have

(R =) +p)lIf]]
(12.2.45) sup [Ya (&, 2)] < 1= d0(2) ,

0<f<z
z

where [|f|| = sup, . f(z|2).
We next obtain an estimate on x . (z, 2) — xa (2, 2’). Assume first x > S, (2), 2 >
So(z'). Then, from (12.2.41), we have

Xa(®,2) = Xa(2,2") = ga(2, 2) = ga(z,2")
+a [ xale = GOl = FCl)G
0
From the estimate (12.2.43) and the first assumption (12.2.29), we deduce

ol = xale )| < (ot im0+ P ol

x> Sa(2),2 > Sa(2)
Assume now, to fix ideas that S, (2’) > & > S,(z). Then xq(z,2z’) =0 and
0= ga(Sa(z)7 z) + O‘E[on(sa(z) — 22, Z2)HSa(z)>zz |Z1 = Z]
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Therefore

Xa(T,2) = Xa(,2")
= ga(x7 Z) - ga(Sa(Z), Z) + aE[Xa(x — 22, 22)]ICL‘>Z2|ZI = Z]
—aE[Xa(Sa(z) — 22, ZQ)]ISa(z)>22‘Zl = 7]
= (p+ a(h—c))(F(z|z) — F(Sa(2)|2))
+aBXa(z — 22, 22) Lis 2y 55,(2) |21 = 2]
+O‘E[(on(x — 22, 22) - Xa(sa(z) — 22, 22))][Sa(z)>22 |Zl = Z]
It follows

|Xa(x’ Z) - Xa(x’ Z/)I
max(h,p)  (h—c)* +

p
1— do(2) 1= 6o(a) 1 f]I(z = Sa(2)).

<|p+(h—c)t +

Finally, we can state the estimate

(12.2.46) (2, 2) — o, 2] < —2070)

_ NV _ /
S s 7k

where C(mg) depends only of constants and of mg. Therefore, considering the
gradient of y, in both variables, we have obtained the estimate

c
12.2.47 Dxa(z,2)| < ————.
(12:2.47) IDxa(,2) < =5
From this estimate, we can assert that, for a subsequence (still denoted «)
(12.2.48) sup  |xa(®,2) — x(z,2)] = 0,as o — 0,V M, N.
< M
z< N

Therefore also

sup ‘aE[Xa(-'I; — 22, 22)]Ix>zz - E[X($ — 22, 32)]Iz>22|21 = Z”
< M

z

< sup |E[on($ — 22, 22)]Iw>22 - E[X(l‘ — 22, 22)]Iz>z2|21 = Z“

< M
z
. max(h,p)
+(1 a)il—&)(M)’

and

sup  |E[xa(® — 22, 22) Loy — Elx(7 — 22, 22) Lz 20|21 = 2]|
< M
z

max(h,p) 1

< _ eadn p) t
— sup |X06('Z‘7Z) X(x7z)|+21_50(M)Na

< M
z2< N
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from which we deduce easily that

sup |O{E[Xu(l‘ — 22, ZQ)]I:I:>22 - E[X(I — 22, 22)]ICE>Z2|ZI = Z]l — 07VM
< M
z

From (12.2.41), it follows that

X(x,2) = g(z,2) + E[x(x — 22, 22) Ly 2|21 = 2], Yz > S(2),
where
(12.2.49) g(x,2) =h—(p+h—c)F(z|2).
Also x(x,2)=0, if © < S(z). Moreover, from

0= ga(5a(2), 2) + aE[Xa(Sa(2) = 22, 22) g, (2)> 2121 = 7]
and

laE[Xa(Sa(2) =22, 22) L5, (2)> 2 |21 =2] = E[X(Sa(2) = 22, 22) Lg,, (2)> 2, | 21 = 7]

< sup  |aB[Xa (T — 22, 22) Dpszy — ElX(2 — 22, 22) Ly |21 = 2]
z < my
V4

|E[x(Sa(2) = 22, 22)Is ()52, |21 = 2] = E[X(S(2) — 22, 22) L g(2)> 2, |21 = 2]

((h‘ — C)++p)||f|| |Sa(Z)fs(Z)‘+2maX(h’ )

S 1-— 50(m0) 1-— 50(17’10)

[F(Sa(2)]2) = F(S(2)]2)|

we obtain easily
0=9(8(2),2) + E[x((S(2) — 22)", z2) |21 = 2],

and the function x(z, z) is continuous in z.
Let us next set

La(2) = ua(0, 2);
Ga(z) = El(Sa(2) = 22)" |21 = 2],
then from the first equation (12.2.26) one can check
Fo(2) = ¢Su(2) +pGa(2) + aEua((Sa(z) — 22)T, 20)|21 = 2]
U, (2) + aE[Lo(22)]21 = 2],

(Sa(z)—22)"
Wo(2) = Sa(z) + pGalz) + oF] / (h— e+ xal€, 22))de| = 2,
0

max(h,p)

0<Uu(z) < [max(h’ ) T 5(mo)

] mo + pc1.

This estimate also holds for the limit

(S(2)—z2)"
U(z) = eS(z)+pGle) + B / (h— ¢+ x (&, 2))dE| 21 = =
0

with
G(z) = E[(S(2) — z2) " |21 = z].
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Define
p = /\I/(z)w(z)dz
Consider now the equation
T(z) +p=9(z) + E[I'(22)|21 = 2], /F(z)w(z)dz =0.
From ergodic theory, see Chapter 3, Theorem 3.3 we can assert that
sup L) < sup | (2) T

where 0 < 8 < 1, depends only on the Markov chain. Similarly, if we set

Pa = / Ta(2)w(2)dz,  Talz) =Talz) - 12,

we can write
Lo (2) 4 pa = Va(2) + aB[La(2)|21 = 2],

we can also assert that

- 3
upFa(a)] < sup|¥a(2) — pul § 5
max(h,p) 3— B
< i S0 D
< 2 Kmax(h,c) + 1—6(m0)) mo +pcl] -
Moreover

Po(2) — Tul(2)) = Ta(2) — Ta(2) +a / Po(Q)(F(Cl2) — F(CI))dC.

Using properties (12.2.40), (12.2.43) and the assumption (12.2.29), we can check
that

[Wa(z) = Ta(2)] < C(mo)d|z — 2|,
and thus also
ITa(2) —Ta(2")] < Ci(mo)dlz — 2'|.

Therefore the functions I, (z) are uniformly Lipschitz continuous and bounded. It
follows that for a subsequence

we obtain
(12.2.50) sup Ta|(z) — L ()| =0, vM
0<z<N 1-a

Therefore, also

(12.2.51) sup Ue (T, 2) — 1pa —u(z,z)| = 0,Va, VM, N
0<z<M @
0<z<N

with

(12.2.52) w(z,z) = (h—c)z + +/ x(&,2)dE + T'(z).

0
We deduce

(12.2.53) u(z,z) = (h—c)z +T'(z), Vo < S(2).
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From (12.2.50), (12.2.51) it is clear that
(12.2.54) I'(z) = u(0, 2).
However

E[u((S(2) — 22)*, 22|21 = 2]

(S(z)—22)*
— Elu(0,2)a =4+ E | [ (h— e+ x(& 22))de] = 2],
0

hence
[(2) = —p+¢S(2) + pG(2) + E[u((S(2) — 22) 7, 22|21 = 2],
and thus the first relation (12.2.32) is proven.
Consider now the situation with 2 > S(z). Define the function

a(z,z) = hx + pE[(z — z3) 7|21 = 2] + Elu((z — 22)™, 22)[21 = 2].
We obtain
W (z,2) = h—pF(x)2)+ E[u'(x — 22, 20) s, |21 = 2]
= h—c+x(z,2), x>5().
Also
u(S(2),2) = hS(2) +pE[(S(2) — 22)" |21 = 2] + T'(2)
= u(S(2),2) + p.

From these two relations we get @(z, z) = u(z, 2) + p,Vx > S(2).
This concludes the second part of (12.2.32). Note also that

U(X(I, Z) - uu(Iv Z/) = Fa(z) - Fa(z/) + /(f(XOz(E?Z) - on(f?z/)d§~

Using already proven estimates we obtain

C
0 (0:2) = i, < [ Cotmo) + L N g1 - 1
The limit u(x, z) satisfies all the estimates (12.2.34), (12.2.35).
To prove (12.2.36), we first check that

U (z,2) < U(z,2,0) + aBua((x +v — 22) T, 22)|21 = 2], V¥, 2,0
Therefore, it easily follows that
uw(z, 2) +p < l(z,2,0) + E[u((z +v — 22)", 22)|21 = 2], Yz, 2,0
However (12.2.36) can be read as
u(z,2) + p=U(z,2,0(z,2)) + E[u((z + 9(x, 2) — 22) ", 22)|21 = 2], Yz, 2

where

0, if x> 5(2)

Combining we get the equation (12.2.36).
Let us prove uniqueness, for S(z) given. We first prove that x(z, z) is uniquely
defined. To prove this it is sufficient to prove that if

X(CU,Z) _ {E[X(ﬂ? — 22722)][x>z2|21 = Z], Yo > S(Z)

b, 2) = {S(z) —o o5

0, Vo < S(z)
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and
(1—do(z))  sup  [x(§ 2)| < oo,
0<¢<x
z
then x(x,z) = 0. This is clear. The function ¥(z) is thus uniquely defined. It
follows that the pair p, I'(z) = u(0, 2) is also uniquely defined, with the condition

JT(2)w(z)dz = 0. Therefore u(z, z) is also uniquely defined. The proof of the
theorem has been completed. ]

Example 12.1. Consider the situation of independent demands, then f(z|z) =
f(z). In that case w(z) = f(x). Then S(z) = 5, and

p=p+h—c)E(S—D)" —(p—c)S+pD
and we recover the formula (6.2.4) of Chapter 6. We see also that ¥(z) = p, and
thus I'(z) = 0.
Consider next the situation
f(z]2) = A(z) exp —A(2)z,

with the assumption 0 < Ag < A(z) < A\1. We also assume that A(z) is Lipschitz
continuous. Then all assumptions of Theorem 12.3 are satisfied.

We turn to the interpretation of the number p. Consider the feedback o(x, z)
associated with the base stock S(z). Define the controlled process

Un+1 = (gn + O — Zn+1)+7 Up = @(?szn),
with §, = x, 21 = z. We define the policy V = (4,--- ,0p,---). We consider the

averaged cost
n

> B, 2, 05)

A~ i—=1
V)=
o) .
Similarly, for any policy V' = (v1,--- , v, ---) we define the averaged cost
> El(y;, z,v;)
—
V)=
rW) .

with
Ynt1=(Yn +0n —2n41)", 1 =m, 21 =2
We state the
Proposition 12.1. We have the property
(12.2.55) p= lim J"_(V).
n—o00 ’
Furthermore, consider the set of policies
U=A{V| Elu(yn,zn)| < C2},
then we have

(12.2.56) p=inf lim J2 (V).

Veu n—oo
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PRrOOF. We first notice that
Un < max(x,mg).
Therefore, from the estimate (12.2.33), we get

(G, )] < Co + —CL max(z, mo)

1 — dp(max(x,mg))
Therefore V belongs to U. From (12.2.36) we can write

WG, 2n) + P = UGns 2ns 0n) + Eu(fnt1; 2ne1)|Gn, 2n]-
Taking the expectation and adding up we obtain

9 E An y ~n — ’
p=Jr.(V)+ w(fn+1 Z;—l) u(z 2)7

and thus the property (12.2.55) follows immediately. Similarly, for any policy we
can write
Bu(yni1, 2nt1) — u(z, 2)

- .
Therefore, if V' € U, we have p < J;' (V). This implies (12.2.56). The proof has
been completed. O

p<Jg.(V)+

Remark 12.2. We cannot state that the process ¢,, 2, is ergodic. We cannot
indeed apply the property (3.5.5) of Theorem 3.3, Chapter 3. Consequently, we
cannot give an interpretation of the function u(z, z) itself.

12.3. BACKLOG AND NO SET UP COST

12.3.1. THE MODEL. We consider here the situation where backlog is per-
mitted. This is the equivalent of Chapter 5, section 5.2. The Markov chain repre-
senting the demand is unchanged. The transition probability is f(¢|z). We recall
that

(12.3.1) f(¢|#) is uniformly continuous in both variables and bounded

—+oo
(12.3.2) / Cf¢|z)d¢ < coz+ .
0
We define the filtration
Fr=o0(z1,"" , 2n).

A control policy, denoted by V, is a sequence of random variables v,, such that v,
is F™ measurable. When z; = z, then v is deterministic. Also, we assume as usual
that v,, > 0. We next define the inventory as the sequence,

(1233) Yn+1 = Yn + vp — Zn+l, Y1 = Z.

The process y,, is adapted to the filtration F™. The joint process y,, z, is also a
Markov chain.
We can write, for a test function ¢(z, z) (bounded continuous on R x R™)

Elp(ya, 22)|y1 = 2,21 = z,01 =v] = Elp(z+v— 29,20)|21 = 2]
= [ el
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This defines a Markov chain to which is associated the operator

(12.3.4) p(x,z) = / oz +v—¢( ) f(¢|z)ds,

0
hence the transition probability is given by
(12.3.5) m(z, 2,03, dC) = 5(€ — (2 +v - () ® f((|2)dC
We next define the function
(12.3.6) l(x,v) = cv+ hat +pz~,
which will model the one period cost. The cost function is then
(12.3.7) Jez(V)=EY_ a" ' (yn,vn).

n=1

We are interested in the value function
(12.3.8) u(z, z) = iI\}f I, 2(V).

We notice again that the properties (4.3.1), (4.3.2) are satisfied. To proceed, we
need to specify a ceiling function. It corresponds to a control identically 0. Set
ly,(z) = l(z,v). Note the inequalities

POut(z,2) <at, @27 (2,2) <z +coz+er.

It is easy to check that

(12.3.9) (@2t (x,2) < at,
1—cn
(12.3.10) (@°)"a™ (z,2)(x,2) < &~ +co2 702 +(n —co(n+1)+cn+1)(1f7160)2.
Consider then the function
(12.3.11) wo(z, 2) Z =L@ (x)

Lemma 12.2. We assume that

(12.3.12) aco < 1,

then the series wo(z, z) < 0o, and more precisely

hat + px~ pegza
l-—«a (1 —-cor)(1— @)

pci o — Cp Co
+(1—co)2 <(1—a)2 + 1—ozco>'

PRrROOF. It is an immediate consequence of formulas (13.2.10) and (12.3.9). O

(12.3.13) wo(z,2) <

We next write the Bellman equation

(12.3.14) u(z, z) = gg%[l(x,v) + a®u(z, 2)).

We state the following

Theorem 12.4. We assume (13.2.1), (12.3.2), (12.3.6), (13.2.11). Then there
exists one and only one solution of equation (13.2.15), such that 0 < u < wg. It is
continuous and coincides with the value function (12.3.8). There exists an optimal
feedback 0(x, z) and an optimal control policy V.
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ProOOF. We first notice that conditions of Theorem 4.4 and 4.3 are satisfied.
Hence the set of solutions of equation (13.2.15) is not empty. It has a minimum and
a maximum solution. The minimum solution is l.s.c. and the maximum solution
is u.s.c. The minimum solution coincides with the value function. There exists an
optimal feedback 0(z, z) and an optimal control policy V. To prove uniqueness, we
have to prove that the minimum and maximum solutions coincide. We begin by
proving a bound on 9(z, z). From (13.2.15), considering u, the minimum solution,

we can state that
+ B ahcyz ahcy

+ pr — - )
« 1-a)l—-—ac) (1-a)?

which follows from I(z,v) > hz™ + px~, and

(12.3.15) u(z,z) > 1hf

(12.3.16) dUp(x,2) > ®p(z,2), Vv > 0,V increasing in z,
which implies

aFBu(z + v — z9,29)|21 = 2]

ah a?heo(coz +c1) a?hey
> FEl(x — + =z] — _
el Gt T R el e vy Sl ey
ah (& — coz — 1) — a?hey(coz + 1) B a?hey
“1-a T T A a)(1—ac)  (1—a)?

and (13.2.40) follows, using again (13.2.15).
Therefore also

hzt ahcyz ahcy
12.3.17) 1 v > T - — .
( ) Uz, v)+a@ul@,z) 2 v+ gm0+ PE - g A S T T o)
We next introduce the function w(z, z) solution of
(12.3.18) w(z,z) = ha™ + (c+p)r~ + aBw(x™ — 29, 22)|21 = 2],

which corresponds to the feedback v(z, z) = 2~. We note that u(z, z) < w(z, 2).
We can assert that

hat
(12.3.19) w(e,2) < (e+p)r” + 1 L 4 Loz + Ly,
—a
with
alc+p)eg aci(c+p)
Lo=2¢Tpco . aalerh
1 —acy (1—-a)1 — ac)

Therefore, in minimizing in v, we can bound from above the range of v. More
precisely, we get
(12.3.20)

. _ acoz h acy h c+p
< _ .
Oz,z) sa” + c(1 - o) (c+p+ 1—a) + c(l—a) <l—a * 1—coa>

We consider the optimal trajectory ¢, z, obtained from the optimal feedback,
namely

:’Qn+l = yn + ﬁn — Zn+41, 'an = {}(yn; Zn)
with ¢ = x, 21 = 2.
To prove uniqueness, it is sufficient to show that

(12.3.21) a"E|jn+1| — 0, as n — 0.
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We have
gn-&-l S yn + ﬁn
. acoZy, h acy h c+p
< gf4_——""
= Ut c(1 — o) <c+p+ 1—a> * c(l—a) (l—a * 1—coa)
Therefore
_.n
o(wrad=d)
. " —Co
Bjui1 < Bjy + {1~ coa) (c +p+ M)

acy h c+p
+c(1—oz) (1—a+ l—cooz>

and we deduce the estimate

1—cg+ n 1—cf

acy | z c —c

0 1*60 11700 1(1700)2 ctp+ h
c(l = o) PTi—a

n nocy h n c+p
cl—a)\l—a 1—coa)’

and thus o"Eg;f, | — 0, as n — +oco. Next

E?];:J,_l <zt +

:&n—ﬁ—l 2 gn — Zn+1,

and it follows easily

. _ 1—cpy c1 1—cp
SERPISIMEY JNTN AREL A}

and we obtain o" Eg,,; — 0, as n — +00. This completes the proof. O

12.3.2. BASE-STOCK POLICY. We want now to check that the optimal
feedback ©(x, z) can be obtained by a base stock policy, with a base stock depending
on the value of z. We have the

Theorem 12.5. We make the assumptions of Theorem 12.4 and pa > ¢(1 —
@), h+p—c>0. Assume also

(12.3.22) f(z|z) = ao(M) >0, Vz,z < M.

Then the function u(z,2) is conver and C' in the argument z, except for x = 0,
where there exists a left and right derivative. Moreover the optimal feedback is given

by

(12.3.23) (z,2) = {g(z) -, Z:i i ggz;

where S(z) > 0 is uniformly continuous.
PRrROOF. We consider the increasing process
tnt1(2,2) = inf [I(2,0) + a®"un (@, 2)], up(z) =0
vz
which is also written as

Uni1(z,2) = hat +pr~ —cx + igf {en + aElun(n — 22, 292)|21 = 2|}
n>wx
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We show recursively that the sequence u,(z,z) is convex and C! in x, except for
x = 0. We first have
(12.3.24) Unt1(2,2) = hat + pr~ + aFu,(z — 29, 22)|21 = 2]
for 0 < n < ng, with

ap
11—«

(1—a™)>c> %(1 —a™).

Indeed, considering the sequence defined by (13.2.24), we have

n

a Vn <ng+1,Vr <0
«

U%(.%',Z) =P 1—

n

> 0,¥n < ng and the function en+aE[u, (n— 22, 22)|21 = 2]

1—
Therefore c—ap T

is monotone increasing, Vn < nyg.
Define

Gn(z,z) = cx+ aFu,(z — 22, 22)|21 = 2],

then the function G, (z, z) is monotone increasing for n < ng, and for n = ng + 1
attains its minimum in S,(z) > 0, which can be uniquely defined by taking the
smallest minimum. It is C! and convex (the derivative is continuous in 0, by the
regularizing effect of the mathematical expectation).

We have then, for n < ng +1

hzt + pr= — cx + Gp(Sn(2),2) if 2 < Sp(2)
hat + pr~ — cx + Gp(z, 2) if x> S,(2)

Upt1(T,2) = {

with S, (2) = —00,Vn < ng. Hence u,(z, 2) is Ct, except for x = 0, and convex, for
n < ng + 2. By recurrence, this property is valid for any n.

It follows that the limit u(z,z) is convex in z. Clearly u(z,z) — o0, as
|z] = +o0. Also S,,(z) > 0,Vn > ng + 1. Moreover

ul (z,2) = —p —¢,Vo < 0,Yn > ng + 2

h
and ul, (z, z) < i . Therefore the limit u(z, z) is Lipschitz continuous in z, and
—a
/ / h
u'(x,2) = —p—c,Vz <0, u'(z,2) < .
1-a
Also
(12.3.25) < l(z,2) <
3. —p—c<u(z,z .
p > DN

The function
G(z,z) = cx + aEu(x — 22, 22)|21 = 2],
is convex and — 400 as z — 4o00. For z < 0, we have G'(z,2) = ¢(1—a) —ap < 0.
Therefore the minimum of G(z, z) is attained in S(z) > 0, which can be defined in
a unique way, by taking the smallest minimum.
Then, from convexity

(2, 2) hat + pr~ —cx + G(S(2),2) if z < S(z)
u(z,2) =
hat + px~ —cx + G(z, 2) if x > S(z)
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So in fact, we can write a better estimate than the left hand-side of (12.3.25)
(12.3.26) W(z,2) >h—c, ifz>0.
Therefore also
G'(z,2) > c(1 — a) + ah — a(p + h)F(z|z),
and since S(z) is the minimum, we obtain

_ c(l—a)+ah
F(S(2)|z) > W

which implies

(coz+c1)a(p+h)
ol —a)+ah

(12.3.27) 0<S(%) <

Also the function S(z) is continuous and thus the feedback o(x, z) is continuous.
If we define

X(:E,Z) = u’(x,z) — hlzs0 + ple<o +
as an element of B (space of measurable bounded functions on R x RY), then x is
the unique solution in B of the equation

x(2,2) = g(z +0(z, 2),2) + aE[x(z + 0(2,2) — 22,22)|21 = 2], x € R, 2 € RT

where
g(x,2) = c¢(1 — a) + ah — a(p + h)F(z|z).
Since the function g(x+9(z, z), z) is continuous in the pair z, z, the solution x(z, z)
is also continuous.
We next show that S(z) is uniformly continuous. Consider G'(z1, z) — G’ (22, 2),
for x1 > x9 > 0. We have
G'(21,2) — G' (29, 2)
= aE[u'(z1 — 22, 22) — u/(x2 — 22, 22)|21 = 2]
= aEW(l’l — 22, 22) Mz, —2p>0 + Ul(l’l —29,29) 15, <0
—u' (22 — 22, 22) Uy 2y 50 — U (22 — 20, 22) Ly 2y 0|21 = 2]
= aFE|(u'(z1 — 22, 22) — v/ (w2 — 29, 22)) Lpy 2,50
+u/ (1 — 29, 20) Uy <y <y |21 = 2] + @E[(W/ (1 — 22, 22)
—u' (22 — 22,22)) Ly, 2y <0 — W (22 — 22, 22) Ly <2y <y |21 = 2]
= a(h+p)(F(z1]z) — F(x2]2)).
Therefore
(12.3.28) (G'(z1,2) — G'(w2,2))(z1 — 22) > a(h+p)(F(x1]2) — F(x2]2)) (21 — 22).

We can check easily that this formula holds for any pair zi,x2. We deduce as
in Theorem 12.2, that for z,z’ < m and S(2),S5(2") < M,,, with M,, > m, the
following relation holds

(G'(S(2),2) = G'(8(2'), 2))(8(2) = 8(+)) = 2a(h + p)ao(Mym)(S(2) — S())*.
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Next
G'(x,2) — G'(x,2))
= aE[u/(z — 22, 22)|21 = 2] — E[u/(x — 29, 22)|21 = 2]
= (p+o)(F(zlz) — F(z|2') + /Oz W (@ = ¢ O(f(Clz) — f(¢]2)dC,
hence

|G’ (x,2) = G'(x,2/)| < Ca™ sup |£(Clz) — £(C]2)]

0<¢<zt

Applying this inequality for z = S(z) and x = S(2’) respectively, and combining
estimates we deduce that S(z) is uniformly continuous. This completes the proof.
O

12.3.3. ERGODIC THEORY. We turn now to the case when o« — 1. We
write uq(z, 2) as follows

hat + pr~ — cx + ¢Sa(2)
+aEua(Sa(2) — 22, 22)|21 = 2]
hz™ + px~
+aFEuq(x — 29,29)|21 = 2]

ifx < Sa(z)
(12.3.29)  un(z,2) =
ifex > Sa(z)

We shall make the assumptions

(12.3.30) o = 0
inf flz) > ~(a)>0,Va
0<(¢<a
z
(12.3.31) f(C|z) is ergodic
(12.3.32) [176 - 1giae < oz

F(zlz) < odo(z) <1,Va

We denote by w(z) the invariant probability density corresponding to the Markov

chain f({|z).
We state the

Theorem 12.6. We assume (13.2.1), (12.3.2) with ¢o =0, (12.3.6), (12.3.22) and
(12.3.30), (12.3.31), (12.3.32). Then, for a subsequence (still denoted o) converging
to 1, we have, for any compact K of Rt

(12.3.33) sup |Sq(2) — S(2)| < e(a, K), e(a, K) =0, asat1
zeK

(12.3.34) sup  uq |(z,2) — Pa
<M l—«
z< N

—u(z,z)| — 0,VYM, N,
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with po — p and
hat 4+ pr~ — cx 4 ¢S(z)
(12.3.35)  wu(z,2)+p= +E[u(S(z) — 22, 22)|71 = #]
hat +px~ + Elu(z — 22, 22)|21 = 2] if x > S(2)

if x < S(z)

The function u(x, z) satisfies the growth condition

(12.3.36) sup |u(, 2)] < Co + _Gwe
£ <z 1- 50($)
z

It is C' in = and Lipschitz continuous in z. The following estimates hold

c

(12.3.37) ;2‘} luz(§,2)] < 1= d0(2))’

(12.3.38)  |u(z,2) —u(z, )| < |Colmo)+ % 8|z — 2|

(12.3.39) (1 —=00(z)) sup |ugs(&,2)] <C, (1—do(x))
§<z

sup  |ug= (&, 2)| < C, a.e.
(<
z

Given S(z), the pair u(z, z), p satisfying the above conditions and [ (0, z)w(z)dz =
0 is uniquely defined.

Also
(12.3.40) u(z,z) +p= ig%[l(x, z,v) + ®%u(x, 2)].
PROOF. We begin with (12.3.33). We first note that
ci(p+h)
12.3.41 0<8, <PV _
( ) ~ 7 7 min(c, h) o

Moreover, from (12.3.28) and (12.3.30) we have
(G4 (Sa(2),2) = G4 (8a(2), 2))(Sa(2) = Sa(2'))
> 2a(h + p)y(mo)(Sa(z) — Sa(2))?
Now
(Ga(Sa(2),2') = G (Sa(z"), 2))(Sa(z) — Sa(2))
= a/(u'a(sa(z) =, ¢) + g (Sa(2') = CON(F(Cl2") — f(Cl2))dC

From (13.2.25), we also have

max(h,p + c)

(12.3.42) sup  |ug (€, 2)| < 1= 6o()

<
z
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Therefore
|GL(Sa(2),2") — G (Sa(?), 2)]

2aomax(h —|—c
< Zamax(h,pto) /IfCI’
1 —6do(m

Collecting results, we can then state the estimate

- y max(h,p + c¢)
‘S(X(Z) Soz( )| < (h +p) (mo)(1—50

and using the assumption (12.3.32) we get

(€l2)ld¢

/|f cl) - FC)lC

omax(h,p+c) 2 — 2

—z|.
(h+p)y(mo)(1 = do(mo))
So the sequence S, (z) is uniformly Lipschitz continuous, from which the property
(12.3.33) follows.

Consider xq(z,2) = ul,(x, 2) — hlzs0 + ply<o + c. We have
(12.3.44) xa(z,2) = ga(m,2) + aE[xa(x — 22, 22)|21 = 2], if £ > S4(2)
= 0 if z<8,(2)

(12.3.43) 1a(2) = Sal()] <

with
(12.3.45) Jolw,2) = c+ alh —c) — a(h+ p)F(z|2),
we deduce easily that
(12.3.46) sup  |xa(®,2)| < M.
é“ <z 1- 50(‘7:)
z

Consider next ¥, (z, z) = x,(x, z). We obtain

(12.3.47)
Valz, 2) = alh+p)f(x)2) + aE[ba(x — 29,20)|21 = 2], x> Su(2)

0, if < 8S,(z)

This function is not continuous but it is bounded (not uniformly in «), and we can
assert that

(h+pIIfI|
(12.3.48) ;;Px [Pa(€;2)| < m-
z

Next, consider xqo (%, 2) — Xa(z,2'). For & > S, (2), x > So(7'), we check easily that

ol0:2) = v ] < [ 0t T2 s - 21

Next operating as in Theorem 12.3 we can state that for S, (2') > 2 > S, (2)

ol 2) = Xl )] < [+ B D1 5, (2)

Combining estimates we obtain

(12.3.49) IXa(T,2) — Xa(z,2)| < |z — 2|

1-— 50(1‘)
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So considering the gradient of x in both variables, we have

C
sup |Dxa(z,2)| < ———.
2 1Pl S T
z

From this estimate and using the fact that x,(z,2) = 0,Vx < 0, we can assert that,
for a subsequence (still denoted «)

(12.3.50) sup  |xa(z,2) — x(z,2)] = 0,as « — 0,V M, N.
< M
z2 <N

We operate as in Theorem 12.3 to show that

sup  |aE[xa(z — 22, 22)|21 = 2] — E[x(% — 22, 22)|21 = 2]| = 0,YM
< M
z

From (13.2.34), it follows that
x(x,2) = g(x,2) + E[x(x — 29, 29)|21 = 2], V& > S(2),
where
(12.3.51) g(z,2) =h— (p+ h)F(z|2).
Also x(x,2)=0, if z < S(z). Moreover, from
0 = 9a(5a(2), 2) + aE[xa(Sa(2) — 22, 22)|21 = 2],
and

Sgg |aE[Xa(Sa(2) = 22,22)|21 = 2] = E[x(S(z) — 22’32)][5(,2)>z2|21 =z]| =0

we obtain easily
0=9(8(2), 2) + E[x((S(2) — 22)", 22) |21 = 2],

and the function x(z, z) is continuous in z.

We set
Fa(z) = E[ua((), ZQ)|Zl = Z],
then from the first equation (13.2.25) one can check
Fa(Z) = \I/(X(Z) + O[E[FQ(ZQH,Zl = 2]7

with
U, (2) = c(1 — a)Sa(2) + ahE[(Sa(2) — 22) T |21 = 2]
+apE[(Sa(z) — z2) 7 |21 = 2] + acElza|z1 = 2]
(Sa(2)—22)"
ok / Xa(§; 22)dE |21 = Z]
0
We have
0 < ¥,(2) < momax(h,c) <1 + 161(m)> +(p+co)a
— oo(mo
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Consider
U(z) = hE[(S(2) = 22) % |21 = 2] + PE[(S(2) — 22) " |21 = 2]

(S(z)—z2)*
+cE[z9)|z1 = 2]+ FE / X(&, 22)d€|z1 = 2
0

and T'(z) to be the solution of
['(2) +p = ¥(2) + E[l'(22)|21 = 2],
with
p= /\Il(z)w(z)dz
From ergodic theory, see Chapter 3, Theorem 3.3 we can assert that

3=
sup [(2)| < sup [¥(2) — pl =
where 0 < 8 < 1, depends only on the Markov chain.
Similarly, if we set

2 Pao
po= [Valmz Fale) =Lale) - {2
we can write B R
Ta(2) + pa = Va(2) + aE[T(22)|21 = 2],
we can also assert that
- 3—-p
sup|Ta(2)] < sup|¥a(z) — Mm
1 3-p
< h 14+ — — .
< [momax( ,C) ( + . —50(m0)) + (p—l—c)cl} 15

Moreover

Fa2) = Tale') = ¥ale) ~ Tale) + @ [ Fal0)(1(C]2) - £ e
Since, using (13.2.33)
[Wa(2) — Tal2)| < C(mo)dlz — 2|,
and from (12.3.32) we can assert that
Ca(2) = Tul2)] < C1(mo)d|z — 2|

Therefore the functions I'y(z) are uniformly Lipschitz continuous and bounded. It
follows that for a subsequence we obtain

(12.3.52) sup Ta|(2) — L2 —T(z)| =0, vM
0<z<N -«
Therefore
sup ue(x,2) — lpia —u(z,2)| = 0,Vo,YM, N
< M -
0<z<N
with

(12.3.53) u(z,2) = hat +pr~ —cx + /w x(&, 2)d¢ +T'(z).
0
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We deduce u(0, z) = I'(z). Moreover, one checks easily that
D(=) + p = eS() + Blu(S(2) — 22, 2|1 = .

Therefore the first relation (13.2.28) is proven.
Consider now the situation with « > S(z). Define the function

Wz, 2) = hat +px~ + Elu(x — 22, 29)|21 = 2].

We obtain
W(x,2) = hlyso—plyco + B[t/ (z — 22, 22)|21 = 2]
hllzs0 — placo — ¢+ x(x,2), == 5(z)
= u(x,2), z>8(2).
Also

u(5(2),2)

hS(z) + E[u(S(z) — 22, z2)|21 = #]
= (h—0)S(z)+p+T(2)
= u(S5(2),2) +p

From these two relations we get @(z, z) = u(z, 2) + p, Yz > S(2).
This concludes the second part of (13.2.28).
The proof of (12.3.40) is similar to that of Theorem 12.3.
We have next

a2, 2) — a2, ') = Ta(2) — Ta(2) + /0 *(Xal6.2) — xal6,2')de

Using already proven estimates we obtain

C(mg)a™
1—do(x)
The limit u(z, z) satisfies all the estimates (12.3.37), (12.3.39). The proof of unique-

ness is similar to that of Theorem 12.3.
The proof has been completed. O

[to (2, 2) — ug(z, 2")| < [Cl(mo) + } S|z — 2|

12.4. NO BACKLOG AND SET UP COST

12.4.1. MODEL. We now study the situation of set up cost, and we begin
with the no shortage model. We have to study the Bellman equation

(12.4.1) u(z,z) = iI>1f(;[K][1,>0 +U(z, z,v) + a®u(x, 2)],
where
(12.4.2) ®Yp(z,2) = Elp((x+v— 20T, 29)]21 = 2]
+v oo
= [ eerv-coselar [ 0,05k

0 x+v
and
(12.4.3) f(¢]z) is uniformly continuous in both variables and bounded

+oo
(12.4.4) / Cf(¢lz)d¢ < coz+ 1
0

(12.4.5) lz,z,v) =cv+ hz + pE[(x +v —22) " |21 = 2]
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We look for solutions of (12.4.1) in the interval [0, wo(z, 2)] with
(12.4.6) wo(zx, z) = lo(z, 2) + aE[we(x — 22, 22)|21 = 2].
In Lemma 12.1, we have proven the estimate

hx pcoz pcy
l—-a 1l-cpa (1—a)(l—coa)’

(12.4.7) wo(z, z) <

with the assumption
(12.4.8) coa < 1.

As usual we consider the payoff function

(1249) JE,Z(V) =F Z o't [K]Ivn>0 + l(yrn Zn, Un)]v
n=1

with V' = (v1,--- ,vp, -+ ) adapted process with positive values and

(12410) Yn+1 = (yn + vp — Zn+l)+7 Y1 =2

We define the value function

(12.4.11) u(z, z) = iI‘}f I (V).

We state the

Theorem 12.7. We assume (12.4.2), (12.4.3), (12.4.4), (12.4.5), (12.4.8). The
value function defined in (12.4.11) is the unique l.s.c. solution of the Bellman
equation (12.4.1) in the interval [0,wo]. There exists an optimal feedback O(x, z).

12.4.2. s(z),S(z) Policy. We now prove the following result

Theorem 12.8. We make the assumptions of Theorem 12.7 and p > c. Then the
function u(x, z) is K—convex and continuous. It tends to +0o0 as x — 4o00. The
function

G(z,2) = cx + pE[(z — 22) |21 = 2] + aEu((z — 22) ", 22) |21 = 2],

s also K—conver and continuous. It tends to +00 as © — 4oo. Considering the
numbers s(z),S(z) associated to G(x, z), the optimal feedback is given by

(12.4.12) (x,2) = {g(z) -z, Zﬁi i 222

The functions s(z) S(z) are continuous.

PrOOF. We consider the increasing sequence
(12.4.13)  upt1(z, 2) = })I;f(;{K]LDo +cv+ hx 4+ pE[(x 4+ v — 22) " |21 = 2]
+aBu,((z +v—22)", 20)[21 = 2]},
with up(x, z) = 0. Define
(12.4.14)  Gp(x,2) = cx + pE[(x — 22) " |21 = 2] + aBun((x — 22) 1, 22)|21 = 2].
We can write
(12.4.15) Unt1(z,2) = (h—c)x + %QE[K]I"ZI + Gn(n, 2)].

We are going to chow, by induction, that both u,(z,z), G, (z,2) are K—convex
in z, continuous and — 400 as © — +oo, for n > 1. The properties are clear for
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n = 1. We assume they are verified for n, we prove them for n + 1. Since G,,(z, 2)
is K —convex in z, continuous and — 400 as * — +o0, we can define s,(2), Sp(2)
with

(12.4.16) Gn(Sn(2),2) = inf Gp(n, )
n
(12.4.17)
on() = 0, if G,(0,2) < K +inf,, G,,(n, 2)
T Gulsn(2), 2) = K +inf, Gu(n, 2), if G(0,2) > K 4 inf, G (1, 2)

As usual we take the smallest minimum to define S, (z) in a unique way. Since
G (n,z) is continuous, it is easy to check that S, (z) is continuous. Also s,(z) is
continuous.

We can write

Unt1(z, 2) = (h — ¢)x + G (max(z, s,(2)), 2),
which shows immediately that wu,41(z,2) is K—convex and continuous. Further-
more u,11(x,z) = +00, as & — +0o. We then have
Grs1(2,2) = e + pE[(@ — 22) |21 = 2] + alh — OE[(z — 2)* |21 = 2]
+aE[G,(max(z — 22, 8,(22)), 22)|21 = 2]
It is the sum of a convex function and a K —convex function, hence K —convex. It

is continuous and — +o00 as * — +00. So the recurrence is proven. If we write
(formally)

ul (z,2) = h —c+ xn(z, 2),

then one has the recurrence

Xnt1(z,2) = 0 if z<s,(2)
= plx,2) + aBlxn(z — 22, 22) |21 = 2]
with
(12.4.18) w(z,z) =c+alh—-c)—(p+alh—-c))F(z|2).
The function x,+1(z, 2) is discontinuous in s, (z). However one has the bound
- (p—c) < Xnt1(z,2) < m a.e.
l-a l-«a

Therefore the limit u(x, z) is K —convex and satisfies
U/(I,Z) =h—c+ X(Iv'z)v

with

c+alh—c)

< <-———" 7 ae
< x(z,2) < T a.e

(p—9
11—«

Hence u(z, z) is continuous in  and — 400 as * — +oo. Therefore one defines
uniquely s(z), S(z) and S(z) minimizes in z the function
G(z,2) = cx + pE[(x — 29) |21 = 2] + aBu((x — 22)T, 22) |21 = 2]

From this formula and the Lipschitz continuity of u in z, using the assumption
(12.4.3) one can see that G(x, z) is continuous in both arguments. Hence S(z) and
s(z) are continuous. The proof has been completed. 0
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12.4.3. ERGODIC THEORY. We now study the behavior of u(z,z) as
a — +00. We denote it by u,(z,z) and we write the relations

(12.4.19) ua(x,2) = (h — ¢)x + Go(max(x, s4(2)), 2)

(12.4.20) Go(7,2) = go(2,2) + @B[Go(max((z — 22) 7, 50(22)), 22)|21 = 2],
with
(12.4.21)  go(w,2) = cx + pE[(x — 22) |21 = 2] + a(h — ¢)E[(w — 22) T |21 = 2].

We will use an approach different from that of the base stock case, since we cannot
prove uniform Lipschitz properties for the function s,(z). The present method will
use less assumptions. We shall assume ¢y = 0 and

(12.4.22) zn is ergodic.
We denote by w(z) the invariant measure. We also assume
(12423 196 - 1¢lde < oz -,

[aseie) - selhie < oz -2
(12.4.24) sup F(z|z) = do(z) <1,Vzx
(12.4.25) sup F(z|z) — 0Oasx— +00
We begin with the
Lemma 12.3. If s(z) > 0, then

p+alh—c)
<—F
S(z) = c+a(h—c) [z2l4]

PrROOF. If s(z) > 0 then we have
u(0,z) = K + G(S(z2), 2).
Set
G2 = (S(2) — 22)", 02 = 0(§2, 22),
then
G(S(2),2) = c5(2) + pE[(S(2) — 22) " |21 = 2] + aE[u(f2, 22)|21 = 2]
Also we can write
u(f2,22) = (h—c)f2 + Klg,»0 + G(J2 + 02, 22)
hje + Klo, >0 + cio + pE[(J2 + 02 — 23) " [22]
+aBu((ge + 02 — 23) ", 23)|22]

Therefore, we can write

(12.4.26) u(0,2) = K +¢S(2) + pE[(S(2) — 22) 7|21 = 7]
+aE[hjs + Klgy~o + bz + p(§2 + 92 — 23)~
+au((gz + 2 — 23)T, 23)|21 = 2].
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We next have
u(0,2) < G(0,2)
= FElpz + au(0, 23)|21 = 2]

Furthermore

(0, 22) < K + G(ga2 + 02, 22)
Replacing G and combining the two inequalities we get

u(0,2) < pElzalz1 = 2] + aK + aE[c(§2 + 02) + p(§2 + G2 — 23)~
+au((f2 + 02 — 23)", z3)|21 = 2]

Comparing with (12.4.26) we obtain easily the desired inequality. O

We deduce from the Lemma that, whenever ¢ = 0
p+(h—cof

(12.4.27) sal?) < =

Ct.
We now state the

Theorem 12.9. We assume (12.4.3), (12.4.4), with ¢y = 0, (12.4.22), (12.4.23),
(12.4.24), (12.4.25). Then there exists a number p, such that, for a subsequence,
still denoted o — 1

(12.4.28) sup gz, 2) — 1p7a —u(z,2)| = 0,VM,
<M -
z

and po, — p. The function u(x, z) is Lipschitz continuous, K —convezr and satisfies

Cl.flj

12.4.29 e NG L
(12429 e, )] < Co + s

C Clx
12.4. o2 2)] < —=—— ua(z, 2)| < T e
( 30) |ug(z, 2)| T o0() |uz(z, 2)| < Co+ T a.e
The pair u(z, z), p is the solution of
(12.4.31) u(z,z) +p= ir;%[KEDO + Uz, z,v) + Du(z, 2)].

PROOF. We set
Xa(z,2) =ul (z,2) —h+c,
then we can write
(12'4'32) Xoc(l‘» Z) = ]Im>sa(z),u'a (za Z) + O‘E[Xa(x — 22, 22)][00*22>0|21 = Z]a
with
ta(z,2) = go(x,2)
— ctalh—c) - (p+alh— ) F(al2)
The function x,(z, 2) is not continuous, but satisfies

max(h, p)

(12.4.33) sup IXa(&2)] < T oo(@)"

0<gf<z
z
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Let us next define ', (2) = u4/(0, z). We have

Lo(z) = Ga(sa(2),2)

50 (2) + PE[(50(2) — 22) |21 = 2] + aEua((5a(2) — 22)1, 22)|21 = 2]
)+

(sa(z)—22
/ Xal€, 22)de| 1 =2
0

= gal(Sa(2),2)+akE +aE[l o (22)|21=2]

Therefore we can write

(12.4.34) To(2) = ¥uo(z) + aE[La(22)]21 = 2],

with
(Sa(z)*zz)+
/ el el = 2|
0

Thanks to Lemma 12.3, we have the estimate (12.4.27), so s,(z) < mg. Using the
estimate (12.4.33), we see that |¥,(z)| < C. Let us then define

po= [ Vo))

Uo(2) = ga(sa(2),2) + aF

and To(2) = Ta(z) — 1[)_70‘& From ergodic theory, we can assert that

- 3
sup P (2)] < sup|¥a(2) ~ pal3—5 < C.
and we can state the estimate
Pa Cx
alz,2) — <C+———.
ua(,2) 1—a‘_ T 50@)

Define @, (2, 2) = uq(x, 2) — 1[)704 We write equation (12.4.1) as
-«

(12.4.35) Ua(Z, 2) + po = ir;%[K]Iwo + Uz, 2,v) + a® 4y (z, 2)].

From Lemma 12.3 we can assert that the optimal feedback satisfies & + 0, (2, 2) <
max(z, mg). Therefore we can replace (12.4.35) by

U (2, 2) + pa = inf [K1,~0 + l(z, 2,v) + a® 4 (z, 2))

z+v<max(x,mg)

= inf Lo (z, z,v).
0<v<max(xz,mo)—x

Next
Lo(z,2,0) = La(z,2',v) = /[p(IJrv*C)”rafta((va*C)*y OIS (Clz) = f(¢[2)d¢

For v < max(x,mg) — x we can write

C max(x, mo)

lia((z+v—-0)", 0l < C+

1 — dp(max(x, mg))
Czl‘

/ S —
Gt @

Using the assumption (12.4.23) we get easily

~ ~ CQ(L‘
— N < B b — 2.
lia(z, 2) — Ga(x, 2')| < <C1—|— 1—50(13))6'2 2’
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From the estimates obtained we can assert that ,(z,z) has a converging subse-
quence (still denoted «), in the sense

(12.4.36) sup  |Ua(z, 2) —u(z,2)] - 0,as o — 0.
< M
z2< N
Since p,, is bounded, we can always assume that p, — p. Denote
L(z,z,v) = KL~ + l(z, z,v) + ®"u(x, 2)
then
Lo(z,2,v) — L(z,2,v) = a®¥(Uq — u)(z,2) — (1 — a) @ u(z, 2)
For v < max(x,mg) — x, we have assuming M > my

sup [®%u(x,2)] < C + %
.’,USM - 0( )
z

We also have
SWp (B — w)(@,2)] < sup | — l(z, 2)sup F(N, 2)
<M < M #
z z
+ sup |@a — ul(z,2)
< M
z<N
Using the assumption (12.4.25) and (12.4.36), letting first &« — 1, then N — oo, we
deduce
sup |Lo(x,2,v) — L(z,z,v)| = 0, asa — 1
<M
v < max(x,mg) — x
z

Therefore we deduce easily (12.4.28) and also that the pair u(z, z), p satisfy (12.4.31).
The estimates (12.4.29), (12.4.31) follow immediately from the corresponding ones
on iy (x, z). The K —convexity of u follows from the K —convexity of @,. The proof
has been completed. O

12.5. BACKLOG AND SET UP COST

12.5.1. MODEL. We finally consider the situation of set up cost, with back-
log. The Bellman equation is

(12.5.1) u(z, z) = ig%[K]Iwo + l(z,v) + a® u(x, 2)],
where
(12.5.2) DYp(x,z) = Elp(x+v—22,22)|21 = 2]

/0 ol +v—COFCI)C,

and

(12.5.3) f(¢]2) is uniformly continuous in both variables and bounded
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+oo
(1254 | e < s e
0
(12.5.5) I(x,v) = cv+ha™ +pr~.
We look for solutions of (12.5.1) in the interval [0, wo(z, z)] with
(12.5.6) wo(x, z) = lo(x) + aEwe(z — 22, 22)|21 = 2],

with lo(z) = (z,0).
In Lemma 12.2, we have proven the estimate

(12.5.7)
hat +px~ peozo pey o —cp o
<
wo(®,2) < 1—a (1 —coa)(1—a) + (1—c)2 \(1—a)? 1-—ac
with the assumption
(12.5.8) coa < 1.
As usual we consider the payoff function
(12.5.9) Joo(V)=E> a" KLy, 50+ (yn, vn)],
n=1
with V' = (v1,-++ ,vp, -+ ) adapted process with positive values and
(12.5.10) Yntl = Yn +Up — Zny1, Y1 = T.

We define the value function
(12.5.11) u(z, z) = ir‘}f Iz, 2(V).
We state the

Theorem 12.10. We assume (12.5.2), (12.5.3), (12.5.4), (12.5.5), (12.5.8). The
value function defined in (12.5.11) is the unique l.s.c. solution of the Bellman
equation (12.5.1) in the interval [0, wg]. There exists an optimal feedback 0(x, z).

12.5.2. s(z),S(z) Policy. We now prove the following result

Theorem 12.11. We make the assumptions of Theorem 12.10 and ap > c. Then
the function u(x, z) is K—convex and continuous. It tends to +oc0 as |x| — +o0.
Considering the numbers s(z),S(z) associated to u(x,z), the optimal feedback is
given by

. ) S(z)—z, ifr<s(z)
(12.5.12) Oz, z) = {07 if 2> s(2)
The functions s(z) S(z) are continuous, S(z) > 0.

ProoF. We consider the increasing sequence
(12.5.13) upt1(z, 2) = hx++p$_+ir;%{K]Iv>o+Cv+aE[un(x+v722, 29)|21 = 2]},
vz
with ug(z, z) = 0. Define
(12.5.14) Gn(z,z) = cx + aFEu,(z — 22, 22) |21 = 2].
We can write

(12.5.15) Upy1(z,2) = hat +px~ —cx + il;f (KT, + Go(n, 2)].
n>x
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We are going to chow, by induction, that both w,(z, z), G, (z, z) are K —convex in
x, continuous and — 400 as |z| — 400, for n > 2. Also
(12.5.16) un(,2) < —p—c, Gl (z,2) <c(l—a)—ap, ifz <0.
These relations will be true for n > 2. We have G{(z,z) = ¢ and u)(z,z) =
—p, if £ < 0. Then

Gi(z,z)=c—ap<0,ifz <0
As soon as G, (z, 2) < 0, for < 0, then u,, ,(x, 2) satisfies (12.5.16) and G}, ,  (z, 2)
satisfies also (12.5.16).

Since Gy (x, z) is K—convex in x, continuous and — +oco as |z| — +00, we can
define s,(2), Sp (%) with

(12.5.17) Gn(Sn(2),2) = iI717f Gn(n, 2),

and s,(z) is defined by
(12.5.18) Gn(sn(2),2) = K +inf G (n, 2).
n

As usual we take the smallest minimum to define S,(z) in a unique way. Since
Gn(n, z) is continuous, it is easy to check that S, (z) is continuous. Also s,(z) is
continuous.

We can write

Upy1(z,2) = ha™ + pr~ — cx + Gp(max(z, s,(2)), 2)

which shows immediately that w,41(z, z) and then Gp41(z, z) are K—convex and
continuous. Furthermore uy,41(z, 2), Gpt1(x, 2) = 400, as © — +o0.
Since for x < 0

u;erl(xv Z) =-p—c+ G;l(l‘, Z)][w>sn(2)v

we see that (12.5.16) is satisfied for w41, Gr11. Therefore u,1(x, 2), Gpii(z, 2) —
400 as x — —oo.

So the recurrence is proven. Note also that S,,(z) > 0.

If we write (formally)

(2, 2) = hllyso — pleco — ¢ + Xa(2, 2),

then one has the recurrence

Xnt+1(z,2) = 0 if z<s,(2)
= (,2) + aBlxa(w — 22, 22) 21 = 2]
with
(12.5.19) p(z, 2) = c(1—a) + ah —a(p + h)F(z|2).
The function x,+1(z, 2) is discontinuous in s, (z). However one has the bound
el —1 Cj)a— op i (2, 2) < c(1 —1 (i)oj_ ah

Note also xn(z,2) <0, if x < 0 and
Xnt1(2,2) <ec(l—a) —ap, if sp(z) <z <0
Therefore the limit u(x, z) is K —convex and satisfies

U/((E, Z) = h]Ix>0 - p]Ix<O —c+ X($7Z),
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with

1-—- h
< x(z,z) < ol —a)+ah a.e.
l-«

o(l—a)—ap
l-«a

Hence u(z, z) is continuous in z and — 400 as © — +o0. For z < 0, one also has
w(x,2) < —c—p
therefore u(z, z) — +o00 as © — +o00. Also
x(x,2) <0ifx <0, x(z,2) <c(l—a)—ap, s(z) <z <0
Therefore there one defines uniquely s(z), S(z) and S(z) minimizes in z the function
G(z,z) = cx + aEu(x — 23, 22)|21 = 2]

From this formula and the Lipschitz continuity of u in z, using the assumption
(12.5.3) one can see that G(z, z) is continuous in both arguments.

Also G(z,z) = 400 as © — —oo. Hence S(z) and s(z) are well defined, and
are continuous. Moreover S(z) > 0. The proof has been completed. ]

12.5.3. ERGODIC THEORY. We now study the behavior of u(z,z) as
a — +o0o. We denote it by uq(z, 2z) and we write the relations

(12.5.20) Ug(x,2) = ha' + pr~ — cx + Go(max(z, 54(2)), 2)

(12.5.21) Gol(x,2) = cx + aFBlug(x — 22, 22)|21 = 2].
We shall assume ¢y = 0 and
(12.5.22) zn 1s ergodic.

We denote by w(z) the invariant measure. We also assume

(12.5.23) J176 - 1gae < oz -,
(12.5.24) [ alsie) - felldc < 1z~ 21,
(12.5.25) sup F'(z]z) = do(z) < 1,Vzx
(12.5.26) sup F(z|z) — 0Oasx — 400

We begin with the

Lemma 12.4. We have the estimate
K

(12.5.27) so(2) < P g

:ma

Also

a(p+ h)E[z2|z1 = 2] + apm,

(12.5.28) 0<Sa(z) < ct+alh—o)
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Proor. We recall that

0=K+ inf /Ti x(&, z)dE.

n>s(2) Js(z)
Therefore if s(z) < 0 we can write
0
0K+ [ e
s(z)
However for s(z) < £ < 0, we have x(&, z) < ¢(1 — a) — ap, which implies (12.5.27)

immediately.
Since s,(z) > —mg, we have successively

u(—my, 2) = (p+ )ma + K + G(S(2), 2).

Set
Y2 = S(2) — 22, D2 = 0(Y2, 22),

then

G(S(2),2) = eS(z) + aEu(gs, 22)|z1 = z].
Also we can write

w(fa,z2) = hiy +ply + Klg,so + iy + aBu(fz + b2 — 23, 23)|22].

Therefore, we can write
(12.5.29) u(—=ma,2) = (p+ )ma + K + cS(2) + «E[hjs + piy

+K 15,50 + clo + au(Pe + 02 — 23, 23)|21 = 2].
We next have

u(—ma,z) < pmg + aBu(—mgy — 22,292)|21 = 2].
Furthermore
u(—ma — 22, 22) < K+p(22+ma)+c(J2+ 02+ 22 +ma) + aBu(fz + 2 — 23, 23)[ 22]-
Combining the two inequalities we get
u(—ma, 2) < pmg + aK + a(p + ¢)mq,
+aE[(p+ ¢)z2 + c(f2 + D2) + o + b2 — 23, 23)|21 = 2].
Comparing with (12.5.29) we obtain inequality
cS(z) +al(h = )E[(S(2) = 22) |1 = 2] +a@+)E[(S(2) — 22) |21 = 2]
< apma +a(p+ c)Elza|z = 2],
from which we deduce easily (12.5.28), which completes the proof. O
We deduce from the Lemma that if ap > ¢+ a(h — ¢) one has also

a(p+ h)E[z2|z1 = z] + apmy,
5. « < .
(12.5.30) [sa(2)] c+alh—0)

1
Since o« — 1, we may assume a > 3 and thus if cg =0

2K
(p+h)c1+—p
p—c

[sa(2)]; Sa(z) < mo =

min(c, h)

We now state the
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Theorem 12.12. We assume (12.5.3), (12.5.4), with ¢y = 0, (12.5.22), (12.5.23),
(12.5.25), (12.5.26). Then there exists a number p, such that, for a subsequence,
still denoted o — 1

(12.5.31) sup Ue (T, 2) — 1/)7& —u(z,2)| = 0,VM,
o] < M -
z

and po, — p. The function u(zx, z) is Lipschitz continuous, K —convez and satisfies

C(z +mo)*

(12.5.32) lu(z, 2z)| < C + T 00(@ + mo)¥) +C(x +mg)~
(12.5.33) lug(z,2)] < = 50((f+ o) lus(z, 2)|
< Cc+ C(max(zT,mg) + mo)

1 — dp(max(xzt,mg) + mo)
The pair u(z, z), p is the solution of
(12.5.34) u(z,z)+p= il;%[Kﬂv>o +1(z,v) + P u(z, 2)].

PrOOF. We set
Xa(.’l},Z) = u;(x, Z) - h]I.'E>0 +p]I.7;<O + c,

then we can write

(12.5.35) Xa(®,2) = Tpss () {la(®, 2) + aExa (T — 22, 22)|21 = 2],
with
palz,2) = c+a(h—c)—a(h+p)F(z]2)
The function x.(z, z) is not continuous, but satisfies (since s, (z) > —my)
max(h,p)

(12.5.36) sup  |xa(§,2)| < ————————.

€§x| (©2) 1 —do(x* + mo)

z

Let us next define I'y(2) = uq(—mo, z). We have
La(z) = Galsa(z),2) + (p+c)mo
= ¢8a(2) + aEua(sa(2) — 22, 22)|21 = 2] + (p + ¢)mo
9a(sa(2), 2) + aB[la(z2)|21 = 2]
Sa(2)—22
[ e gl = -

—myg

+akF

with

(12.5.37) go(2,2) = ¢(1 — @)z + aE[h(r — 22)* + p(x — 22)7]
+cElz|z = 2]+ (p+ ¢)mo(1 — a)

Therefore we can write

(12.5.38) To(2) = Uol(z) + aE[Ly(22)|21 = 2],
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with
Sa(z)—z2
[ sl = -
o
We note that |s,(z)] < mg. Using the estimate (12.5.36), we see that |¥,(z)| < C.
Let us then define

Uo(2) = ga(sa(z),2) + aE

po = [ Va2 ()i

and Ty (2) = To(2) — P2 From ergodic theory, we can assert that

l1-«a
N 3-8
sup [T'o(2)] < sup [¥o(2) — pa ﬂ <C,

and we can state the estimate

Pa C(LI} +m0)+ _

alT,z) ———| < C C .
Ua (T, 2) T—al S +1—50((x—|—m0)+)+ (z +mo)
Define 4 (z, z) = uq(z, z) — 1p7a We write equation (12.5.1) as
-«

(12.5.39) U (T, 2) + pa = iI>1fO[K]IU>0 +l(z,v) + a®q(z, 2)].

From Lemma 12.4 we can assert that the optimal feedback satisfies
max(—mog, ) < = + 0(z, 2) < max(x™, mp).

Therefore we can replace (12.5.39) by

o (T,2) + poa = max(—mo,m)gglal-lrf;;gmax(ﬁ,mo [KL,>0 + (z,v) + a®¥u4(x, 2)]
= inf Ly(z, z,v).

max(—mo,z)<z+v<max(zt,mg)

Next
La(@,2,0) — La(z, #,0) = a / Galz +v - GO — I

For max(—mqg, ) < z +v < max(x™,mg) we can write
C(max(z*, mg) + mo)
1 — dp(max(xt,mg) + mg)
Using the assumptions (12.5.23) and (12.5.24) we get easily
C(max(a, mo) + mo) ) 52— .
1 — dp(max(xt, mg) + mg)

ia(z+v—-C 0 < C+

+C¢

lto (2, 2) — G (2, 2')| < <C +
From the estimates obtained we can assert that @, (x, z) has a converging subse-
quence (still denoted «), in the sense
(12.5.40) sup  |Uq(x,2) —u(z,z)| — 0,as a — 0.
2| < M
z< N
Since p, is bounded, we can always assume that p, — p. Denote
L(z,z,v) = K50 + l(z,v) + ®u(x, 2)
then
Lo(z,z,v) — L(z, 2,v) = a®’ (Uy — u)(z,2) — (1 — )P u(z, 2)
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For max(—mo,z) < x4+ v < max(z™,mg), we have assuming M > mq

CM
sup |<I>”u(x,2)| <C+ W
|.T)| S M - 0( )
z
We also have
sup  [@(ta —u)(z,2)| < sup  |tg — ul(z, z) sup F(N, 2)
|| < M || < M ?
z z
+ sup |ﬂa —u|(:r,z)
o] < M
z< N

Using the assumption (12.5.26) and (12.5.40), letting first « — 1, then N — oo, we
deduce
sup |Lo(x,2,v) — L(z,z,v)| = 0, as a — 1.
o[ <M
max(—mg,z) < v+ z < max(x
z

+am0)

Therefore we deduce easily (12.5.31) and also that the pair u(z, z), p satisfies (12.5.34).
The estimates (12.5.32), (12.5.33) follow immediately from the corresponding ones
on %y (x, z). The K—convexity of u follows from the K —convexity of %,. The proof
has been completed. 0

12.6. LEARNING PROCESS

12.6.1. MODEL. We follow in this section [33]. We have already considered
an example of Markov demand in section 12.2, Example 12.1, in which the Markov
dependence was obtained trough a parameter of the probability law of the demand.
The probability law of the demand 2,41 depends on a parameter, namely f(z,\),
but A is not fixed. It is a function of z,, A(z,). We show here how the common
learning procedure, which is quite natural when a parameter is not really known,
but is updated in function of the available information leads to a similar situation.
We consider only the inventory model with backlog, to fix the ideas. So we have

(1261) Yn+l = Yn + Un — Znt+1, Y1 = 2.

The probability density of z,41 is f(z,A,) where A, is the value given to the
parameter A, at time n. Instead of writing A\, = A(z,), we express an evolution

(1262) )\n+1 = p()\n,Zn+1), )\1 =\
The pair y,, A, is a controlled Markov chain, whose operator is given by
(12.6.3) (@, N) = Elp@+v—2,p(\ %)

= [ otatv— NI AG
The observation process is the demand. So we define the filtration
F' = o(z9, - ,2,), n>2
Flo= (9,0
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and the control process v, is adapted to the filtration F”. We define the cost
function for each period

(12.6.4) [(x,v) = ha™ + pr~ + cv.
Calling V = {v1, -+ ,vn, - - - }a control policy, we define the cost functional
(12.6.5) Jen(V)=E |3 a" M (yn, vn)lyr = 2,01 = A .

n=1

‘We consider the value function
(12.6.6) u(z, A) = ir‘}f Jza(V),
and the Bellman equation

(12.6.7) u(z,\) = ha™ +pr~ —cx + ir>1f [en + a® u(n, N)].
n=x

12.6.2. SCALABILITY. Bellman equation (12.6.7) is, as expected a 2 di-
mensional problem. We just describe here a case when the problem can be reduced
to one dimension, by an interesting property, the scalability. We say that there is
scalability with the function ¢()) if one has the relations

_ "\ _ < z )
(12.6.8) fa,A) 0y q(p(A,z)) = qAU )
Let us give examples. The first one is the function
kaxexk—1
(1269) f(l‘,)\) = W.

This probability density is called Weibull-Gamma. The reason is that it is ob-
tained by combining a Weibull distribution with a Gamma distribution. Suppose
we consider a Weibull distribution

b(x,y) = kya* " exp —ya®,
depending on a parameter y. However, the parameter y is not known. One considers
that it is random with a density

A% L exp —y\
Q(y, >\) = W,

where we recall that for a > 0
“+o00
I'(a) = / " exp —x da.
0

We see immediately that

—+o0
fl,A) = b, y)g(y, A)dy.
0
The function f(z, A) defined by (12.6.9) is scalable if p(\, z) = A+x*. The functions
q(N), f(x),U(x) are defined by

1 1
(12.6.10) qN) =Xk, f(2) = (lixw Ulz) = (1+a")k.
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A second example is the Gamma-Gamma model in which
XegF 1T (k + a)
(x + N)ktel(a)D(k)"
This probability density can be obtained by combining a Gamma probability density
_ Yyt lexp—y

Y(z,y) = T’

(12.6.11) flz,\) =

with another Gamma probability density
a,a—1
gy \) = W
The probability density (12.6.11) is scalable if p(A,z) = X + z. The functions
q(N), f(x),U(x) are defined by
2P 1T(k + a)

(1 + z)k+aT(a)T(k)’
Let us now show how the scalability property can be used to reduce the dimension

of Bellman equation to 1.
Equation (12.6.7) is written as

(12.6.13) wu(z,\) = hat +pr~ —cx —1—5121& {cn + a/u(n — C,p()\,C))f(C,)\)dC] .

I{'epla’CIHg J (C? )\) e gEt
C >

q(N)

(12.6.12) g\ =X, f(z)=

Ulx)=1+z.

u(z,\) = hat +pr~ — cx + ir>1f c77+a/u(n -, p(\ ¢
n=x

We can find a solution of the form
T

ulw, ) = v (qu)) 4,

with v(x) solution of

(12.6.14)  wv(z) = hat +px~ —cx + ;22 {cn + a/v <H> U(C)f(C)dC} ;

which is a one-dimensional problem.
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CHAPTER 13

LEAD TIMES AND DELAYS

13.1. INTRODUCTION

In all models, so far we have considered that an order v, put at time n is
delivered at time n + 1. Another equivalent way is to consider that n represents
the initial time of the n*® period and the the delivery is achieved at the end of
the period, which is also the beginning of the (n + 1) period. The delivery time,
called the lead time is 1. In this chapter, we are going to consider more complex
situations, in which the lead time is larger than 1. Many situations can occur, the
simplest being that the lead time is a fixed deterministic number L. It can also be
a random variable and even a stochastic process. During the lead time, there can
be limitations in the orders, for example no order is possible during a lead time, or
orders can be put without any limitation.

Concerning delays, we shall consider delays in the information reception. In
the preceding chapters, the delay was 0. Indeed, the demand is observed when it
is realized; the demand in the n'® period is realized at the end of the n*® period,
which also time n + 1, when the order v, 41 is decided.

In these problems the dynamics is not indifferent. The backlog case, in which
the evolution of the inventory is linear, can lead to important simplifications, in
which an interesting concept the inventory position plays a major role.

13.2. MODELS WITH INVENTORY POSITION

13.2.1. DETERMINISTIC LEAD TIME. We assume here that we have
a lead time L > 1. Of course, L = 1 is the standard case. The demand is a sequence
of i.i.d random variables, Dy,---, D,,--- We define the filtration

F'=0(D1,---,Dy,), F°=(Q,0).

The control V = (v1,--- ,vp, - - ) is adapted to the the filtration 7"~ . If we denote
by (Y1, ,Yn, - ) the sequence of inventories, with initial inventory y; = z, we
have the relation

(13.2.1) YntL = Yn+L—1+Vn — Dpyr—1, Y1 =2.

We note that we allow the possibility of backlog. Also the inventories y1,- - ,yr do
not depend of the control, instead of just y;. It is convenient to introduce pending
orders x1,--- ,xr_1 to be received at time 2,--- , L, if L > 2. They are given values,
like the initial value . Therefore we have the relations

(1322) yj:.’,U—f—.’I}l-’--f—.’I)J,l—Dl—— j,172§j§L,
for L >2. We next define the costs per period
(13.2.3) C) = Kl,so+cv, I(x)=hat +px~.

211
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Introduce the vector in R, X = (2,21, -+ ,21_1). We can define the objective
functional

00 L—-1 00
(1324) Jx(V)=>_ a"'EC(vy) + Y _ o/ 'El(y;) + Y " El(yniL1).
n=1 =1

n=1
If L = 1 the intermediary sum disappears and we recover the standard cost ob-
jective. This intermediary sum is a given function of X, not depending on the
control. The rest depends on X through ¥, so in fact depends on X only through
the number
(13.2.5) z=x+x1+ - +T1_1.

Therefore we can write

L—-1
Ix(V) =" o/ El(y;) + J.(V),
j=1
where
(13.2.6) L(V)=> " a"'"EC(v)) + Y a" P El(y,y ).
n=1 n=1

Note that z represents the initial inventory augmented by the sum of the pending
deliveries. It is called the inventory position. Similarly, we use for L > 2

Ynil-1 = Yn+Un1+-Fvapy1—(Dn+- 4+ Dnyr_2),
with the notation
Vo = XL-13V-1 = TL—2 V2L = 1,
to define
Zn = Yngr-1+Dn+--+Dnyr o

= yn+vn—1+"'+vn—L+1a

which is the inventory position at time n. We have z; = z. We then have the
evolution

(13.2.7) Zn+l = Zn + U — Dy,

This proves that the process z, is adapted to the filtration F™~1. Next
UYn+z—1) =U(zn — (Dp + -+ Dnyr—2)).

But D,,, -, D,11—2 are independent from z,. Therefore

VBl (yir—1) = El(z,),

where
~ L—-1
(13.2.8) () =a"'El(2- ) D,
j=1
We can then write
(13.2.9) J.(V)=>a"'EC(v)) + Y a" ' El(z,).
n=1 n=1

The problem has been reduced to a standard one, replacing the inventory with the
inventory position, and the function {(x) with [(x).



13.2. MODELS WITH INVENTORY POSITION 213

Remark 13.1. The preceding transformation fails when backlog is not permitted.
Dynamic Programming remains possible, but we have to work in R”.

13.2.2. ANALYTICAL PROOF. In the preceding section, we have made
a reasoning based on the control itself and show how it can be reduced to a one
dimensional problem for the inventory position. We give here an analytical proof,
following Karlin and Scarf, see [1]. The idea is to follow Remark 13.1 and to write
the Bellman equation in the space R”. The state at time n is a vector

Yn = (ynvy'rlu' o 7y£_1)'

The interpretation is easy. The first component y, is the stock on hand and
yk -+, yE~! represent the pending orders in the order of arrival; y! will arrive

at time n + 1 and y£~! will arrive at time n + L — 1. We have the initial condition
Yi= (2,21, ,20-1).
The evolution equations are as follows

Yn+1 = Yn + yrlL — Dy;

Yni1 = U
(13.2.10) e
L—-2 —
Yn1 = yL=t
y’n,—?l = Un;

and v, to be decided at time n will arrive at time n + L. From (13.2.10), it is easy
to deduce (13.2.1). The cost functional is defined by

(13.2.11) Tx(V)=>_a" " (C(vn) + Uyn))-
Call
(13.2.12) w(X) =w(z,z1, - ,2L-1) :iI‘}fJ)((V).

Bellman equation reads

(13.2.13) w(z,x1, -+ ,x-1) = l(x)—l—})r;f(’)[C(v)—i—aEw(x—i—xl—D,x27 cee,xpo1,v)].
If we consider the Bellman equation relative to the inventory position, for the value
function of J,(V),

(13.2.14) u(z) = inf J,(V),

then we have

(13.2.15) u(z) = I(z) + g%[C(v) + aEu(z+ v — D).

Proposition 13.1. One has the formula
(13.2.16)  w(z,z1, - ,x-1) =uw(lz+z1+ - +zr-1) + Gz, 21, - ,xL_2),
with
L—2
(13.2.17) G(x, 21, ,x1-2) = W)+ Y &/ Bl(w+z1+- - +a;—(Dy+---+Dp_1)).
j=1
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ProOF. If one inserts (13.2.16) in (13.2.13), with u(z) solution of (13.2.15),
then we obtain a functional relation for G, namely

l(z)+ G(z,z1, - yxp—2) =l(x) + aEG(x + x1 — D, 22, - ,T1—1),
and by direct checking, we see that G defined by (13.2.17), satisfies the desired

relation. N

13.2.3. MULTI-ECHELON INVENTORY PROBLEM. This problem
was introduced by the seminal paper of Clark and Scarf, see [16]. We will consider
L = 2. So we have

(13.2.18) Ynt1 = Yn+ U — D
y717,+1 = Un.

However, the order v, is not simply made on the market. It is obtained from
an upper level installation, called installation 2, whereas the installation directly
in contact with customers is called installation 1. Only installation 2 buys on the
market. So we introduce the stock at installation 2, denoted by 7,, and its evolution

is defined by
(13219) NMnt1 = Nn + Up, — Up,
where v,, is bought externally. We need to impose the constraint

(13.2.20) 0 <y < 1y

which expresses the fact that the quantity v, must be available at installation 2
to be ordered by installation 1. Note that the stock n, > 0. It is convenient to
introduce the quantity

fnznn"‘yn"‘yylu

called by Clark-Scarf the system stock. It clearly satisfies the evolution equation

(13.2.21) nt1 =&+ — Dy,

The costs per period involve C(vy,), C1(0,) and costs I(yy,), 11(§,). Of course one
could expect costs related to 7, and possibly to yl. The fact that these costs are
summarized in a cost depending only of the system stock is a restriction. This
assumption will be satisfied in the case when the holding costs are identical for
Yn, YL, m, and linear. This is thanks to the fact that y!, 7, > 0. Define the control
policy

V = {Uhﬁla"' ’vn,f)n’...}’
and the control policy is adapted to the filtration F"~!. Recall the constraint
(13.2.20), which can be expressed as
(13.2.22) 0< v, <& —Yn— Yo

Denote by {z,z1,&} the initial state. We can define the cost objective
(13.2.23) Jrare(V) =Y a" ' C(vn) + C1(Bn) + Uyn) + 11(5n)],
n=1

and the value function

(13.2.24) V(z,21,8) = f Jp 0 6(V),
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then the value function is the solution of Bellman equation

(13.2.25) W(z,z1,&) =1(z) +11(&) + inf [C(v) + C1(D)
v>0
0<v <&~ (z+m)
+aE¥(z+x — D,v,§ + 70— D),
and the arguments satisfy x1 > 0,z 4+ 21 < . We next consider the problem of the
previous section with L = 2, equation (13.2.13) namely w(x, z1) solution of

(13.2.26) w(z,x1) =1(z) + il;%[C(v) + aBw(z + 1 — D,v)].
We know from Proposition 13.1 that

(13.2.27) w(z,z1) = l(z) + u(z + x1),

with

(13.2.28) u(z) =1(z) + inf [C(v) + aBu(z + v = D)),

and (z) = aFEl(z — D). We shall assume
(13.2.29) C(v) = ev,

so we exclude the situation of set up cost. In that case, the function u(z) is convex
and the optimal feedback is given by a base stock policy, S. Define

G(n) = en+ aBu(n — D),
then one has
G(S), itz<S
G(z), itz>S

n>z

(13.2.30) inf G(n) = {

and from (13.2.28), we can write

D) e G(S), ifz<8S
(13.2.31) u(e) = 1(z) — ez + {G(z), itz>9

We can then state the

Theorem 13.1. For the problem (13.2.18), (13.2.21), (13.2.22), (13.2.23) with
assumption (13.2.29) the value function ¥(z,x1,£) solution of Bellman equation
(13.2.25) is given by

(13.2.32) U(z,z1,6) = U(z) + u(z+z1) + 2(E),
where ®(§) is the solution of Bellman equation

(13.2.33)  2() = (&) + (G(€) ~ G(S) fe<s + f [C1(3) + aB (¢ +7 — D).

If one denotes by 0(€) the optimal feedback defined by equation (13.2.33), then the
optimal feedback defined by the full Bellman equation (13.2.25) is given by

E—(x+mx), fot+z<ELS
(13.2.34) O(x,21,) =S —(z+z1), ifort+x<S<E

0, ifS<zt+x <¢
and

(13.2.35) b(, 21,€) = 6(8).
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PRrROOF. By direct checking, we see that a function of the form (13.2.32) will
satisfy (13.2.25) if

¢+ inf Gn) =01+ inf G(n)+gr21%[cl(@)+aE<I>(§+@—D)].

r+w1<n T4z <n<E
However, it is easy to check that
0, if £€>8
G(E) - G(S), if £€<8

z+x1<n<E z+x1<n

inf G(n)— inf G(n) = {

The important property is that this expression does not depend on x + 1. Then
® (&) must be solution of (13.2.33). It also follows that the expression on the right
hand side of (13.2.32) is solution of (13.2.25) and the feedback defined by (13.2.34),
(13.2.35) is optimal. This completes the proof. (I

13.2.4. RANDOM LEAD TIME. We assume now that the lead time at
time n when the order v,, is decided is a random variable L,,. We assume the
restrictive assumption that

(13.2.36) Lpyi = Lyp+e, €20, iid
Ly >1 independent of ¢,

So the lead time cannot improve with time. It contains of course the deterministic
case, and more generally the case of a lead time which is constant, but random.
It can be considered as a risk averse attitude towards lead times, but of course
eliminates any possibility of improvement.

We also assume

(13.2.37) L, independent of the demand process.

We then write

(13.2.38) YntLn = Yntln-1+Vn —Dnir, -1, % =2,

and n + L, is a random time. We define again the inventory position

(13.2.39) Zn41 = Yn+L, + Dny1+ -+ Dntr,—1-

If L, = 1, we interpret the formula as z,4+1 = yn+1. We note that
Yn+Ln =Yn—14Lny T Un = (Dn-140,, + -+ + Dnjr,-1),

since only wv,, arrives in between the times n — 1 + L,,_; (excluded) and n + L.
Therefore we have again

(13.2.40) Zna1 = Zn + Uy — Dy

The process z, is adapted to F"*~1. To define z;, we have to take into account the
pending orders at time 1. This means that we have to consider v,, with n < 0. We
write v_g, k > 0. Since we must have

Loy—k>2,

to have the order v_j pending at time 1, there can be only a finite number of them,
although this number £* can be random. We then have

kb
21 =+ E Uk,
k=0
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and we must have
L_yi1>2L > L_p > E* + 2.

zn:y’n+ Z V-
—k*<k<n-1
k+Lk>n+1

It follows that

Of course, the orders v_j, are given. So it is sufficient to give the inventory position
at time 1, namely z; = z. Consider the cost objective

o0 o0

J(V)=> "o EC(v;) + > o/ T El(y;).

j=1 j=1
From our assumption on the lead times, the function n + L,, is strictly monotone
increasing in k. So we can write

[e%e) Lo—1

J(V) = Y o 'EC(vj)+E Y o El(y;)
Jj=1 Jj=1
n+L,—1

+Y E Y oTlEy)

n=1 n+L,_1—1

Next
n+L,—1 Lp—Ly_1
i—1 Lp_1—2 k
E Y o/ 'El(y) = Ba"te > Flynrir. k)
n4Ln_1—1 k=0
However

Yn—1+L,_1+k = Yn—1+L,_, *(Dn—1+Ln_1 +-- '+Dn—2+Ln_1+k)a 0 < k < Ln*Ln—lv
where the sum is omitted if £k = 0. This follows from the fact that there is no order
arriving at timen—1+L,,_1+k, 1 <k < L, — L,,_1. Taking account of the value
of Yyn—1+41,_,, we get

Yn—14+L,,_1+k = Zn — (Dn +---+ Dn—2+Ln,,1+k))a 0 S k S Ln - Ln—l-

Therefore
n+L,—1

iE Z aj‘lEl(yj) - f: EontLln-1-2
= —

n=1 n+Ly,_1—1
Lp—Lp-1

> oFl(zn = (Dn+ -+ Dnjp,_,45-2)).
k=0

Define the function

(13.2.41) )\(2,1‘) = El(x - (Dl +--+ DZ)>, 1> 0,

in which the sum is omitted for ¢ = 0. Hence, A\(0, z) = I(z).
From the independence properties, one can write

n+L,—1 €n—1

io: E Z o El(y;) = i a" tEqln-1-l Z AN L1 —1+Fk, 2,)

n=1 n+L,_1—1 n=1 k=0
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Define next

€n—1

(13.2.42) In(x) = Barn =1y " a*A(Ly oy — 1+ k, 2).
k=0

From the independence of the demands and the lead times, we obtain
n+L,—1

ZE Z ' El(y;) = Za”flE[n(zn).

n=1 n+Ly,_1—1

Next the quantity F z]Lifl /"1 El(y;) is fixed, independent of the control. So we
are finally led to the following optimization problem

o0 o0
(13.2.43) L(V)=>"a" 'EC(v)) + Y a" ' Ely(z),

n=1 n=1
with the evolution (13.2.40). This problem is not standard, because it is non sta-
tionary. The cost on each period n depends on n. We have not treated non
stationary problems in this book, to simplify notation. However, the techniques
of Dynamic Programming adapt to non stationary problems in infinite horizon.
Unlike in the finite horizon case, it does not reduce to a sequence. It remains a
functional equation, since one cannot initiate the sequence.

If L,, = L (random), then €, = 0. In this case
In(z) = l(z) = Ba" '\(L — 1, 2),

and if L is deterministic we recover (13.2.8).

13.3. MODELS WITHOUT INVENTORY POSITION

13.3.1. CONSTRAINT ON THE ORDERING. We consider the model
of section 13.2.1, in which the lead time L is deterministic. However, we will
introduce a constraint in the ordering process. One cannot order when there is
a pending order. Therefore, the number of pending orders is at most one. An
ordering policy V' is composed of a sequence of ordering times

7'1,-.. 7’7’]-’... 5
which are 7"~ stopping times. To each ordering time 7;, one associates a quantity
vy, which is F 7i~! measurable, which is the amount ordered. The new element is
that the usual condition 7; < 754 is replaced with the constraint

Tj+1 2 Tj + L
The inventory evolves as follows

Yn+1 :yn+vn_Dna Yy =z,
with
v, =0, ifn # 7, for some j.

The objective function is the same as usual

Jo(V) =" a" (I(yn) + C(vn)),

and the value function is
u(z) = ir‘}f J (V).
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13.3.2. DYNAMIC PROGRAMMING. It is easy to figure out the Bell-
man equation, considering the possibilities at the initial time. If there is no order
at time 0, then the best which can be achieved is

l(z) + aEu(xz — D).
On the other hand if an order of size v is put at time 0, which is possible since there
is no pending order, then the inventory evolves as follows

Y1 = I;
y2 = — Dy;

yry1 =2 —(Dy+---+Dp) +v,
and the best which can be achieved is
L
K+cw+(x)+EY oz~ (Dy+---+D; 1)) +a"Bu(w+v—(Dy+---+Dp)).
=2

From these considerations we can easily derive Bellman equation

(13.3.1)  wu(z) = min{l(x) + aFu(x — D),

L-1
K—-cx+E Z ol(z — DY) + inf [en 4+ aF Bu(n — D(L))]}
— n>w
j_
in which we use the notation
DY =Dy 4.+ D; ifj>1, ifj=0

13.3.3. 5,5 POLICY. We first transform equation (13.3.1), by introducing
a constant s € R, and changing u(z) into Hy(x), using the formula
L—1
(13.3.2) u(x) = —cx—l—EZa]l(x—D(]))—i—Cs+Hs(x),
§=0
where C, will be defined below. In fact, let
g(z) = (1 — a)cx + o*El(x — DW1)),

then we take 3
. = g(s) + acD7
11—«
where D is the expected value of D.
We then note the formula
L L—1
L7 ji+Lj(.._ n(G+L)
DL+FE I D
—— o cDL+ Z o (x )

L—1

. _ 1

EZoﬂg(x—D(])):cx(l—aL)—acD 1 @
3=0

3=0
We then check that H,(x) is the solution of

(13.3.3) Hs(x) = ming g(z) — g(s) + aEHs(z — D),

K + inf
n>x

L—-1
EY al(g(n—DW) —g(s)) + a" EH,(n - D(L))] }

Jj=0
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On the other hand, for any s we define in a unique way the solution of
(13.3.4) Hys(x) = g(x)—g(s)+aFEHs(x — D), x > s
= 0,z<s
We have used the same notation H,(x) between (13.3.3) and (13.3.4), because we

want to find s so that the solution of (13.3.4) is also a solution of (13.3.3). Calling
w(z) = ¢'(x), the solution of (13.3.4) is explicitly given by

(13.3.5) ()= [ TG =), @ > s
where we recall I'(z) is the solution of

(13.3.6) D(x)=1+ oz/(:r T(x —n)f(n)dn, > 0.
Let us set

9s(x) = (9(2) = 9(s))Ly>s,
then the solution of (13.3.4) satisfies

(13.3.7) Hs(x) = gs(z) + aEH (x — D), Vz.
From this relation we deduce, after iterating that
L—1
Hi(z)=F Z o gy(x — D) + o' EH (2 — DWP)),
j=0

therefore also

E z_: o’ (g(x — DY) — g(s)) + e EH(x — D))
7=0

L-1
= Hy(2) +E ) o(g(x = DY) = g(s)L,_pu <.-
j=0

Define
L-1 ‘

(13.3.8) U(z) = Ho(x)+ EY o (g(x — DY) — g(s))1,_poy<s,
i=0

then if we want H(z) to satisfy (13.3.3), we must have
n>x

(13.3.9) Hy(x) = min {g(m) —g(s) + aEHs(x — D), K + inf \Ils(n)} .

This relation motivates the choice of s. We want to find s so that

(13.3.10) K + inf W, () = 0.
n>s

If such an s exists, we define S = S(s) as the point where the infimum is attained.

(13.3.11) 717r;f5 Us(n) = ¥s(S(s)).

Note that ¥(z) coincides with Hy(x), for © > s, when L = 1.
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13.3.4. EXISTENCE AND CHARACTERIZATION OF THE PAIR
s, S. We recall that

(13.3.12) w(z) = (1 —a)e+ alh — ol (h+p)FP) (z),

where F(5)(z) is the cumulative distribution function of D) and F")(z) = 1 —
F®) (). We assume that

(13.3.13) (1-a)e—arp<o.
There exists a unique s > 0 such that
w(x) <0, ifx <s, pulx)>0,ifz>s.
We perform next further computations on the function ¥(z). We have

El(g(z = DY) = g(s)L,_pw <]

— By, ( / - u(f)ds)

-/ “j i) [ SC u(€)de

“+oo o
_ / FO(Q)p(z — Q)dc

—S

_ / " FO(e - Ou(e)de

— 00

_ / PO (5 — e)u(e)de + / " FO (- u(€)de.

— 00 S

We then check that

Hy(x) + Z o [ " FO(e - Ou(e)de

_1—aL
T l-a

S

(6) - gD+ Yo [ PO —eue)ie
j=L

This formula holds for any z, and the integral term vanishes when < s. Collecting
results, one obtains the formula

ol ©  rr
(1331 0le) = 00— + Do [ PO - ue)ie
=L s
— L71 .
—((1 —=a)e+aln)D Z jo?

+a(h+p) Y o / FOOFD) (2 - ¢)dC.
j=1 70

It follows that W4(x) is bounded below and tend to +o00 as & — +o00. Therefore the
infimum over z > s is attained and we can define S(s) as the smallest infimum.

Proposition 13.2. We assume (13.3.13). One has
(13.3.15) max U, (S(s)) = U5(5(3)) > 0,
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(13.3.16) U, (S(s)) = —o0, ass = —0
(13.3.17) U, (S(s)) = —((1 —a)e+arh)D 2_: jod, as s — +oo.

There exists one and only one solution of (13.3.10) such that s < 3.

ProoF. We compute

U (2) = l—a +Za]/ fmw—i)u)

—al(h+p) Z o /0 FOQ) B (@ - )

which can also be written as

(13.3.18) W ( )+ Zoﬂ/ F9 (@ — Op()de,
with
1ok L-1 .z
(13.3.19) A(x) = ———((1—a)e—a’p)+a’(h+p) Y o’ / FO) (z—¢) fP(€)de.
_ = 0
The function v(z) is increasing and
L L

v(z) =

therefore there exists a unique s* such that

1_ —
1 _O; ((1 —oz)c—aLp) < 0,Vz <0, y(+o0) = C; (1 _a)[H_aLh),

1—

v(z) < 0,Vz < 5%, v(x) > 0,Vx > s*,v(s*) =0, s* > 0.
Note that

w22 () = (k4 p) Zoﬂ/ FO(z— €)f1(€)de.

11—«

This quantity vanishes for < 0 or L = 1. Otherwise
ok

(w)

Since v(s*) = 0, we have ,u(s*) > 0, hence 0 < 5 < s*.
Next, if s > s*, ¥/ (z) > 0,Vz > s, hence S(s) = s. Therefore

—7(w)>0Vw>0 L>2

L—-1
U,(S(s) = —((1 = a)e+a"n)D Y~ jo’

j=1

b)Y o / FO(QF®) (s - ¢)d

j=1
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this function decreases in s and converges to —((1 — a)c + arh)D Ef;ljaj as
s — +o00. Consider now 5 < s < s*. We note that

W(s) = ~(s) <0,
v = Yo / FO(s* — €)u(e)de > 0,
J:L S

hence in this case
5<s<S(s) <™
If s < 8, then we can claim that
s <8< 8(s).

Indeed, for s < x < 3, we can see from formula (13.3.18) that ¥/ (z) < 0. However,
we cannot compare S(s) with s* in this case.

We then study the behavior of ¥,(S(s)). We have already seen that, for s > s*
the function Ws(S(s)) is decreasing to the negative constant

L-1

—((1 = a)c+arn)D Zjaj.

j=1

In this case
d L-1 s
(13.3.20)  —-W.(S(s)) = —at(h+p) ) aj/ FOO B (s = )¢, s> s*.
j=1 0

Note that s > 0. If s < s*, then s < S(s), therefore

d oV,
75 Vs(5(5)) = 5 =(S(s));
hence
(13.3.21) %\PS(S(s)) = —pu(s) 11_70; +> o/ FO(S(s) — s)
j=L

Note that at s = s* the two formulas coincide, since

1—al

L1 o*
u(s) — o) Y o / FO(Q)f3) (s* — Qe
=1 70

11—«

which can be easily checked, by remembering the definition of s*(y(s*) = 0),
and simple calculations. It follows clearly that ¥s(S(s)) decreases on (§,s*) and
increases on (—o00,5). Finally U,(S(s)) decreases on (§,4+00) and increases on
(—00,5). So it attains its maximum at 5. From the formula for ¥3(z), Hs(x), x > 5
and the fact that § is the minimum of g, we get immediately that ¥5(S(5)) > 0.
Finally, for s < 0 we have

U (S(s)) < Vy(0)

[e%S) 0 L—1
= (ot [T oY [ PO gie-DY ol |
=L Y i=1

(67
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which tends to —oco as s — —oo. Therefore ¥, (S(s)) is increasing from —oo to a
positive number as s grows from —oo to 5. Therefore there is one and only one
s < § satisfying (13.3.10). The proof has been completed. O

13.3.5. SOLUTION AS AN s, S POLICY. It remains to see whether the
function H;(z) defined by (13.3.5) with s solution of (13.3.10) is indeed a solution
of equation (13.3.9). It is useful to use, instead of ¥4(z) a different function, namely

(13.3.22) Oy(x) = Ho(z) + E Y o (g(x — DY) — g(s)T,_por <,

which differs from Wi(x) by simply deleting the term corresponding to j = 0.
Clearly

O (z) = Uy(x), Vo > s.

However, when z < s, the two functions differ by the term
Us(x) = Os(z) + g(x) — g(s), Vo < s.

Note that in finding S it is indifferent to work with one or the other function. Note
also that, when L =1, ®,(x) = Hs(z),Vz. Now we have

Inf Ws(n) = Inf @, ().

This equality is obvious when x > s, since the functions are identical. If x < s we
have

inf Wy(n) = inf ®,(n) = inf O,(n) = —K.

n>x n>x n>s
Indeed, for instance

inf W, (n) = min [é‘ifs Us(n), inf W,(n)|,

and inf,~, ¥s(n) = —K, whereas
L—1

inf U,(p)= inf E I(g(n— DW) — I,_pou
Jf Wo(n) = inf B .© (9(n ) = 9(8)Lapir<s >0,
e

hence the result. Therefore(13.3.9) becomes
(13.3.23) Hg(z) = min {g(z) —g(s) +aEH(x — D), K + igf <I>S(n)} .
n>x

For x < s, this relation reduces to
0 = min[g(z) — g(s), 0]

which is true since g(z) is decreasing for z < s. We then consider = > s. Since
Hy(zx) is equal to the first term of the bracket. Therefore, what we have to prove is

(13.3.24) H,(z) < K+ iI>1f &, (n),Vr > s.
n>x
In fact, we shall not been able to prove (13.3.24) for all values of L. We know it

is true for L = 1. We will prove it afterwards for Poisson demands. For general
demand distributions we have the
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Proposition 13.3. We assume
(13.3.25) (1 —a)e—afp)(L-1)D+ K(1—a) >0,
then the property (13.3.24) is satisfied.

ProOOF. We note that this result includes the case L = 1 in which the condition
is automatically satisfied. The proof is similar to that of the case L = 1.
We recall that

(13.3.26) Hi(x) —aEH (x — D) = gs(z), V.

We then find a similar equation for ®4(x). This is where it is important to consider
®,(z) and not ¥4(x), since we write the equation for any z and not just for z > s.
It is easy to verify that ®,(z) is the solution of

(13.3.27)  ®4(x) — aEPs(x — D) = gs(z) + aFE(g(x — D) — g(s))1p_p<s
—a"B(g(z = D™) — g(5)) 1y pr <y

and again we check that this equation coincides with (13.3.26) when L = 1. Going
back to (13.3.24) we recall that

K+ iI>1f d.(n) > K+ iI;f d.(n) =0,Vz > s.
n>x n>s
So it is sufficient to prove (13.3.24) for z > xy > s, the first value larger than s

such that Hg(x) > 0. We necessarily have Hg(xo)=0. we have s < § < zg. Let us
fix £ > 0. We consider the domain x > ¢y — . We can write

(13.3.28) Hy(z) —aEH(x — D)I,_p>go—¢ < gs(x), Ve,
using the fact that

EH,(z — D)ly_peyy—¢ < 0.
Define next

M(z) = @4(z + &) + K.
We note that M (z) > 0,Vx. We then state that
M(z) — aEM(z — D) = gs(x + &) + aB(g(z + & = D) — g(s)) Lo ye—D<s
—a"B(g(z + &= DW) = g(s)) 1y ye_porcs + K(1 - )
and using the positivity of M we can assert that
Ms(z) — aEMs(z — D)1y p>ay—¢ > gs(w +§)
(13.3.29) +aB(g(z +& - D) = g(s)Late-D<s
—a"B(g(x+ &= DW)) = g(9)yyepir<s + K(1—0)

We now counsider the difference Y(z) = Hs(x) — Ms(z), in the domain z > z¢ — &.
We have

(13.3.30) Yi(z) — aEY;(z — D)L, _p>ay—e < gs(x) — gs(x + &)
—aE(g(z+¢&— D) — g(s)) Late-D<s
+alB(g(x +£ = D) = g(s) L sepurcs — K(1— )
We have seen from the case L = 1, Theorem 9.11, that
gs(x + &) — gs(x) >0,V > 29 — &
Consider next the function
Xs(y) = aB(gly — D) — g(s)) L, p<s — a*E(g(y — DP) — g(s)L,_pw) <,
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for y > xo. We check that

S —+oo
)= [ o) [ artm+at ),

so in fact

) = [ nO-aF(y -0+ a POy - ).

—00

Note that in the integral, u(¢) < 0, since s < 5. We deduce

xoly) > aF /

S

u(QOE P (y =€) = Fy — ¢))dc.
Note that F(F) (y —¢) — F(y —¢) > 0, and p(¢) > ((1 — a)c — a’p). Therefore

) = ot (1 - aje—akp) [ C(F®y— Q) — Fly — ),

and since y > s,

w2 af-ae-aty) [ (FPG-0 - Fy-oc

= ol((1-a)c—alp) /OO(F(L)(U) — F(u))du
0
= ol ((1 —a)c—alp)(L -1)D
Thanks to the assumption (13.3.25) we can assert that
Yi(z) — aEY;(x — D)Ly p>go—e <0, Yo > z9 — €.
Also
Yi(zo — &) < —®@4(w0) — K < —K,
since ®5(xo) > Hs(zg) = 0. It follows that
Yi(x) <0,Vz > 20 — &,
which is the desired result. ]
13.3.6. POISSON DEMAND. We state the

Proposition 13.4. We assume that the demand is distributed according to a Pois-
son distribution, then (13.3.24) holds.

Proor. We are going to show that
(13.3.31) Hl(z) >0, if x > o,
then (13.3.24) will follow immediately, since for x > xg
Hy(x) < Hy(z +&) < Oy(z+§) < Oy(x + &) + K,VE> 0

Assume
f(z) = Bexp —puz,

then, we know (see section 9.3.5) that

1 «
_B(1 —
T 1_g %P Bl —a)z, x>0,

I(z) =

and
w(x) =c(l —a)+ah —alp+ h)exp —pr™.
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We have .
Hi(e) = p@) + [ T - Ou(e)de,
therefore
H}(e) = u(a) + afexp—6(1 — a)e [ exp 51— )€ u(€)i
and

H,(z) = / T ge L O 81— a)e / "exp (1L — a)é pl(E)de.

11—« 11—«
We recall that
Hy(z) <0, Vo < x9, Hs(zg) = 0.
Let now 7 such that

| exp 01— )i ~o.

If 1 < xo then from the formula of H.(x),H.(xo) > 0 and the fact that u(z)
increases, we see immediately that H.(z) > 0, as > z(. So assume that § < zg <
xy. For x > o,
H(w) = Hl(a1) > Hl(z0) > 0.
There remains the interval (zg,z1). We know that H.(z1) > H.(xo) > 0. If there
exists a point in the interval such that H}(x) < 0, necessarily there exists a point
& such that
o < f <, H;(f) =0.

If we introduce

Az
) = () exp 51— o, ) = D
then ¢ satisfies p(¢) = —a. By definition of x1,
/ Au)du < 0,Vs < z < 21,
and A (z) > 0. Therefore
N (@) [T A(u)du — N2
Sy = X [ Mt =)
(Js Mu)du)?
Moreover 0
H.(zg) > 0= Azo) + aﬁ/ Au)du > 0,

hence

p(zo) +aB < 0.
Therefore p(x) < —af,Va € [z, z1]. The point £ cannot exist. So H.(x) > 0,Vx €
[xo, x1]. The result has been proven. O

13.4. INFORMATION DELAYS

We will study here the situation when the information is not obtained imme-
diately, but after some delay. It is a particular case of partial information, however
simpler. The conditional distribution of the inventory, given the information avail-
able can be replaced by some sufficient statistics, and thus the problem remains
finite- dimensional. We will rely on the works [6], [7].
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13.4.1. MODEL AND PRELIMINARIES. Let €2, A, P be a probability
space. Time is discrete and there exists a process Dy, t = 1,2,--- | of independent
identically random variables. The CDF of a generic variable D is F(z) and the
probability density is f(z). To each time ¢ is associated a random variable 6, repre-
senting the delay in receiving the information at time ¢. In particular the inventory
at time t—6; will be known at time ¢ provided this number is strictly positive. How-
ever t — 6, is not necessarily the most recent time for which information is available
at time £. The time of most recent information at time ¢ is called the vintage. If we
denote it by ; then this process is defined by the evolution
(1341) ﬁt = max(t - gt,ﬁtfl), t 2 2 51 =1.

The fact that 8; = 1 means that we know the initial inventory. The inventory
evolves as follows
(1342) Yt+1 = Yt + v — Dt, Yy = .
We can introduce the filtration
]:t = U(Dlv e Dt—l)v
and in the situations studied before the order v, was Ft~! measurable. This is no
more the case. Call
(13.4.3) zZt =Yg,

The information which is available at time t is the pair z;, 5; and the previous values
of this pair. We thus define the filtration of observations

(13.4.4) Z'=0((22,B2), (21, B1)), t > 2.

When 6; = 0, we have 5; = t and Z! = F!. The order v; is adapted to Z*. For
t =1 we have Z' = {Q,0} and 2; = y; = x. We note moreover that

(13.4.5) Bi1 < B <t.

To proceed with building the model, we have to make assumptions on the process
of delays. First we shall assume that 6; takes values in a finite state space M =
{0,1,---,M}. Moreover 6, is a Markov chain with transition probability matrix
P = (p1]> with

pij = P01 = jlOy = 1).
We also assume that the two processes 6; and D, are mutually independent.

13.4.2. INVENTORY POSITION. We introduce the inventory position

(13.4.6) T = {

We can prove the

2ty if ﬁt =t
2+ Yy vy i B <t

Lemma 13.1. The following relations hold

Br41—1
(1347) Tiy1 = Ty U — ﬂﬁt+1>ﬁt Z Dja rnn=21=y1=2
J=B¢
t—1
(13.4.8) Yt = Ty — Z Dj, of B <t

J=Bt
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The process xy is observable.

PrOOF. The fact that the inventory position is observable follows directly from
its definition. The second relation follows from

t—1
Ty = Yp + Z vy
J=B
t—1 t—1
wo= yst Y vy D
J=Bt J=Bt

To prove the first one, first note that

Zt41 — Rt = YBiy1 — Yp:
Be+1—1
= > (0= Dy), if B < B
j:/ﬁt
and (13.4.7) follows easily, by considering all the cases. O

Consider now the one period cost
c(z,v) = C(v) + (),
with
C(v) = Klyso +cv, l(x)=hat +pr~,
and a control
V= (vi, -~ ,v,--+), v;is Z' measurable.

The objective functional is

EZ& yt7'Ut

and from (13.4.8) we get

t
(yt,’l}t Z Dj,’Ut = O(’Ut) +Z Tt — Z Dj 5
J=B¢ J=Bt
in which the sum vanishes when B; = t. The process 3; is independent from the
demand process. The demands being independent random variables, it is easy to
check that Dg,,--- Dy are independent from Z*. Therefore if we introduce the
notation

19) () ;erD L0 > 1, 19 () = I(x),
then we can rewrite the objective functlonal as

(13.4.9) EZa vy) + 10789 (1)),

The important attribute of this writing is that the three processes x¢,v¢, 8; are Z*
measurable. However (3; is not a Markov chain, so it is not convenient to work
with this process. We will introduce a new Markov chain, from which §; is easily
derived.
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13.4.3. NEW MARKOV CHAIN. We introduce the calendar time which
is the largest time before ¢ when a delay has been observed. So

= a. B < B
Tt ggﬁ Bi—1 < Bj),

therefore
ﬂ‘rt = Tt — e'rt;
Broin =By =By,

We then set
or=t—"T¢, M =0,

therefore the pair ;, 74 can be easily derived from the pair o, 7; by the formulas
(13.4.10) Be=t—or—m, T =1t—0y.
Since By >t — 0; we get oy + 1 < 64, 0r > 0, n > 0. Therefore the process oy, ¢
takes values in M x M. Moreover

o+ <M, o <t-—1.
The important result is the

Proposition 13.5. The pair o¢, 1 is a Markov chain on the state space M x M
with the property oy +n; < M. It is a process adapted to the filtration Z*.

PRrROOF. We first define the transitions. Assume o, = o,m: = 7 in which 0,7
are two numbers satisfying ¢ > 0,7 > 0, 0 +n < M. Suppose o + n = M. Then if
ﬁt—‘—l = ﬂt we have

g1 =Tt =t—0, o1 =t+1—mp1=0+1.
On the other hand 7,11 = n and we get 0,41 + m.41 = M + 1 which is impossible.
Therefore ;11 > B¢ which implies 7441 = ¢t + 1 hence o441 = 0. The variable 71
can take the values 0,--- M. Next assume o + 71 < M. We may have 841 = f; in
which case 0y+1 = 0+1 and 7441 = 7. Otherwise 841 > B¢ which implies 0,11 = 0.
But then
M1 =t+1-F1 <t+1-F=0c+n+1

Therefore ny41 can take the values 0,---o + 7. So the transitions are summarized
as follows:

fo+n<M
o=0+1n =n
(13411) o, = O'IZO,’I]/:]C, 0§k§0+77
fo+n=M
(13.4.12) on=0 =0n=k 0<k<M

We can now define the transition probability matrix. We first note 6;_, = n, and

Brie1 = t—oc—n=max(n+1—0,,41,58)
= max(t—oc+1—60;_ys41,t —0—n),

from which it follows 0;_,4+1 > 7 + 1. Similarly
O oyo>n+2,--- 0, >2n+o0.



13.4. INFORMATION DELAYS 231

Therefore if 0 +n < M we have
P(oy1 =0+ 1,me41 = nloy = o,ne = n)
=P(Bi >t+1—0ip1|or = 0,m: =)
=Pl 20+n+ 106 =100i641 2n+1,--0 >n+0)
Next for 0 < k<o +n
P(oyy1 = 0,041 = kloy = o,m =)
=P(Biy1 =t +1—=0i11,0i41 = Kkloy = o,m: = 1)
= P01 =kl0t— 6 =100t 61 >n+1,---0; >n+0)
We then define the function v(k;o,n) with arguments 0 < k < M, o +n < M,
c>0,n>0,0<t—-1
(13.4.13) Y(kso,m) = P01 = k|00 = 1,0t 011 >0+ 1,0 >0+ 0)
This function is uniquely defined by the Markov chain ; and its transition proba-
bility function. In fact it can be defined by the recursion
YL, piky(Gio = 1,n)
Yy Gio = 1,m)
The transition probability matrix of the Markov chain oy, 7, is given by:
Ifo+n<M

(13.4.14) v(kio,n) =

, 021 y(k;0,m) = pk

v(k;0,m), ifo' =0, =k,0<k<o+n
(13415) 77(0'777; 0/777/) = Z;C\/I:U+U+1 ’Y(k;07 7]), if J/ =0+ 1,77/ =
0, otherwise
Ifo+n=M
k; ifo! =0, =k,0<k<M
(13.4.16) w(o, ;0 n) = v(kioym), ifo S =R0SES
0, otherwise

The fact that oy, 7; is adapted to Z? follows from the definition of the process. O

In fact, the Markov chain oy, 7; is not stationary from ¢t = 1, because of the
constraint o; <t — 1. It becomes stationary from ¢ > M + 1. In the sequel we will
discard this transitory phase and consider that we are in the stationary situation
from the beginning. From (13.4.7) and (13.4.9) we can write

(13.4.17) J(V)=E> o' (C(vy) + 17 (zy)),
t=1
and
or+nt
(13.4.18) Ti41 = T —+ v — ]Igt+1+,7t+1§gt+m Z DtJ'

J=0t41+ne41
where we have set D; ; = D;_;. There is the transitory period in which o; + 7, < t.
It is over when ¢t > M + 1. In (13.4.18) the random variables
D, ; are identically distributed, independent of Z and mutually independent.
We discard the transitory period and consider in (13.4.17), (13.4.18) the Markov
chain o4, n; from ¢ = 1 and we fix initial conditions by

(13.4.19) rn=x,01=0,m=mn,0n>0 c+n<M
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We then call the functional J(V') as J; ».,(V), to emphasize the initial conditions.
We define

(13.4.20) u(w,0,1) = Wt Ty o (V).

If M =0, then oy = 0,7 = 0 and the problem reduces to the standard one with no
delay in the information studied in Chapter 9, section 9.3.

13.4.4. DYNAMIC PROGRAMMING. It is easy to write the Bellman
equation related to the value function (13.4.20). We will write it as follows

(13.4.21 (25 0,m) = —ca + 1 (z) + ini{K]Iym +cy

y>
o+n M
+a Y (ko nultTHR 0 k) + Y Ak o nuly;o + 1, n)}
k=0 k=oc+n+1

in which the last sum is dropped when o + n = M. It is equivalent and convenient
to write this equation as

(13422) u(x; o, 17) = —cx + l(f’“’ﬁ)(m)
+ iI>1f {Kl[y>z +cy+ aEu(g+"+1_(0/+”/))(y; o', 77/)}
Yy-x

where the expectation in the parenthesis refers to a random variable ¢, which
has a probability distribution 7(o,n;0’,n'), where o,n are fixed.

Theorem 13.2. We assume that
(13.4.23) c(l—a)—ap<0,

then the solution of (13.5.9) is unique in the space By, continuous, tends to +0o as
|z] = 0o and is K — convex. The optimal feedback is defined by an s(o,n), S(o,n)
policy.

PROOF. The proof uses the methods of Chapter 9 and is not repeated. O

13.5. ERGODIC CONTROL WITH INFORMATION DELAYS

We want to study here the situation when o — 1. We follow the work [7].

13.5.1. ERGODIC PROPERTIES. We make the following assumption on
the Markov chain 6;

13.5.1 = mi ; 0.
(13.5.1) @0 = min pjo >

This assumption guarantees that the Markov chain 6; is ergodic, see Chapter 3,
equation (3.6.8). We will deduce the
Proposition 13.6. Assume (13.5.1) then the Markov chain oy, m; is ergodic.
PRrROOF. It is sufficient to show that
(13.5.2) rgnnn m(o,1;0.0) > 0.
But
7(0,71;0.0) = ~(0;0,7),
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and from (13.4.14)
7(0;0’7 77) > wo >0,

hence the property (13.5.2). Let us define the corresponding invariant measure
wu(o,m). it is the solution of the following system,

(13.5.3) > w(o,mm(o, o’ n') = ule’ 1),
c>0 n>0
co+n <M

using formulas (13.4.15), (13.4.16) we write

(13.5.4) Z wlo,m)y(n'soom) = p(0,7'), ifo’ =0, 0 <7’ <M
c>0 n>0
n<o+n <M

(13.5.5)

w(o" —1,1") Z vk;o' = 1,0)=plo’, ), if1 <o’ <M, 0<n <M-—o'.
k=o’'+n’

From (13.5.5) we get

M
(13.5.6) p(o,m) = u(0,7) > Alkih—11m),1<0 <M, 0<n<M-o,
h=l..oc ke=htn

and p(0,n) is obtained from (13.5.4) as solution of

M M—n
(135.7)  p(0,1) = > p(0,m) lw(n’;O,n) + > 5 0.m)
n=n’ o=1
n'—1 M—n

H Z + ) u0,m) D A0s0m)
-0 k= h+n n=0 o=n'—n

H Z ~Ln), 0<n <M
-0 k=h+n

in which the last term drops when 1’ = 0. This system of M + 1 relations has in
fact only M independent relations. We have the identity

M-

Z (0,7) Z (0,7) Z 1T Z y(ksh —1,1')

n’=0 n'= o’=1 h=1,---0’ k=h+n’
M
=> p0,n)++ Z (0,7m) Z H Z 1)
n=0 n= -0 k=h+n

and this expression must be equal to 1. From ergodic theory this system has a
unique solution such that u(o,n);0,n >0, 0 + 71 < 1 is a probability. O
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13.5.2. ESTIMATES FOR THE CASE K = 0. We consider the Bellman
equation

(13.5.8) ug(z;0,n) = —cx + 17 (z)
+ inf {cy +aBuly T (g o 77’)}
Yy
where we have emphasized the dependence in «. Since K = 0, the optimal policy is

a Base stock policy, defined by a base stock S, (o, 7). The function of z,uq(x;0,n)
is continuous, convex and tends to 400 as |z| — +o00. It is also described as follows

(13.5.9) ua(x;0,n) = —cx + 197 (2) + ¢S,
+aEug’+”+1_(gl+n/))(Sa§ o' \n), Vo < Sa(o,n)
and
(13.5.10)  uq(z;0,m) =1+ (z) + aEug‘7+”+1_(‘7l+"l))(x; a'\n'), Y > S,(o,n)

The function is differentiable as a consequence of convexity. Let us check that it is
continuously differentiable at S, (o, 7). Indeed

up(w;0,m) = —c+ ()7 (@), Vo < Salo,n)

ug(w:0,m) = ()7 (@) + aBug) T (2307, 1), Ve > Sam)

Since at S, we have
—e = aB(u) O (S 0l ),

from the definition of the Base stock, the continuity of the derivative is obtained
at S,.

We now derive useful properties of the Base stock. We shall clarify first some
abuse of notation. Applying the definition of I(Y)(2) to the Heaviside function T,
we obtain the CDF of Dy +- - -+ D;, which has been denoted by F()(z) in Chapter

9, see equation (9.2.19). We will keep this notation for commodity, only when F'(x)
represents the CDF of the variable D. We then state the

Proposition 13.7. We have the estimate
(13.5.11) 0 < Sa(0,m) < Sal(o,n),
where S, (0,n) is the solution of

5 +c¢)—c

13.5.12 plosntn g,y = Apte) —c

(13.5.12) (50) = 220
PROOF. We first prove the property

(13.5.13) ul (x;0,m) > (1) (2) — c.

We know it holds for x < S,(0,n). So we may assume x > S,(o,n). By the
monotonicity of the derivative we have

() TN (3 67 ) > () TN (S, (0, m); 07 ),

therefore

%

(l/)(aJrn)(x) + aE(u;)(a+n+17(U/+n/))(SQ(U, 77);0_/’77/)
(et (@) — e,

up, (x5 0,1m)
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and thus (13.5.13) is obtained. Next from the relation
e = aB(u,) T (S, (0,0): 0" 1),
we obtain, using the inequality

—c > —ac+aB (1)) et =) (5 (7))

= —ac+al)T(S,(0,)).
But with our notation
()P (@) = =p + (h+p)F P (a),
and thus we obtain
0> ¢(l —a) = ap+alh+p)FH(S,(0,1)),

hence

Flotn+) (g < a(ptc)—c — pletnt (g
(Salom) < “o s (Sa):

and the inequality on the right of (13.5.11) is obtained.
To prove the positivity consider

Sa = min Sy (0,1) = Sa(0a,Na)

a,n

The numbers o, 7, are well defined since we have only a finite number of possibil-
ities. We can write

o= aB(ul) T ) (5,0 o).
Since So < Sa(0’,n") we have
(ua)(ﬁnﬂf(o TN (S0l ) = —c+ (U))@)) (g
= —c+ (1) (Sy),

hence
—c=—ac+ a(l')T(8,),

therefore also

Floatnatl) (g, ) alp+c)—c
= alh+p) 7
which implies S, > 0. This proves the left inequality (13.5.11). O

Using next

a(p+c)—c< D

F(M+1) Sa <F(cr+77+1) SO( <
(Salo,m)) < (Salo,m) < wlhitp) Shap

we deduce that

(13.5.14) 0 < Sa(o,m) <8,

with
MY gy = P
() h+p

We next proceed with estimates on u/, (z; 0, 7). We are going to prove
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Proposition 13.8. The following estimate holds

1 1
13.5.15 —c—p < (x; <h{l+—|—=——.
(135.15) c-p<uom<h (1t L) o
So if © < X then one can state that
1 1
13.5.1 —c—p<d (x; <Lx, Lx=h|(14+ — ) =—.
(13.5.10 c=p<ufmom < Lx. Ly =h (14 2) 75

PROOF. The estimate to the left follows directly from (13.5.13) and (I')(*+") (z) >
—p. We next assert that
up(wi0m) < —c+h, Yo < Sa(o,n)
< b B (ug) T 2307 ), V> oo )

so also
(ul) F(@i0,m) < b+ aB((uy) )T (3067 1), W

This means, expliciting the mathematical expectation

M
(up) T (ws00m) <h+ (up) T (o +1Ln) D y(kion)
k=oc+n+1
o+n
+ > (ko) (ug) ) TR (20, k).
k=0

+

However for k < o + 7 and from the monotonicity of (u,, )™ we have

((ug) D) OF1=R) (250, k) < E(u,)* (z — D;0,k),

therefore
M
(up) ¥ (@som) < bt (up)(@o+Ln) Y ykiom)
k=o+n+1
o+n
+>ks0,m)E(u,) (= D;0, k).
k=0
Set
wa () = sup(uy )" (z;0,7),
o1
we deduce
M o+n
W) (@om) < htwal@) > Akion) + Bua(e — D) y(kio,n)
k=o+n+1 k=0
o+n
= h+wa(z) - Z V(k; 0, m)(wa(x) — Ewa(z — D))
k=0
We use
o+n
ny(k;a, n) > wo, Wa(x) — Ewe(z — D) >0,
k=0
to deduce

(u:x)+(x; g, 77) <h+ wa(x) - Wo(wa(w) — Ew,(z — D)),
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from which we can obtain
Wo (x) < h+ we(z) — wo(we(x) — Bwa(z — D)).

We have then proved

we(x) < Bwy(z — D) + £
w0
Now
Ewg(x — D) = Elwa(x — D)lIp<s] + Elwa(x — D)Ips,)
< woz(x)F(x)]Ix>O + E[wa(x - D)]ID>x]'
However

ul (z;0,n) < h, Vo <0 = w,(x) < h, Vo <0
from which it follows that
Ewa(x — D) < wo(zT)F(z™) + h,

which implies

wo(@)F(z) < h <1 + 1) ,

wo

and the proof has been completed. O

13.5.3. LIMIT BEHAVIOR FOR THE CASE K = 0. We can now state
the limit of (13.5.39).

Theorem 13.3. Assume (13.5.1) and
(13.5.17) F(z) > 0,Yz <00, p>ec.

There exists a sequence p,, such that if o« — 1, for a subsequence

(13.5.18) ug(x;0,m) — 1% — u(z;0,1),

uniformly on any compact of R. We have also po, — p. The function u(z;o,n) is
locally Lipschitz continuous and satisfies

u' (5 0,m)] < =
F(z)
The pair u(x;o,n), p satisfies

(13.5.19) u(z;o,m) +p=—cx + 1(o+n) (z)

o+n
+ mf{cy+ Z,y k;o,n)u (o+n+1- ’“)(y 0,k)
k=0

+ Z v(k;o,n)u y,UJrln)}

k=o+n+1
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Proor. Cousider u,(0;0,n). Since S,(o,n) > 0, we can write, noting that
1tm(0) = pD(o + 1)
uq(0;0,m) = pD(0 +n) + cSa(o,n)
M
+a Y (ko n)ua(Salo,n);o +1,n)
k=o+n+1
o+n
+a Z v(k; 0, 1) Bt (Sa(o,n) — D=k k).
k=0
Set
M

Galo,n) =ua(0;o,m) —a > y(k;0,n)ua(0;0 +1,7)
k=o+n+1
o+n

-« Z ’Y(k7 a, U)Ua(O» Oa k)
k=0

Using the value of u,(0;0,n) we can state

Gal(o,m) = pD(c + 1) 4 cSa(0,n)
M

to > ko) (wa(Salo,n);o +1,n) = ua(0;0 +1,1))
k=o+n+1
o+n

+o Z ’Y(k; g, n)E(ua(Sa(U: 77) - D(<7+77+1—k; 0, k) - ua(o; 0, k))
k=0

Using both estimates (13.5.14), (13.5.15) we deduce easily that |Go(0,n)| < C. The
definition of Gy (0, 7n) can also be written as

(13.5.20) ua(0;0,m) —a Y w(o,n; 07,1 Jua(0; 07, 0') = Galo,n)
o’'\n'

The chain 7(o,n;0’,7’') is ergodic and its invariant measure is p(o, n). Define

pa =D 1(0,n)Gal0,n).

We also have since u(o,n) is invariant

3 (o n)ua(050,m) = L2

1—a’
o

From ergodic theory we can also assert that

(13.5.21) ua(0;0,1m) — L2 | < c,
l-«a
where the constant is independent of «a, o, 7. Define next

Pa
1—a’

Ua(w;0,1) = ua(2;0,1) =
Combining (13.5.21) with (13.5.15) we can state the following estimates

! i
13.5.22 ; < —_—
(13.5.22 ez 7,m)| < €+ O
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(13.5.23) (@) (i0.0)| < i

More generally

(13.5.24) () (20, )| < c+c%};
(13.5.25) (@) @Y (@i <

From Ascoli-Arzeld Theorem, we can find a subsequence such that

pa = p, sup |ua(z;0,n) —u(z;0o,n) =0
2| <X
s (@) P (@5 0,m) — uP (2;0,m)] = 0

vV onB,Xasa—1

From the estimate (13.5.25) the limit satisfies
C
!/ . < - .
W (aiom)| < ps
Going back to (13.5.27) and recalling that the infimum in y is attained at max(z,
Sa(o,m)) we can restrict y to y < Lx provided z < X. So we can write using
ta(z;0,m)

Uo (T;0,n) + po = —cx + 1o (z)

. —(o+n+1—=(a"+n")) (0. 5/ /}
+LX1§52 {cy+aEua (y;o' 1) ¢

and thus using the uniform convergence on compact sets of R we obtain
u(z;o,n) +p = —cx + 1 (z)
+ {cy + Buletn =@ ) (g o, 77/)}

inf
Lx>y>x

> —cx + 1) (2) + inf {cy + Byt ) (g 77/)} '
y=x

On the other hand for any y > x we have also
u(wio,n) +p < —cx+ 1T (@)ey + BulT T (160 ),
and thus (13.5.39) is obtained. The proof has been completed. O

Consider the cost functional
Tion(V)=EY o' eo + 1071 (),
t=1

then we shall have
(13.5.26) p=inf lim (1 — o) J, . (V),
V a—1

z,0,M

considering only control policies V such that the limit exists. Then the infimum is
attained at V characterized by a Base stock

S(o,n) = lim S, (0, 7).
a—1
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13.5.4. THE CASE K > 0. The equation is written as follows
(13.5.27) ua (x5 0,m) = —cx + 17 ()

+ inf {K]Iy>x + ey + aBu ) (6 n')} :

The solution is governed by an s, (o,7), Sa(0,n) policy. Hence
x < s4(0,n) =
uo(z;0,m) = —cx + 1 (@) + K + Co o,
and
x > solo,n) =
U (;0,m) = 1T (2) + aBu =) (267 ).

We also have the continuity condition

Cuvn= Loyt aBulr o100 1)
y>sa(0n)

The function u, (x; o, 7) is continuous but not continuously differentiable. The only
point of discontinuity of the derivative is s, (o,n). However we can consider the
discontinuous function u, (x;0,n) and write

u) (z50,m) = —c+ 1T (@) + xa(z;0,7).

After some calculations we can write the equations
(13.5.28)

Xa(z;0,m) = {“3"“%) +aBx O @00 ), 2 salom)
0, x < sq(o,m)
and
(13.5.29) po(x) = c(1 — a) + ah — a(h + p)F(x).
The continuity condition is then expressed as follows
(13.5.30) 0=K+ y>si(111(fo_7n) /:(Gm) Xa(&0,m)dE
If we define
(13.5.31) Golz;0,m) = cx 4+ aBulo 1= +00) (2 6! o),
then we can write
(13.5.32) Uo(x;0,m) = —cx + 19T (2) + Gy (max(z, sq(0,0)); 0,7),
and thus
(13.5.33) Xa(z;0,m) = G4 (30,0 Loss,, (o)

We state now an important property
Lemma 13.2. Assume ap > c. We have the properties

uo(x;0,m) < —(c+p), Xalwioon) <0 Vo <0
Gl (r;on) < c(l—a)—ap V<0
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Proor. Note that if we know that G/ (z;0,n) < 0, for < 0, then the result
follows immediately from formulas (13.5.31), (13.5.32) after taking the derivative in
x. To complete we consider an iterative process for equations (13.5.31), (13.5.32),
starting with woq (z;0,71) = 0. We then have

Goa(z;0,m) = cx, soal(o,n) = —00;
ua(zion) = 177 (),
therefore for = < 0,
Gha(w;0,m) = cx — apr +pD(o + 1+ 1),

which implies G/, (z;0,1) < 0, for < 0. The iteration preserves the properties.
This completes the proof. 0

We then proceed with estimates.

Proposition 13.9. We have the estimates

~(o.n) S
S 051 ap — (1 — «) = e

apme +a(p+h)D(c+n+1
0< Sa(o,n) < C(i_a))+ (ah >.

PROOF. We begin with the first inequality. it is sufficient to assume s, (0,n) <
0. Note that from (13.5.33) and Lemma 13.2 we have

Xa(z;0.n) < c(1 =) = ap, Vsa(o,n) <z <0
Next from (13.5.30), since s, (0,7n) < 0,

0
0§K+/ Xa(&0,m)dE,
sa(o,m)

and the the first estimate follows immediately. Let us proceed with the second
inequality.
It is useful to recall the equivalence

Byt =) (507 0) = Elug(w — DO 6! i),
We also recall the optimal feedback
o) = { el ) e Sl
The Bellman equation is then
ua(z;0,m) = l(0+n)(x) + K]I@a(m;a,n)>0 + chq (1'3 o, 77)
+Bluq (@ + da(w;0,m) — DT 61 )]
Let us denote
g2 = Sa(o,m) — D(ff+n+1*(0’+77’))7 Dy = ﬁa(x;a'/77]/).
In g, Do the randomness comes from the demands and o', 7, whereas o, 17 is known.
Since sqo(0,n) > —mqo We can write
Ua(=Ma;0,n) = (p+ c)ma +plo +1)D + K
+cSa(0,n) + aEus(92; 0", n)|o, ).
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On the other hand
ua (G230, 1) = 1) () + Koy 0 + i

+E[uq (f2 4 02 — D(0'+n'+1—(0”+n”)); o ) 7).
Combining these two relations and using rules of expected values we obtain
(13.5.34) Uo(—maso,n) = (p+ c)ma + p(o +1)D + K + ¢Sa(0,n)

+O‘E{l(ol+n/)(:&2) + KTy, 50 + cbz

+04E(ua(@2 + {)2 - D(U’+n/+1—(o-”+n77)); 0_77’,,,]”)|O., 77}-
On the other hand we can write the following two inequalities, from Bellman equa-
tion

ua(_ma; a, 77) < pmg +p(0 + U)D
+aE [ua(—ma — Dlotntl=e" 1)) o )|, 77}

Ug(—mg — DT 10) 5y < (@0 (L — plotnti=(o+n))
K + (b + G + mg + DOHTHI=E0D))
+aE[ua(g2 + Oy — D(a/+n/+1—(m+n”)); o'”,T]”)|U/, 77/]7
hence conditioning
Elua(=mq — D060 o, ] < K+ pD(o +n+1) + (p+ c)ma
+cE[v2 + g2lo,n] + eD(o +n+1— E(o’ +1'lo,n))
+aEua(fe + 02 — DI 67 ) o)

Collecting results we obtain the inequality

(13.5.35) Ua(—Ma;0,m) < p(Mma + (0 +1)D) + aK
+apD(o +n+1) + alp + c)ma + acBlis + |0, 1]
+acD(c+n+1— E(d" +1'|o,n))
+0? Elua (f + g — DO T 67 o).
Comparing equation (13.5.34) and inequality (13.5.35) and canceling terms we get
c(l —a)Sa(o,n) + K(1 — o) + aKE[1;,50l0,n] + ¢(1 — a) E[02]0, 7]
HORE(Sa(o,n) ~ DOFTD)E 4 apB(So (o, m) — D)
< (ap —c(l —a))my +apD(c +n+1),

hence also

(e(1 = a) + ah)Sa(o,n) < (ap = c(1 = a))ma + a(p+h)D(o + 1 + 1),
and the second inequality is proven. 0
We can deduce estimates which do not depend on «. Since @ — 1 we may

1
assume o > 3 We state
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1
Corollary 13.1. For a > 5 we have

|Sa(0a 7])|a SQ(O', 77) <my
with -
22K | (p+ n)D(M +1)

p—c

o= min(c, h)

PrOOF. It is an immediate consequence of Proposition 13.9.
We now prove estimates on ), (z;0,7).

Lemma 13.3. We shall prove the estimate

c
(13.5.36) sup g (z50,m)] < =————~.
€<z | F((z+mp)T)
.

PRrROOF. We recall that
Xa(zsom) = pl (@) + aBx ) (207 1), Vo > sa(0,n)
= 0, Va < Sa(Uv 77)

with
tia(o,n) = c(l — @) + ah — a(h +p)F(z),
and
sa (0, n)], Salo,n) < mo
We use
Bt =) (07 )

= EXa(r - D(U+n+17(al+nl))§ o, n/)]Ime(UJrﬂJrl*(U’Jr"i’))>5a(‘7/a77/)]'
Since

I, ptnii-@+ass, (o) < Lo plotnti=o 0 ) s Zmyg»
we deduce

Xa (@0, Tas—m < [T (@)
+O‘EHX04(I — Dlotnti=(etm ))5 U/a 77/)|]Iac—D(ﬂ+n+1—(0’+n’>)>—mu]’

using |7 ()| < max(h, p) and expanding the expectation we get

|Xoc (.Z‘; g, U)‘]Iz>—m0 S max(h,p) +

M
tolxa(@io+ 1,0 Mosm, > (kion)
k=o+n+1
o+n
o Z E|XO¢ (x - D(a+n+lik); 0, k)‘I[x—D(“+’1+1*k)>—mo’Y(k; g, 77)'
k=0

Let us denote
Wy (l‘) = sup |XOt (55 g, 77) ‘ ]IE>—mo .
E<x
o,

243
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We get from the previous inequality

|on(37§07 77)|]Iac>fmn

M o+n
<max(h,p) +wa(x) Y V(kio,n) + EBwa(w — D)y v(kio,n)
k=o+n+1 k=0
o+n
= max(h,p) + wa(z) = (wa(2) = Bwa(z — D)) Y y(k;o,n),
k=0

and using w, (z) — Ew,(z — D) > 0, 3750 y(k; 0,1) > w0, we obtain
Xa(50,0) [ M> —my < max(h, p) + wa(z) = (wa(x) — Bwa(z — D))o
Let zo be fixed. For x < xp we may also write
Xa(#;0,1) [T —me < max(h, p) + wa(0) = (wa(zo) — Ewa(xo — D))wo,
and thus
wa(@0) < max(h, p) + wa(w0) — (wal0) — Euwa(zo — D))o,

which implies

wa(z) — Ewg(z — D) < max(h, p)
@0
h
Wo(x) — Bwe(z — D)Iy_ps>—my < M.
wWo
Finally
wa () < max(h,p) _ 1 .
wo  F((x+mg)t)
From this estimate the results follows immediately. O
Define then

To(o,n) = ua(—mo; o,n).
Since —myg < sq(0,n) we may write
Uua(—mo;o,m) = (p + ¢)mo + pD(o + 1) + csa(o,n)
FaBu =@ ) (s (0,0); 07 0)),
and thus we obtain
La(o,n) = aETu(o’, ) + Va(o,n),
with
Va(o,n) = (p+ c)mo +pD(o +n) + csa(o,n)
+aBua(sa(o,n) = DTN 6! ) — g (—mo; 0, m)].
From the estimates of Proposition 13.9 and Lemma 13.3 we see immediately that
[T (o,n)| < C, Ya,o,n.

Using the invariant measure p(o,n) we define

pa =Y Valo,n)p(o,n),

on



13.5. ERGODIC CONTROL WITH INFORMATION DELAYS 245

and thus from ergodic theory

Pa
13.5. To(a,n) — .
(135.37) (7,m) — 72

We can then state the

Theorem 13.4. We make the assumptions of Theorem 13.35.
There exists a sequence p, such that if a — 1, for a subsequence

(13.5.38) u(x;0,m) — 1p7a — u(z;0,1),
-«

uniformly on any compact of R. We have also po, — p. The function u(zx;o,n) is
locally Lipschitz continuous and satisfies

C

o' (z; 0, <
The pair u(x;o,n), p satisfies

(13.5.39) w(w; o,m) + p = —cx + 1+ (z)

o+n
+ mf {Kllyﬂ +ecy+ Z vk o, m)ul R (420, )
k=0

+ Z ~(k; 0,1) (y;0+1,n)}

k=o+n+1
Proor. We define again

Pa
1l—«

o (z;0,m) = ua(x;0,m) —

then we get the equation
Uo(50,1) + pa = —cx + 177 (z)

+ ;22 {K]Iy>ac + ey + aBal =) (6 77/)}

Since the infimum is attained at max(x, S, (0,n)), we can consider that y < Lx if
x < X. Therefore we have also

(13.5.40) G (x;0,n) + pa = —cx + 1777 (2)

+ lnf {K]Iy>_r + cy + C)ZE’EL((X(T+T]+1_(”/+W))(ZJ; O'/, 77/)} .
Lx>y>x

Assuming |z| < X, using the estimates of Proposition 13.9 and Lemma 13.3, and
applying the Ascoli-Arzela theorem we can extract a subsequence such that

Pa = P

sup |to(x;0,n) —u(z;0,m)] = 0
|| <X

and we can pass to the limit in (13.5.40) to obtain
u(z;o,m) +p
= —cx+1T (z)+  inf {K]Iy>a:+cy+aEu(”+’7+1*("'+”'))(y; o, n’)}
Lx>y>z

> —ca +17 (2) + inf {K]Iy>x + ey + aBu @) (6 77')} :
y>x
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But the opposite inequality can be checked easily. The result follows. O

Consider the cost functional
T2 en(V)=EY o' =H(C(vr) + 177 (),
t=1

then we shall have
(13.5.41) p=inf lim (1 — a)JS, (V)
V a—=1

z,0,m

considering only control policies V' such that the limit exists. Then the infimum is
attained at V' characterized by an s(o,n), S(o,n) policy with

s(0,m) = lim sa(o,m), S(,7) = lim Salo,)



CHAPTER 14

CONTINUOUS TIME INVENTORY CONTROL

14.1. DETERMINISTIC MODEL
14.1.1. IMPULSE CONTROL IN CONTINUOUS TIME. We describe

a continuous time model. An impulse control is a succession of times
91 <92<"'9n"' ,

at which we make decisions
V1 <V < Uy

The times 60,, will be the times when we decide to replenish an inventory, and the v,
will be the levels of replenishment. In this deterministic framework, these numbers
are deterministic. We represent the sequence of times and levels by V, and call V
an impulse control.

Let y(t) = y»(t; V) be the state of the inventory at time ¢, with initial state x
at time 0, and subject to an impulse control V.

We have

y(t) =ax — Mt + M(t),
with
M(t)=MEV)= > v
{n|0,<t}
The meaning of these relations is clear: x > 0 is the initial inventory, At is the
demand up to time ¢ and M (¢) represents the total replenishment up to time t.
Since shortage is not allowed, we impose a state constraint y(¢) > 0. We define a
cost function as follows
o0

Jz(V) = Z(K + cvy,) exp —ab, + / hy(t) exp —atdt.
0

n=0

As usual, we define the value function by
u(z) = 1gf Jz (V).

A feedback is a decision rule which defines at any time ¢ the decision to be taken
as a function of the state of the system at that time. In our case, at any time ¢,
looking at the value of the inventory y(t) we decide to put an order and we decide
the quantity ordered.

14.1.2. 5,5 POLICY. An s, S policy is a pair of numbers with
s< S,

247
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such that a feedback is obtained from these two numbers as follows:
S—z, ifx<s
v(@) = vas(@) = {o, if x>

The feedback is used to compute an impulse control V = V; g as follows: At any
time ¢ if 2(t) < s then order a quantity

v(t) =S — x(t).
If
x(t) > s,

then do not put an order at time t. We call

Us,s ().

The value function associated to a pair s,.S. Namely
US,S(x) = Jm(‘/;,S)

14.1.3. INEQUALITIES. It is easy to check inequalities verified by u(z).
Recall that x represents the state (the Inventory level) at initial time. If we force
a decision to order a quantity v at initial time, then we pay K + cv and the state
becomes = + v. If we proceed optimally from now on, the best that we can achieve
is

K+ cv+u(x +v).

Therefore we can assert that
(14.1.1) u(r) < K + ir;%(cv—ﬁ—u(x—l—v)).

The next inequality consists in examining the decision not to order at initial time.
So we delay the decision during a small amount of time §. During this period we
first pay a holding cost dxh, then we arrive at time § with an inventory

T — 0.

This number is positive for small §. Suppose that we behave optimally from now
on. The best that we can obtain for the life time (0, 00) is

u(z — o).
We discount this quantity to get a value at time 0. Since § is small, we have the
approximate value
(1= da)u(x —oN).
So we claim
u(z) < (1 —da)u(z — 6N) + dxh
Expanding in § we obtain
(14.1.2) au+ A\’ < hz,z >0

The next point is to claim that for any initial inventory x, either (14.1.1) or (14.1.2)
hold, since either we decide to order or we leave the system evolve freely for a
small amount of time. We can express this by writing a complementary slackness
condition

(14.1.3) (au+ M — hz)(u(z) — K — 11}1;%(67) +u(x+v))) =0z >0
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We must complete the conditions by considerations on the boundary and about
smoothness. The boundary is * = 0 We clearly must order at the boundary,
otherwise the inventory remains at 0, since it cannot become negative. Eventually
we order and we can consider that the problem starts at this time. Therefore, we
can write

(14.1.4) u(0) = K + ir;%(cv + u(v)).

Concerning smoothness, equation (14.1.3) is written without ambiguity if
(14.1.5) u € (0, 00).

The set of inequalities and complementarity slackness equation (14.1.1), (14.1.2),
(14.1.3) and associated boundary and smoothness conditions is called a Quasi-
Variational Inequality.

Remark 14.1. The smoothness is not guaranteed by the definition of the value
function u(x). It is a desirable property, which is far from automatic, in particular
at switching points.

Let us now write conditions satisfied by a value function defined by an s,.S
policy. Note that

0<s<8S.
We first have
(14.1.6) us,5(x) = K +¢(S — x) + us,5(5), Vo < s.
Next
(14.1.7) g5 + M g — he =0,z > s.

These relations express the decision making under an s,.S policy.

Comparison with the relations defining the value function w imply a natural
way to obtain S from s. Let us choose first a single positive number s and define
us(x) by

(14.1.8) us(x) +cx = K + ir;f(cy—l—us(y))w <s
y>s
(14.1.9) aus + Aul, — he =0,z > s.
Then S(s) is obtained simply by
(14.1.10) ir>1f(cy+us(y)) = ¢S + us(S)
y>s

14.1.4. DEFINITION OF u,. For any fixed s, we can write the solution of
the differential equation (14.1.9) as follows

! h [* !
u.(o) = u(exp - S =)+ § [ vexn=S e - )

hence

A h Ak o
(14.1.11) us(x) = — (a: - a) + (us(s) —s— + a2> expr(x —s).
To define S = S(s) we write
’LL/ (S) = ¢
therefore

aus(S) = hS + Ac.
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We can write the following equation for S
ey
1+ $(Fus(s) —s)

exp f%(S —3)

To define the value us(s) we use equations (14.1.8) and (14.1.10) to obtain
hS + Xc
=

us(s) = K +¢(S = s) -

We deduce the right derivative

, B aK + (ac+ h)(S —s)
Ugyo(s) = —c— b\ :

Since
wy_o(s) = —c.
There is no way to have a matching of derivatives at point s, which we require if
we want us(z) to coincide with the value function u(z).
The only way to avoid the difficulty is to take s = 0, since there is no matching

on the boundary. Consider then ug(z). The value of S = S(0) is obtained by
solving the equation

(14.1.12) (1+%) eXp%S—S <‘;+ =

o?c L oc o?K
h

A ‘h A

It is easy to check that this equation has a unique positive solution S.

The important question now is to check whether ug(z) is the value function
u(z). We must verify that it satisfies the conditions for u, namely relations (14.1.1),
(14.1.2), (14.1.3). The only non trivial verification is (14.1.1), which we rewrite as

(14.1.13) up(z) +cx < K + iI;f (uo(y) + cy).
y>z
Since
h Ah Ah ax
o) = = g+ (100 + 57 ) e

we see easily that it is a convex function. Hence wug(x) + cz is also convex. Its
minimum is at S. It is thus increasing for x > S. Hence for x > S we have

yh;g(uo(y) + cy) = uo(x) + cx,

and the property (14.1.13) is trivially verified.
For z < S we can write

ug(x) + cx < up(0).

Also

inf (uo(y) +cy) = uo(S) + 5.

Noting that
uo(0) = K +uo(S) + e,

the property (14.1.13) is obtained again.
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14.2. ERGODIC PROBLEM

The ergodic problem consists in letting the discount tend to 0. We indicate the
dependence in « for all quantities of interest. Denote in particular by wu,(z) the
value function, recalling that

U () = uno ().
We omit the index 0 which is no more necessary. From direct checking

U (T) = 00, as a — 0

14.2.1. RECOVERING EOQ FORMULA.

- 12K
SQ%S: T)\:lj,

as o — 0, where ¢ has been referred as the EOQ formula, see Chapter 2, 2.2.

Exercise 14.1. Show that

‘We deduce that
g (0) = hS + Ae,

which is the optimal average cost derived from the EOQ formula. Similarly
g () = hS + Ac,

and we see that the initial inventory does not play any role.
Next set
Ua(x) = ua(r) — ua(0).

It satisfies the differential equation
aue (0) + atig (z) + Al (z) = ha,
with the initial condition
U (0) = 0.

We know that

i (0) = hS + Ae = 3,
so we can conjecture that

U () = ulx),

where u satisfies

B+ M/ = hx, 0(0) =0,
i.e

Bx  xz%h

Exercise 14.2. Check directly the limit property stated above.
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14.2.2. EQUIVALENCE OF LIMITS.

Exercise 14.3. Consider a 0, ¢ policy and set
q=AT.
We start with an initial inventory 0, so we order right away. The inventory is
defined
y(t) = ¢— At —nT),Vt € [nT,(n+ 1)T].
Consider the average cost

hqg KX
C(q)+c)\:7q+7+c)\.

Define the discounted cost

Ja(q) = h/ y(t) exp —atdt + Z(K + ¢q) exp —naT.
0

n=0
Exercise 14.4. Show that
ady(q) = C(g) + ¢,
asa— 0

Exercise 14.5. Compute the quantity ¢, which minimizes the quantity J,(g).
Show that it is the same as the one obtained by solving equation (14.1.12).

14.3. CONTINUOUS RATE DELIVERY

14.3.1. TRANSFORMED EOQ FORMULA. Suppose now that there is
no immediate delivery. Instead, the delivery is provided at a continuous rate 7.
Since there is no possibility of shortage, we must have r > A. We recall that the
EOQ formula must be changed (see 14.3.1) into

2K \r
hir—X)’

This formula leads to co when » = A\. One must interpret it in the sense that there
will be a continuous delivery at the level of the demand. The stock remains 0, and
the cost per unit of time equal to cA. There is no optimization in this case.

14.3.2. TRANSFORMED INEQUALITIES. We may attempt to derive
the inequalities governing the value function for the problem with continuous deliv-
ery. We decide not to order while a delivery is processed. The value function u(x) is
considered with an initial inventory x and no delivery being processed. Inequality
(14.1.2) is unchanged. However, inequality (14.1.1) must be changed to express the
fact that when we order a quantity ¢, then we have to wait till it is delivered, which
means till 2. We have to cover the holding cost during this period and when the
delivery is completed then the available inventory is

(j:

A

So we must write

(14.3.1)

ke

< i ’
u(l‘)iK+;I;f(‘) lchrh/

A
(x4 (r — A\)t) exp —atdt + exp —a% u (I +q-— Tq)]
0
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Performing calculations we obtain

. h q r—A\
< _ _ —as -
(14.3.2) u(x) K+ ;I;E [cq + (3;‘ (1 exp ar> +

A
: (1 — exp —cvg - agexp —aq)> + exp —agu <x +q— q>]
r r r r r

We proceed as in the EOQ case and consider s = 0 and that the equation is verified
for > 0 and use the boundary condition
h(r—M\)

(14.3.3) u(0) = K + inf [cq + = (1 — exp —al ol exp —ag)
q>0 0’ T T r

A
+exp—alu(g - Q)} :
T r

Exercise 14.6. We compute the optimal S = § by differentiating the right hand
side and equaling it to 0. We get

(14.3.4) C—Q—T_)\expfaﬁ (hSJru’ <ST)\>> fgexpfaéu (Sr_)\> =0
T r\r T T r r

Exercise 14.7. Show that S is a solution of

« ac « r Sa o’c o?K
(14.3.5) (expf;S + 7) (exp 35 - 1) -1 (1 - exp—r> —§5 -5 =0

Exercise 14.8. Check that equation (14.3.5) reduces to (14.1.12) as r — oo, and
to the transformed EOQ formula of section 14.3.1 as o« — 0.

14.4. LEAD TIME

14.4.1. NO SHORTAGE ADMITTED. We complement section 2.6.1.

We consider now a situation with discount rate of time «. If we implement
an s, q policy with s = AL, the optimal ¢ will be different from the EOQ formula.
Indeed, we recall the differential equation for us(z) with s = AL, which we write
u(z) to simplify the notation, although it is not the value function. We have

A LAh AR @
we) =2 (2= 2 )+ (wrn) = 58 4 2 Yo =S o - L)
then we must write
u'(§) = —cexpal,
where we expect ¢ > LA. We can then apply the equation to obtain

Ac+ hgexp —aL

u(q) exp —aL =
«a
We deduce
LA Ah hA e + hé —olL
WD) = K + o+ —o0 = 20 4 M ey g 4 2T RAR AR
« « «

Collecting results, we obtain that ¢ is the solution of the equation
(14.4.1)

2
K
(exp —al + %) exp %q — %q (exp —alL + %) —exp—al — % — oz)\h =0.

Exercise 14.9. Check that when « is small, the solution of equation (14.4.1)
converges to the EOQ formula, independent of L, provided it is larger than AL.
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14.5. NEWSVENDOR PROBLEM

We consider here a period T. At the beginning of the period, the inventory
is S, the quantity procured. The total demand in the period is D assumed to be
random with a probability density function f(x). It materializes during the period
at a uniform rate % So the inventory at time ¢ is

D
— —t.
s T

This random variable can be positive or negative. When it is positive, it carries a
holding cost. When it is negative it carries a shortage cost.
The average inventory surplus is

T
S —DE)tdt D 52
[+(S) Efo(% =F |:]IS>D(S - 5) + ]ISSDE
S 2 +o0
- SF(S)—E/ ef@yde+ o [ L9 g
2 0 2 S xr

For the shortage inventory, we have

T £\ — _\2
L S=Dhd (- D))

1-(5) T 5D

which is

+oo
I_(S):I.AS)—S—I—%/0 zf(z)dx.

We denote by h the holding cost per unit of time and by p the shortage cost per
unit of time, so the total cost is

C(S) = hIL(S) + pL_(S),

S 2 “+o0 T
SF(S)—%/U a:f(a:)da:—i—%/s f()dx]

x
+oo
+p<5+;/0 xf(:c)dx).

We can then compute the optimal S = S. We have

C'(S) = (h+p) (F(S) + S/;OO @ dm) o

or

C(S) = (h+p)

and

+o0 x
e =mp [ 1Y

——=dzx > 0.
S x

Therefore the unique S is given by

F<g>+g/*mmdxp
S X

" h+p
Remark 14.2. Usually the solution of the Newsvendor problem is given as
& p
F(S)=——.
(5) h+p

This is because one assumes that the demand materializes in one shot.
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14.6. POISSON DEMAND

14.6.1. POISSON PROCESS. Instead of modeling the randomness of the
demand through a random rate A, we shall consider the demand D(t) to be a Markov
process. In the deterministic case it is simply At. The most natural stochastic
process is the Poisson process with parameter A. We recall the definition of the
Poisson process. We have

D(0) = 0; D(t2) — D(t1) and D(s3) — D(s1) are independent Vs; < sg < t1 < t9

Mta—t1))*
D@gfpm)$mm@rmmm,mnagfpag:@:mpauy¢gii%iﬁl
The following formula expresses the Markov property

P(D(t+¢€)=D(t)|D(s),s <t) ~1— Xe
P(D(t+¢€)=D(t)+1|D(s),s < t) ~ e

The Poisson process models the arrivals of customers at a queue, with average
arrival rate A. Note that

ED(t) = At.

This last property explains why the Poisson is a natural extension of the determin-
istic model with constant demand rate .

The infinitesimal generator of the Markov process D(t) is the linear operator
on smooth functions of the real variable x defined by

— i 2@ F DO 0@ 404 1) — g(a))

Ap(x) =
14.6.2. DESCRIPTION OF THE MODEL. An impulse control is a se-
quence

e—0 €

9717 ’Una
where 6,, is a stopping time with respect to the filtration
F'=0(D(s),s <),

and v,, is a random variable 7% measurable. Denoting by V an impulse control,
the corresponding inventory is described by the formula

Yy (V) =2 — D(t) + M(t; V),
with
M) =M@EV)= > v
{nlon <t}
Note that the inventory can become negative. Let
fx) = ha™ +pa~,
the cost function to be minimized is given by

oo

Z(K + cvy) exp —al,
n=0

[T e atdt]

J.(V)=FE
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14.6.3. INEQUALITIES FOR THE VALUE FUNCTION. Consider-
ing the value function

u(z) = ir‘}f Iz (V).

We can derive inequalities and complementarity slackness conditions for the func-
tion u(x), which will be referred again as the Quasi- Variational Inequality. We first
have

(14.6.1) u(z) < Kgr;%(cv—l—u(x—f—v)),
then
(14.6.2) —AMu(z — 1) —u(z)) + au(z) < f(x).

The complementarity slackness condition expresses

(14.6.3) [((a+ Nu(x) — du(z — 1)) — f(2)][u(z) — K — Ti)r>1%(cv +u(z +v))] =0.

14.6.4. VALUE FUNCTION CORRESPONDING TO AN s, S POL-
ICY. Note that z € R. There is no explicit boundary condition. However u(x)
should not have a growth faster that f(z) (namely linear growth). In a way similar
to that discussed in the deterministic case, the value function corresponding to an
s,.S policy is defined as follows. We write

(14.6.4) us(z) + cx = us(s) +ecs = K + iI;f(C’I? +u(n)) =K +cS+u(S), Ve <s
n>s

(14.6.5) (a+ Nu(z) — du(z —1) — f(z) =0,V > s

Theorem 14.1. Assume
p > ac.

There exists a unique pair s,S and a unique continuous function us(z) with linear
growth such that equations (14.6.4), (14.6.5) are satisfied.

ProoFr. Noting that
us(s — 1) +¢(s — 1) = uy(s) + cs,

and
(a4 MNus(s) = Aus(s — 1) = f(s),
we get
us(x) +cx =cs+ W,Vw <s
Define
H(z) = us(x) + cx —cs — w

We get the following relations for H(x)
(14.6.6) (a+ N Hy(z) — AHg(x — 1) = g(x) — g(s),Vz > s; Hg(x) =0,Vx < s,
where we have set

9(z) = f(z) + acx.
‘We have

(h+ac)x + (p— ac)s, Y >0

g(.’L‘) 79(5) = {(p OAC)(I - S), Vr <0
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When s < 0, we see in particular, thanks to the assumption, that
g(z) —g(s) <0,Vs <z < 0.

In fact, noting that there exists a unique v > 0 such that g(v) = g(s). We have
s<z<v=g(z)—g(s)<O.

Define
gs(x) = (9(x) — 9(s)) Lo>s.
We obtain
[z—s] Ny
s - >\J
(14.6.7) Hy(z) = m,vgc >s; Hg(x) =0,Vx <s,
j=0

in which [z] is the integer part of z, the unique integer such that
[z] <z < [z] + 1.
Thanks to the fact that gs(s) = 0, we can check that H,(z) is a continuous function.
The quantity S = S(s) is obtained by
H,(S) = inf Hy(n).

n>s

Recalling the definition of f(z) we get at once
S(s) =s,¥s >0
Consider next the case s < 0. From formula (14.6.7) it follows immediately that
s<zx<v= Hiz)<DO.

We can next write for z > v
[z—v] Ny [z—s] Y
Hix) = S 9@ xz gs(z — N
s\ = 1 it
=0 (O[ + )\) j=lz—v]+1 (Oé T )\)
The first sum is composed of positive terms, and the second of negative terms.
We deduce easily the following estimate

S 9:(2)  9:(0) ( A >[m_y]’

Hy(x)

from which it follows that

T a+ A « A«

Hi(z) — 400 as © — 400.

Recalling the continuity of H,(x) it follows that it reaches its minimum on (s, 00).
Picking the smallest minimum S(s) we define the function S(s) for s < 0. Neces-
sarily
S(s) =20,
since Hy(x) decreases on s < x < 0. This follows from direct checking of formula
(14.6.7).
There remains to find s. It must satisfy the equation in s

inf Hy(n) = —K.
n>s

We have
inf Hy(n) =0,Vs > 0.

n>s
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So we may assume s < 0. Consider s < g < 0. We can assert that

H(zg) < 228).

Therefore

< < .
;r;szs(n) < Hy(wg) < Y

Letting s go to —co, we obtain

inf Hy(n) — —o0, as s = —00
n>s

Finally we show that inf,~, H(n) is an increasing function of s on (—o0,0). That
will prove that there exists one and only one value of s such that this function
equals —K. Consider s’ < s < 0. We are going to prove that

Hy(z) < He(x),Vs' < s < x.
This will imply the desired result. We note that
gs (x) < gs(x), Va.

Writing
[z—3s] i i [z—5] N
_ (gs’(x_])_gs(x_]))A gs’(x_J))‘J
He(@ = Hi(e) = 3 =i+ Y e
j=0 j=[z—s]+1

The first term is negative from the property mentioned just above. In the second
term we note that

[t—s]+1<j<[z—§]=s<zr—-j<s<0,

and the second term is also negative. The property is proved, and s is defined
uniquely. d

14.6.5. OPTIMALITY OF AN 5,5 POLICY. We now turn to proving
that the function us(z) defined above with the choice of s is indeed the optimal
policy, i.e. that us(x) = u(z).

Theorem 14.2. We assume ca —p < 0. Then, the s,S policy is optimal.

PRrROOF. We have to verify the inequalities, the complementarity slackness con-
dition being trivially satisfied. The inequality

(o + Nu(z) — du(z —1) < f(z), Vo < s,

amounts to g(z) — g(s) > 0,Vx < s. Since s < 0, this property is satisfied. The
second inequality reduces to
Hy(x) < K+ iI>1f Hy(n),Vz > s
n>x
Since K = —inf,~; Hs(n) the right hand side is certainly positive. So the inequality
is obvious whenever Hs(z) < 0. This occurs in particular for s < z < v. The
function Hg(z) can be negative beyond v and there exists a first point xy with
v < zg and Hy(zg) = 0. So it is sufficient to prove the inequality for z > xo. We
also note that
gs(xo) = =AHs(zo — 1) > 0.
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Let £ > 0. We shall consider x > zg — £. Since £ is arbitrary, we may have x < s.
We can write the equation for Hy(x) in a way which is valid for any z as follows
(recalling the definition of g, (z))
(@ + N Hg(z) — AHg(z — 1) = g ().
We can next write the following inequalities
(a + )\)Hs(.’l,‘) - )\HS(.%‘ - 1)]130*12300*5 < gs($)7

Hs (.7]0 — 5) S 0
The reason of the truncation is to be able to work on the domain z > x¢y — £. The
price to pay is that we can write only an inequality. Note Indeed that

Hs(x - 1)I[x71<m075 < 07
from the definition of xg.
Define next
Ms(z) =Hs(x+ &)+ K > 0.
We can write
(0 + AN My(2) = AMs(z — D) Iy—1300—¢ > gs(z + &) + oK,

Ms (xO - g) =K.
We claim that

gs(x + &) = gs(x)
Note that

gs(x + &) > gs(z0) > 0.

The claim is thus obvious if x < s. If z > s then we have to prove that

g(x+¢) = g().
If x > 0 this follows from convexity. If s < z < 0 then

g(x + &) — g(x) > g(x0) — g(s) > 0.
Therefore setting
Ys(z) = Hy(z) — My(2),
we deduce that Y;(z) < 0. This result is valid for z > xg — &, hence also for = > .
The proof of Theorem 14.2 has been completed. O

14.6.6. COMPUTATION OF DERIVATIVE. We will compute the deriva-
tives H.(x + 0) and H.(x — 0). For x > s we have

! gsx_J+O>\]
H.(z+0) Z S

We can compute also H.(z — 0) by the formula

z—s] x 0)\
H(z—0) = porn g?(ofiw)l -
s Z[J s]=1 g (z—j—0)N

PSR s =

iflzr—s]<z—s

with H/(s —0) = 0.
It follows that for z < 0

(14.6.8) H(z+0) = —p_ao‘c <1 - ( A >[“H1> ,
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Hl(x+0), iflz—s]<z—s
(14.6.9) Hx—0)=1{ , o (1( \ >x_> oo s — o

o Ao

It follows that for = < 0, H.(x) is discontinuous only at points x such that z — s is
a negative integer. The discontinuity is

_ A r—Ss
H _Hl(z-0)=-2"9 .
ot 0) — Bl —0) = -5 (2

If s = [s] then the discontinuity points are negative integers —n with 1 < n < —s.

We have
_ A —n—s+1
H(—n+0)=-2"%(1_
H-n+0) = 2= e ,

) )

and for —-n<xr < -n+1

H'(z) = H(—n +0).

Therefore for s negative integer, x < 0, H.(x) is piece wise constant negative and
decreasing with discontinuity points at values x = —n, 0 <n < —s.
Assume next that [s] < s, note that [s] +1 = —[—s]. We consider the intervals

(s,s+1),(s+1,s+2),---,(s+[—s],0).

An interval is of the form (s 4+ n — 1, s+ n) with » running from 1 to [—s] + 1. For
the last one the end s+ [—s] + 1 is replaced by 0. We have

s+tn—l<z<s+n=[r—s=n-1,

and

« A+ a

Hl(z)=H.(s+n—1+0)=-L—2€ (1( A >n>

We obtain that for [s] < s, z < 0, H.(x) is piece wise constant negative and
decreasing with discontinuity points at values s + n — 1 with n running from 1 to
[—s]+ 1.

Consider now x > 0, hence [z] > 0. We have [x — s] > [z]. We compute easily

h+ ac A\ e
14.6.10 H! 0)=——1|1-
(14610)  H@+0)="" ( (%)

p— ac A [+ A\ lesl=lel
— 1-— .
! ()\—i-a) <)\+a>

The situation is more complex for H,(z — 0). We have 4 situations, depending on
whether z and = — s are integers or not. If [z — s] <z — s and [z] < x then

(14.6.11) H!(z—0)=H.(z+0).
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If [t — s] <z — s and [z] = « which implies [x — s] = x + [—s] then

(14.6.12) Hi(w—0) = "% (1 N < : )x)

« A«

_p-ac A\’ 1 A\t
a A« A« '

Comparing with (14.6.10) we observe a discontinuity

(14.6.13) H (2 +0) — Hl(x —0) = Aia <Aia) (h+p).

If [ — s] = x — s then [z] = 2 — s+ [s]. Note that in this case z = [z] only if s = [s].
If [s] < s we obtain

[z]+1
(14.6.14) H (x — 0) = 122¢ <1 - < A > " >

o A+«

_p—ac A [z]+1 . A [—s]
o A+« A+« ’

and if [s] = s we obtain

(14.6.15) Hi(e—0) = "% (1 - ( : >x>

« At

_p—ac A\ 1— A oF
o Ao Ao
We obtain again a discontinuity: When [z — s] =z — s and [s] < s

~ fa] s
H!(x+0) - H.(z—0) = -2 O‘C< A > .

S A+a \ M fa
When [z] = z and [s] = s we get

1 A AN
H' —H!(z—0) = - 1-
(z4+0)—H.(z—0) )\—i—a()\—i-a) h+ac+ (p ac)( </\+a> >
We begin with the case s = [s], where s is an integer. We have [z —s] = [z] —s. The

only possible discontinuities are the positive integers. So we consider the intervals
(0,1),"'(%—1,71),"- .
Ifn—1< 2 <n, we have
[x—sl=n—1—-s<z—s,
therefore
Hl(z) = H.(n-1+0)

b (o (22)) 25 () (- (2) )

So for > 0 and s a negative integer, the function H/(x) is piecewise constant, has
discontinuity points at values x which are positive integers. The function H/(z) is
increasing.
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Consider now x > 0 with [s] < s. Consider n — 1 < z < n, then [z] =n—1 and

h+ ac A\ p—ac A" A\
"(n—1 _ . . .
w2 (1 (2) )5 () (- () )
h+ac AN\ poac/ A\ A\
! (9 — — . — - —
H,(n-1-0) a (1 (A—i—a) ) a </\+a> ! (A—i—a) ’

Then for n — 1 < x < n+ [—s] + s we have
[t —s]=n—1+[-s], Hiz)=H.(n—1+0),

and for n + [—s] + s < x < n we have

[z —s]=n+[-s], [z—s]—[z]=[-s]+1
and
Hi(w) = hzac (1 a (Aia>n> a p_aac <>\—/|\—a>n <1 a (Aio)[_sm)
= H!(n—0).

We have a discontinuity at n + [—s] + s given by
H(n+[-s]+s+0)—H,n+[-s]+s—0) = H.n—-0)—H.,(n—1+0)

_p—ac A\
a+ A \ A +a '

So for z > 0, [s] < s H.(z) has discontinuity points at x = n and x = n + [—s] +
s, n > 0. It is piecewise constant, but not increasing. It increases at n and decreases

at n + [—s] + s. However
A [—s]
h —ae) [1-( 2
+ac+(p—ac) </\+a>

The minimum S(s) must satisfy H.(S 4+ 0) > 0. Therefore S is necessarily an
integer. If s is an integer, we deduce

Hl(z+0)>0,Yz > S.

nt+l
H’(n—i—l—l—O)—H’(n—&—O):L A
s s Aa \ \+a

Hence
Hy(z) = igf H,(n),Yxz > S.
n>x
Now for s < x < S we have
HS(:E) S Oa

and
inf Hy(n) = Hy(S) = —K
n>x
If s is not an integer, we can only deduce
H.(n+1+0)> H.(n+0)>0,Vn>S.

We may have some negative values of the derivative. This can occur at intervals
(n+ [—s] + s,n). However, we know that for x > s

Hy(2) < K + Hy(w +€), V€ > 0
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14.6.7. OBTAINING S. The number S is characterized by the fact that it
is the first number strictly larger than s such that

H!(S —0) < 0,H.(S+0)>0.

Since H.(z) is piecewise constant it is the first integer n such that

Hi(n+0)=—

Heeen (1-(:25)7)
v () (- () )]
v () (- () )

14.7. ERGODIC CASE FOR THE POISSON DEMAND

and

1

< 0.

The objective now is to let a tend to 0. In this case

9s(x) = (f(z) = f(s))Tass.
Next the function H,(z) becomes

[z—s

] .
(14.7.1) H(z) = Z M,Vw >s; Hg(x) =0,Vx <s
Jj=0 A
The number S(s) is obtained by computing the left and right derivatives
[z—s] , .
gs(x —j+0)
Hiw+0)= Y &
(z+0) ;) 5

E[Q—S] gu(z—j=0)

H’(x—O)Z{ =0 A0

s [x—s]—1 g.(x—j—0)
Zj:o 4 /\] I
and we write

HL(S4+0)>0; H.(S-0)<0
Lemma 14.1. Assume —s to be integer and
ps .

- not integer,
then s

ses) =~

ProoF. Note that

[S —s]=[5]—s.
Recalling that
h, ifx>0
—p, ifx<0

%@+®={
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and

h, ifex>0
9;(9:—0)={ :
—p, ifx<0

The first condition implies

[S]+1> f%
The equality is not possible, because of the assumption hence
ps
Sl+1>——.
S]+1> -5

For the second condition we have to consider the case S — s integer or not integer.
If it is not an integer then S cannot be integer, but then H.(S—0) = H,(S+0) =0
which is not possible. If S is integer then the second condition amounts to

hS + ps <0,
hence the result. O

We can then compute H(S) by the formula

A 2 2

To define the optimum s we must write the equation

1 2 S+1
19) = L[5 w058 (pernEEY)]

2 S+1
K)\szQ—p;—S<ps+h2>.

If we approximate S by —p7 we deduce easily that s is defined by

| 2hKA
(14.7.2) s=\ ot

and the quantity ordered S — s is given by

_ [2KXp+h)
(14.7.3) S—s=4] —h

We see that as p — oo we obtain exactly the EOQ formulas.
LITTLE’S LAW:

Since we have Backlog and waiting time, a natural question is whether Little’s
Law applies to this model. Waiting starts between the moment the stock is zero
till the time it becomes s < 0. If 7 denotes this random time we have

7 =inf{t|D(t) = —s}.
To simplify we assume s integer. Then
D(r) = —s.

Since on 0,7 we have

the average backlog is

1 T
- /O D(t)dt,
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and the average waiting time is

1 [ 1
Ef/ (tr—t)dt = -ET.
0 2

T

Little’s Law is the following relation
1 /7 1
Ef/ D(#)dt = A7,
T 0 2
The left hand-side can be written as

1
E / D(pr)dp.
0
The result follows from the following property:
Exercise 14.10. Check the formula
ED(7) = AET,
for any stopping time with respect to the filtration F* generated by the process
D(t).
The proof of the property goes as follows. Suppose
T = vh,
where v is a random integer and h is a deterministic real number. Then
D(vh) =Y (D((j + 1)h) = D(jh)) Ljncun-
>0
Noting that
Ljn<yn is F" measurable,
and D((j + 1)h) — D(jh) is independent from F’", we deduce easily
ED(vh) = hEl;<, = AhEv.
j=0
So the result is true for stopping times of the form vh. Now writing

ED([ﬂ h) < ED(r) SED([%} h+h),

it follows

AE ({ﬂ) h < ED(r) < \E ([ﬂ +1) b,

and the result follows.

14.8. POISSON DEMAND WITH LEAD TIME

14.8.1. DESCRIPTION OF THE MODEL. We introduce a determinis-
tic lead-time L and we assume that we do not order while waiting for a delivery.
This can be justified by logistics and security reasons. Therefore the model is
transformed as follows:

Ya(t; V) =z — D(t) + M(t — L; V),
with
Mt V)= Z U,

{n|0n <t}
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and the impulse times 6,, verify
9n+1 > en + L.

The cost function is given by

oo

J(V)=F Z(K—F cvy) exp —ab, + /00 flyz(t; V) exp —atdt | .
0

n=0

At time 0 we assume that there is no delivery in the pipe line.

14.8.2. INEQUALITIES FOR THE VALUE FUNCTION. The value

function

u(zr) = ir‘}f J(V),

satisfies the following set of inequalities and complementarity slackness conditions
(Variational Inequality)

(14.8.1) u(z) < K + E/OL f(z — D(t)) exp —ptdt
+ gr;%[cv + Eu(z +v— D(L))exp —aL] = M(u)(z),
and )
(14.8.2) —AMu(z — 1) —u(x)) + au(z) < f(x).
The complementarity slackness condition expresses
(14.8.3) [((a+ Nu(z) = Au(z = 1)) = f(@)][u(z) — M(u)(z)] =0

14.8.3. OPTIMAL s, S POLICY. The concept of s, .S policy extends easily.
It is convenient to introduce the function

L
g(z) = f(x) + acz + )\E/O (flx—=1=D()) — f(x — D(t))) exp —atdt

—aF /OL f(x — D(t)) exp —atdt

and we set
9s(x) = (9(x) = g(s)) Las.
We solve as before, for a given s

(14.8.4) (a+N)Hs(x) — AHs(x — 1) = gs(),Vz > s; Hg(x) =0,V <s

We define next the value function corresponding to s
L
us(z) = Hg(x) — cx + E/ f(x — D(t)) exp —atdt + C(s),
0

where C(s) depends only on s. We want
(a+ Nus(z) — Aug(x — 1) = f(x),Vz > s.
We check easily that the constant C(s) must satisfy
aC(s) = g(s) + Ac.
On the other hand
C(s)=K + }Igfs[cn + Eus(n — D(L)) exp —aL].
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We finally derive the equation to obtain the value of s
(g(s) + Ac)(1 —exp —al)
«@

+{ ir;f en(l —exp—al) +exp —aL E[Hs(n — D(L))
n=s

(14.8.5) =K +cA\Lexp—al

+/OL f(n—D(t + L)) exp —at dt]}

There is a useful transformation of the preceding relations, by making use of an
important identity, namely

(14.8.6) exp—al Ef(x— D(L)) — f(x) + (o + )\)/0 f(x — D(t))exp

L
—atdt — A/ f(x—1—D(t))exp —atdt = 0,Vx
0
Exercise 14.11. Show identity (14.8.6). Check that it reduces to the identity

L
—zt +exp—al E(x — D(L))* + (a+ A)E/ (x — D(t))" exp —atdt

L
—)\E/ (r —1—D(t))" exp —atdt = 0.
0

The easiest way is to show that the derivative in x of this expression vanishes. Since
it is 0 for x < 0, it vanishes for all x.

With this expression we can assert that

(14.8.7) g(z) = acx + exp —aL Ef(x — D(L)),

so we get the

Lemma 14.2. The function g(x) is conver and continuous.
PRrROOF. It follows immediately from the convexity of f. O
The function g is not continuously differentiable, and piece-wise linear.

Lemma 14.3. Assume
ac—pexp—alL <0,
then the function g(x) satisfies
g(x) = 400, as |z| = +oo.

It has a unique minimum denoted n which is a positive integer.

PrOOF. Note that
g (x) = ac—pexp—alL, if z <0,

and the assumption implies that g(z) decreases for < 0. Moreover it guaranties
that

g(x) = 400, as x = —c0.
The same property holds trivially when z — 4o00. Since the function is piece-
wise linear with discontinuities at positive integers, the minimum is integer. It is a
positive number, since the function decreases for x < 0. O
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Writing explicitly
[=]

ML)
g(x) = (ac—pexp—aLl)x+ ALpexp —aL + (h+p)exp —(a+ )L Z($ —7) ( j') .
=0 '
We deduce
/ " (AL)/
g (n+0)=ac—pexp—al+ (h+p)exp—(a+ AL 7
j=0 '

This is strictly increasing in n. Hence the minimum is unique.
We next transform the equation of which s is a solution, namely equation
(14.8.5). We use a new identity

L
(14.8.8) E/ g(x — D(t)) exp —atdt = cx(1l — exp —aL) + AcLexp —aL
0

—Acl —exp —al

L
- + exp —aLE/ flx— D(t+ L)) exp —atdt
0

With this identity we can write equation (14.8.5) as
(14.8.9)

L
0=K+ 717r§fsE [exp —aLHs;(n—D(L)) + /0 (g(n—D(t)) — g(s)) exp —atdt]
Define
L
Ys(z) = E [exp —aLH(z— D(L)) + /O (9(x = D(t)) — g(s)) exp —atdt] ;

then we get the equation
0 = K + inf ¢,(n).
n=s

We can prove a new expression for ¢4(x). We have the

Lemma 14.4.

[e.°]

(14.8.10)  ¢s(z) = Ho(z) +exp—(a+ L >
i=l@=s)*]+1

(g(x —j) — g(s) N
(a+ A

= ((a+N)L)*
Z k! '
k=j+1

PrOOF. We use the formulas

L
/0 (9(z — D(t)) — g(s)) exp —atdt

:exp,(a+A)L§:(g(x—j)—g(S))Aj i ((a+)\)L)k7

i+1
=0 (a+X)7* k=j+1 k!
and for z > s
exp—aL EH,(x — D(L))
[x—s] . P k
_ (9(x —j) — g(s))N <~ (e +A)L)
=exp—(a+ )L ;::O RSN ,; o .
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To obtain the first one, one needs to compute the integral

L ,
At)
Aj = /0 ( j!) exp —(a + A\)tdt.

One can check, by an induction argument, that

A — Mexp —(a+ AL i ((a+)\)L)k.

! (a4 A)itt WS k!

The result is obtained by using the definition of Hg(x).
Collecting results we can write, for z > s

(9(z —j) — g(s))V
(a4 A)itt

[z—s]

(14.811) ¥u(z) = Y

> z—7)—g(s)N o+ N)L)F
3 (9(x —j) —g(s)) Z((+))

+exp—(a+ AL TSN

i=la—s]+1

and for x < s

z —j) —g(s))N i ((a+NL)*

(14.8.12)  os(x) = exp—(a + )‘)LZ (ot (a + NIt

Jj=0

14.8.4. EXISTENCE OF S(s). Consider s fixed. We shall show that ¢ (z)
is bounded below and tends to 400 as x — +o00. From formula (14.8.11) recalling
the definition of 7 we have

g(n) —g(s
pa(m) > L) =96)

«Q

Alko (2)—g(s)  Ng(h)—gls)
g(x) —g(s g(n) —g(s
¢s($)2 O\ +E PRI .

So the minimum of ¥, (x) is attained and we define S(s) as the smallest minimum.

14.8.5. EXISTENCE OF s. It remains to solve equation (14.8.9).
Theorem 14.3. There exists a s solution of (14.8.9) such that s < fu. It is unique
in the interval (—oo, 7).

PROOF. Define

2(s) = inf y(n).
n=s
Equation (14.8.9) means
z(s)+ K =0.
Note that
z(R) > 0,
which follows immediately from the definition of 1s(n). We are going to show that
z(s) is increasing for s < 7. Take

s < s <.
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We have the formula

[n— 5] )\j [n—s'] Y a(sN
Vo () — s(n) = Z CH-/\)]+1)+ [Z] (9(n (aj_|)_ )\)?il )
3=0 j=[n—s]+1
[n—s'] L — (s 2 (o .
—exp—(a+A)L Z (g(n(ai_) )\)ngfl))A Z (( +]€?)L)
j=n—sl+1 k=j+1
o0 s) — S/ j oo a 3
texp—(a+ AL > (g((oz+i§j+)1))\ 3 (( +kj\)L) .
j=[n—s']+1 k=j+1

Hence
g(s) —g(s") <0
Furthermore for [n — s] + 1 < j < [ — §'] we have

s>n—j>4s

Collecting results we can assert that

s <s<ns <5< he(n) < s(n)
Therefore for s’ < s < n we can assert that

2(s") < inf ¥u (n) < fnf ¥s(y) = =(s).
We next check that
z(s) = —o0 as s = —00.
It is sufficient to show that
Ys(r) = —00 as s = —oo, Yz fixed.

Recalling that for x < 0,5 < 0

9(x) = g(s) = (ac — pexp —aL)(x — s),
we may derive easily the inequality

= x—35)—gs))N = ((a+ ALk
3 (9(z = j) = 9(s)) Z((+))

exp—(a+ AL (o + AT k!

j=[z—s]+1 k=j7+1

+o00 oy
2\
S(pexp_CEL_CEC) E W%Oaﬁs%_(}o
j=lo—s+1

Consider next

[z—s] .
(g(z —j) —g(s))N
Z (a + )\)j+1

Yo —i) =gV & (gla—j) — g(s)N
Z + oy

(v + A)itt (a+ N)it1

j=lz—a)+1
The second term is posmve. We use the fact that for s <0
g(x) — g(s) = (ac — pexp —aL)(z — s) + (h + p)exp —aL E(x — D(L))*,
and for x > s

g(x) — g(s) < (h+p)exp —aL E(x — D(L))" < (h+p)exp—aL z™
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Therefore
[z—s] . j
Z (g9(z — §) — g(s))N - (h+p)exp—aL z*
j=lz—a]+1 (AP B :
So we can assert
[z—n]
. (g(x —j5) —g(s)N  (h+p)exp —aL at
lirgflif Ys(x) < ]2::0 (a4 A)it1 + a

The first sum is composed of terms, each of them tends to —oo as s — —oo. This
concludes the proof of Theorem 14.3. O

14.8.6. OPTIMALITY OF THE s,5 POLICY. We have to check the
set of inequalities and complementarity slackness conditions. The complementarity
slackness property is clearly satisfied. When x < s we have

L
us(z) = —cx + E/ f(z — D(t)) exp —atdt + w,
0

and we must check that
(a0 + Nus(z) — dug(z — 1) < f(x).
Using the value of us(x) this amounts to g(x) > g(s) which is obviously satisfied
since s < 1.
The difficult part is for # > s where we must satisfy the inequality (14.8.1).
Replacing with H,(x) this amounts to

1 —exp—al
«

Hy(x) + (9(s) + Ae) < K+ cALexp—aL + il;f {cn(l —exp—al)
n=x

+exp—al E le(n —D(L)) +/O f(n—D(t+ L))exp atdt] },

which is interpreted as
(14.8.13) Hy(z) < K+ inf ¢(n).
n=zx
Since the right hand side is positive, this has to be checked only when x > xq first

value for which H,(z) is positive or equal to 0.
Recalling the formula

/ Sg I*J+0)\j
Hy(z+0) = Z T lat At

we note that xg > n.
We can also write for z integer the formula

a4+ A g (k+0) fa+ A §
H/
( A ) (x+0) Z ot A < A )
Consider then x > zg, integer. We may assume H/(x¢ + 0) > 0, which corresponds

to assuming Hg(z) > 0 slightly after xg, otherwise the property we want to prove
is valid beyond zg.
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Therefore

k
Z I k—I—)\O (a—)i\—A) > 0.
e T
Since for k£ > 71, ¢’(k + 0) > 0, we deduce

(k A\ *
Z g'(k+0) <aJ)\r > >0,V > x.

It follows that H, ;(ac + 0) > O,Vx > x9. Therefore
H,(z) < Hy(y),Yy > z > xo.
Noting that Hy(y) < ¥s(y),Vy > s, we deduce trivially
Hy(x) < K +1s(y), Yy = = xo,
and the proof has been completed.
14.9. ERGODIC APPROACH FOR POISSON DEMAND WITH
LEAD TIME

14.9.1. STUDY OF THE FUNCTION 1(z). We consider now the case

a = 0. We first get

9(x) = Ef(x — D(L)),
S0
—px + A\pL, ifx <0
— o0 (/\L)k

g(z) = P he 2] +1( — k)= exp —AL
+h Z[m] (x— k)= ()‘L) exp —AL,

We next compute the function ¢s(z). We have forx > s

ifz>0

[z—s] [e%s)
Ule) =14 S (e -gle) rep AL D (gla—i)—g(s)
j=0 j=[z—s]+1 k=j+1

and for x < s

A k
Ps(x) = AZ (z —35) —9(s)) Z (& ')
k=j+1
In the sequel, to simplify a httle we assume s integer. We can give explicit formulas
for 1s(z), depending on the sign of s. The computation is tedious but not difficult.
It is sufficient to consider z > s.
Assume s < x < 0 integer we have

[z]—s

1
(14.9.1) Ys(z) =pL(s —x) + iALQp — % exp —AL

.[(w—;[:ﬂ]_;j> ([x]—j+l>—8<x—f)+$;‘§]'

We use the fact that

for s<xz <0O.
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The next case is s < 0 < x. Noting that, in that case,

9(x) —g(s) = p(s — ) + (h + p)E(z — D(L))",

it is easy to check that the formula giving ,(x) is the formula (14.9.1) with an
additional term

This term is equal to

[x] j
N lewary. S (- 3l - 59) (el =i+ .

Collecting results we obtain, for s < 0 < x

(14.9.2) Ys(x) = —pL(z — 5) + %)\sz +

ey O (2= gl 34) (el =5+ 1)
[z]—s j
Lepoar 3 AL (Ié[]é])([ﬂ]+1)
j=[z]+1
(AL)’ , s 82
+§exp—)\Lj§0 i <($—j)8+2—2>-

Consider now the case 0 < s. We recall that
9(x) = g(s) = p(s — x) + (h +p)E[(x — D(L))* — (s — D(L))*].

Again we have to add to the expression (14.9.1) an additional term given by

[z]—s
h+p ,
—— | D Ellz—j— D))" = (s = D(L))*]
j=0
+exp—AL i El(x—j—D(L)" = (s = D(L))"] Y (LA
p J %l
j=[z]—s+1 k=j+1
We can express the additional term multiplying h+p as follows
[z]—s s—1 ) [z]—s [x]—j )\L)k
exp — ALZZQE—]—S x + exp — )\LZZ:L‘—]— i
Jj=0 k=0 j=0 k=s
[z] [x]—J . (AL)™ s (AL)™
+exp —2AL Z Z (x—j—s) R Z (s—m) —
j=[z]—s+1 \ m=0 m=[z]—j+1

— (AL /\L " e~ (AL)F
.kz ( k) ] —exp —2AL Z Z ) Z ( k!)
=j+1

[z]+1m=0 k=j+1
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After transformation we obtain

= k X S
exp ALY O (1) —s 1) (o= B - 3)
k=0

(=] k T
+exp—)\LZ()\]§) ([z] =k +1) <m[2] ;“)
k=

[z]-7 oo

k
+exp —2AL Z Z Z x—7j—35) )\L) ()\]j)

j= [1‘] s+1 m=0 k=j5+1

[«] s m k
—exp —2AL Z Z (s —m) ()\ﬂ[;? Z (/\]j)

j=[x]—s+1 m=[z]—j+1 T ok=j+1
R AL SN (AL)k
-y Ye-mPEt s O
j=[z]+1m=0 T k=j41 '

14.9.2. LOCAL MINIMUM. We next compute the derivative 9. (z + 0).
We first have for s <z <0

[z]—s

AL)?
(14.9.3) (x4 0)=—pL — d exp —AL Z ([z] —j+1— s)( ,') .
A = g!

We next consider the case s < 0 < . We have

[#]—s j

ALY/
(14.9.4) Yl(z+0)=—pL — gexp—)\L Z ([#] —j+1— s)( ‘|)
j=le]+1 r
[«]
—AL J
+= Z z] = j+1) +ps).
=0
Finally for 0 < s < z we have
: P Nl (LY
(14.9.5)  ¢( +0) = —pL = T exp—AL S (2] -j+1-5) i
=0 '
s—1 (]
AL)’ AL)?
" pexp—AL[ ( j,) (o = s+ 1)+ 3 5 1] -+ )
J=0 ’ j=s ’

j=[z]+11l=j—s+1 : k=[z]+1

We can check for s < 0 < « the formula

+
—
&)
+
—
»

Pz +140)—¢L(z+0)=exp—AL [};
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Define for n > 0 integer

n+1 ()\L Bnis()\lz)]

&(n) =exp—AL ] | 7l

‘We have

E(n+1) —€(n) = (AL)"2 exp —AL

(n+2)! A

(AL)~*
P32
Define ng = ng(s) to be the first positive integer such that
p(LA)~*
h+p

o

n+3)---(n+2—3s)>

Lemma 14.5. For s < 0, there exists one and only one value S which is a local
minimum. i.e. such that

PL(S+0) > 0,9.(S —1+0) <0.
The minimum S is the unique value satisfying this condition
PROOF. ng is the minimum of £(n). We first check that
(14.9.6) £(0) >0=¢&(n) >0,Vn.
Hence
Y. (n + 0) is increasing.

If 9L (0+) > 0, then ¥, (n+0) > 0,Vn. Therefore S = 0. If ¥, (0+) < 0, noting that
Yi(n 4+ 0) > 0, for n sufficiently large, there exists one and only one S satisfying
the property of local minimum.

Let us prove the property (14.9.6). Note that

1—s
AL)7
E0)>0=h(1+AL)>p ( _|)
= 7
Therefore
1—s i n+1 n+l—s
pexp —AL (AL)? (AL)! ()\L)J
£(n) > Z Z —— (14 AL)
A1+ AL) p J! = I Pt
Let us set
L)
b; = (/\.|) , v=1—s>1.
4!

The positivity of {(n) will be a consequence of the inequality

v n+1 n-+v

Z b D b= Z b Z b
To prove the inequality it is enough to prove that

n—+v
Z i—0 bj
j— . . .
is decreasing in n.

St b
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Comparing the terms in n and in n 4 1 this amounts to proving

n+1 n+v
bn+1+u Z bk < bn+2 Z bj7
k=0 7=0

and it is sufficient to prove

n+1 n+v n+1
bn+1+v § bk < bn+2 Z bj = bn+2 Z bl/—1+k
k=0 j=v—1 k=0

It is thus sufficient to check that

by, < by 11k

< VE<n+41.
bn+2 bn+1+y

This results in checking the property
(k+1)--(n+2)<(k+v)---(n+14v),Vk<n+1,

which is satisfied.
It remains to consider the case £(0) < 0, in which case £(ng) < 0.
Since £(n) > 0 for n sufficiently large, there exists S; > ng such that

£(51) > 0,£(S1 —1) <0.
Then
£(n) >0Vn>S51; £(n) <0OV0<n<S;.

Therefore Sy is uniquely defined.
Hence

Pi(n+1+0)—i(n+0)>0,Vn > S,
Pin+1+0)—¢L(n+0)<0,Y0<n<S.

Therefore S; is the minimum of ¢/ (n + 0). If this minimum is positive, we can
conclude that S = 0. If not, it is easily checked that there exists a unique local

minimum S > S; This completes the proof.

We now turn to the case s > 0, in which case naturally S(s) > s > 0. We first

compute the derivative

[z]—s

Uile+0) = Rulla) = L+ Fep-AL 3 PR () -5
P
s—1 k
+h_;pexp —A\L kz:% (/\]j) (] —s+1)
[z] k [z]—s k
> (Al? (o]~ k+1) = 3 (A,j) (o] =k +1—s)
k=s : k=0 ’

[ le]-§ oo m o\ k
(AL)™ (AL)
RS DD DI D I

j=[z]+1—s m=0 k=j+1
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The function Rs(n),n > s is increasing in n. We can indeed check
n+l—s

h Ly
Rs(n+1)— Rs(n) = Xexp—)\L Z ()\j!)
7=0
]’L n+1 )\L s—1 n4+2—m m
+ Jrpexp—)\L Z ( ) ) ,
j=n+2—s m=0 j=n+2—s

and
Rs(n+1)— Rs(n) >0,Yn > s
We next consider R;(s),s > 0. We first check

h h+p = (ALY
\ — \ exp)\L[lz -

b ALY S 3 DL AL)}

J=1m=0k=j5+1

Rs(s) = —pL+

It is easy to check that R,(s) is an increasing function. We can proceed to define
S(s) in a unique way. We shall need § to be the first positive integer such that
R, (s) > 0. This number is uniquely defined.

Lemma 14.6. For s > § we have S(s) = s and for 0 < s < § S(s) is the first
integer such that Rs(S) > 0.

PROOF. The proof is immediate from the monotonicity property of Rs(z). O

LITTLE’S LAW FOR THE LEAD TIME CASE:. We consider Little’s law for
positive lead time L. Suppose that at starting time the initial stock is x. Define
successively

0 = inf{t|z — D(t) < 0};
7 =inf{t|z — D(t) < s}.
Note that
D(r)—D(9) = —s, if 7 #6,0,7 #0.
At time 7 an order is made of size S — s if 7 > 0, and of size S — x if 7 = 0. It is
delivered at time 7 + L. So after delivery the inventory is S — D(7 + L) + D(7).
Note that we assume s integer (positive or negative).

The possibility of backlog exists only when 8 < 7+ L. Otherwise there is no
backlog and no waiting time. If S — D(7 4+ L) + D(7) > 0 then the backlog is
absorbed at time 7 + L. If it is not positive, the population D(7 + L) — D(r) — S
has to wait till the next delivery. Defining

=inf{t >7+L|S— D)+ D(r) <s}—7—L,
then this part of the population will be served at time 7 + L + 71 4+ L, Note that
S—D(r+L)+D(r)<s=m =0.
Moreover
S—D(r+L)+D(r)>s=S—D(r+L+7)+D(r)=
Exercise 14.12. Check the formula
AET = E(S—s—D(r+ L)+ D(7))".



278 14. CONTINUOUS TIME INVENTORY CONTROL

A cycle is the interval min(f, 1), + L. We consider the demands which arrive
during a cycle, the backlog they constitute till they are served and the corresponding
waiting time. If § > 7+ L there is no backlog and no waiting time. The population
which is served at time 7+ L is

—s+min(S,D(r+ L) — D(1)) if 7 > 0,
and
—z 4+ min(S,D(L)) if 7 = 0.

If the inventory at 7 + L is negative then all demands during the cycle cannot be
satisfied at time 7+ L. The leftover will be served at time 7+ L + 7 + L. Its level
is (S—=D(r 4+ L)+ D(7))~. The average backlog can thus be expressed as

L

B = /0 (DO +p(r+L—-0)"—D(@)dp+ (S—D(r+ L)+ D(T))—m

+(S = D(t+ L)+ D(7)) n1lys_s p(r+1)+D(r)>0}
Then the expected backlog is
(S—D(r+ L)+ D(1))~

EB:%EU+L—®++LE

T+L-0
(S—D(t+ L)+ D(1))"
+E |:TI]I{SSD(T+L)+D(T)>0} r+L—6

We can consider now the waiting time. First we note that the whole population
has to wait during the cycle an average time %(T + L —0)T. In addition the carry
over has to wait an additional time L + 7, where 7y can be 0. Weighting with the
population ratios we obtain an expected average waiting time

(S—D(r+ L)+ D(1))~
D(r+L)—D(9)

(S—D(r+ L)+ D(1))~
+E | 1ilis_s_p(r+1)+D(r)>0} D(t+ L) — D(h)

1
EWT = §E(T+L—9)+ +LE

Little’s Law:
EB = AEWT,

is not verified. It is verified approximately if we neglect the probability of carry
over. Namely we assume that

Prob {D(r+ L) — D(7) > S} ~ 0,

which means

j=S+1
Another approximation consists in replacing the total population D(7+ L) — D(6)
by A(7 + L — ) in the coefficient of (S — D(7 4+ L) + D(7))~. These two random
variables have the same expected value. With these approximations Little’s Law
remains valid. These approximations require a not too large lead time.
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14.10. POISSON DEMAND WITH LEAD TIME: USE OF
INVENTORY POSITION

14.10.1. FORMULATION OF THE PROBLEM. Considering the prob-
lem defined in the preceding section, we change slightly the notation, since the state
of the system will not be the inventory, but a new concept, called Inventory Posi-
tion. The impulse control will still be denoted by

MtV = Y o,
{n]6, <t}
and this time there is no constraint on the stopping times 6,, The inventory will be
denoted by §.(¢t; V). However, x does not represent the initial inventory, but the
initial inventory position.
With respect to the real inventory, the inventory position adds all the orders

which have not been yet delivered. So, the evolution of the inventory position
yz(t; V) is described by

Yy (V) =z — D(t) + M(t; V),

where x is its initial value, which will become a part of the inventory at time L.
Clearly we have the relation

Je(t+L; V) =y, (t; V) = D(t + L) + D(t).

This relation defines the inventory at times larger than L. Before L the inventory
is not influenced by decisions taken in the lead time interval. If we do not have
a record of orders before 0, then the inventory before L is what it is at time 0
depleted by the demand. At any rate the corresponding cost is fixed and there is
no optimization possibility.

The cost corresponding to an impulse control V' is given by

J.(V)=F [Z(K + cvy,) exp —ab, + /LOO f (Ut V)) exp —oztdt] .

n=0
In this writing we have not included the cost on the interval 0, L which is a constant.
This cost can be immediately written as

oo

J.(V)=F lZ(K + cvy,) exp —alb,

n=0
+exp —aL /Oo flyz(t; V) = D(t + L) + D(t)) exp —atdt]
0

We note that D(t+L)— D(t) is independent of y,,(¢; V). Therefore, we can introduce
the function

¢(z) = exp—al Ef(x — D(L)),

and the cost is given by

J,(V)=F [Z(K + cv,,) exp —ab,, + /000 Oy (t; V) exp atdt] .

n=0
We obtain for the inventory position the same problem as that for the inventory
without lead time but with an integral cost ¢(x) instead of f(z). The corresponding
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function g(z) is the same as the one entering in the problem considered in the
previous section, see equation (14.8.7).

14.10.2. PROBLEM FOR THE VALUE FUNCTION. The value func-
tion
u(z) = ir‘}f J(V),
satisfies the set of inequalities and complementarity conditions
u(z) + cx < K +infy>.(en + u(n));
(a+ Nu(z) = ufx — 1) < ¢(x);
[(a+ Nu(z) = du(x —1) = ¢(x)][u(z) + cx — K — infy>s(cn + u(n))] = 0.

14.10.3. s, S POLICY. As we have done in the case without delays, we look
for a function ug(x) such that

us(x) + cx = ug(s) + cs, Vo < s
(a0 + Nus(z) — Mug(x — 1) = ¢(x),Vz > s
us(s) +es =K+ 7i]r>1fs(c17 + us(n))-

The last expression is an equation for s, once the function ug(x) is uniquely deter-
mined. To define u,(z) for any s, we need the value of us(s) This number is given
by
@(s) + Ac
—
This motivates the introduction of the function Hg(x) solution of

Hy(z) =0,Vz < s

(a+ N Hg(xz) — AHg(x — 1) = g(z) — g(s),YVx > s
0= K + inf Hy(n),
n=s

us(s) =

and the function g(z) is defined by

9(x) = ¢(x) + pex,
which is the function already introduced in the last section (14.8.7). We have the
relation

H(z) = us(z) + cx — cs — M
o
We recall the the formula for H(x)
(o] ) :
(9(x —7) = g(s))N _
(14.10.1)  Hi(z) = Z:o G Tz s @) =0ve<s,

The theory developed in section 14.6 applies, with a minimum of g(z) which is 7
which is a positive integer instead of 0.
Consider first S(s) which minimizes H,(n),n > s. We have

S(s)=s,ifs>n

Consider next the case s < 7. As in section 14.6 we prove that H,(x) reaches its
minimum on (s,00). Picking the smallest minimum S(s) we define the function
S(s) for s < fi. Necessarily

S(s) > n.
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There remains to find s. It must satisfy the equation in s
min Hy(n) = - K.
n>s

Again the theory of section 14.6 proves the existence and uniqueness of the solution
s. We next can state the equivalent of Theorem 14.2

Theorem 14.4. We assume ca —pexp —aL < 0. Then, the s, S policy is optimal.

14.11. ERGODIC THEORY FOR LEAD TIME WITH INVENTORY
POSITION

14.11.1. FORMULATION OF THE PROBLEM. We consider now o =
0. The problem reduces to the following. First

g9(x) = Ef(z — D(L)),
and o(z) = g().
The function H,(x) satisfies
Hi(x)— Hs(z—1) = M,Vm >s; Hg(x)=0,Ve <s.
The pair s,.S are defined by
H,(S) = inf Hs(n) = - K.
n>s

We get
[o—s]
H@)= 5 Y (9le =)~ 9(5))
j=0

The derivative to the right satisfies
1 [zl
!/ _ / 4
Hi(x+0)= 3 ZO g'(x—37+0).
=

The function Hg(z) being piece-wise linear the computation of H,(z) reduces to
the case x integer with the formula
Hy(x) = Hy([2]) + H{([2] + 0) (2 — [2]).
So we can consider x integer. Then
1 z+[—s] 1 z
H)=1 Y Ga—)-go)=1 3 (k) g0s))
j=0 k=—[—s]

and
T

1
/ o /
H(z+0) = 3 kg[ ]g (k+0).
To obtain s, 5, S integer we proceed as follows: we write the conditions

S
! _1 / .
H{(S+0) = 5 > gk+0)>0;
k=—[—s]
1 S—1
Hé(S—lJrO):X > gk+0)<o0,

k=—[—s]
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and
18
Hy(S) = 5 > (glk) = g(s)) = —K.
k=—[—s]
Next we use the identity
k
g+ 1) =g(=[-sh+ Y. ¢@G+0).
j==[-5]
The second relation writes
S—1
KA = (g(=[=s]) —g()) S+ [-s]+ D+ > dG+0)(S—J).
j=—[-sl
Using the first conditions we can write
5—1
Y. JG 0] <KX+ (9(=[=5]) = 9(5))(S + [=s] + 1);

j=—[—s]
(14.11.1) =

> GG +0)5 > KX+ (g(—[s]) — g(s)(S + [=s] + 1)
j=—[-s]
To which we add
S—1
> Gd@E+0)<0;

j=—[~s]
(14.11.2) =

>, dG+0)=0.

j=[=s]

14.11.2. APPROXIMATION. If we approximate s by its integer value, we
get the following system

S—1
> JG+0)5 <KX
j=s

(14.11.3) 3
> g +0)j> KA
Jj=s
S—1
> g +0)<0;
(14.11.4) e

S
> (i +0)>0.
Jj=s

First we notice that if we neglect K, we get a base stock policy
s=5=n.

Next we approximate the conditions by the equations

S
> g G+0)=0,
j=s
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and
s
> ig'(i+0) = KA
j=s
We proceed with continuous approximation of these relations
g(é;) =g(9)
/ zg' (z + 0)dz = K\

S

(14.11.5)

14.11.3. INTERPRETATION. We can recover the system (14.11.5) by
performing a direct reasoning on the cost function. We consider a pair s,.5 which
we assume integers. Applying an s,.S policy the evolution of the stock is described
as follows. Set Q =S — s and define successively the sequence of stopping times

Tn+1 =T+ 70, To=0,
with
T, = inf{t > 0|D(T, +t) — D(T,) > Q},
and set 79 = 7.

The stopping times 7,, are independent random variables and identically dis-
tributed as the random variable 7. Consider the evolution of the stock starting
with S, denoted yg(t). We have

yS(t) = S - D(t) + D(Tn)a Tn S t < Tn+1>
and we can interpret T;, as
Tpy1 = inf{t > T,|ys(t — 0) < s},
and
yS(Tn) =5, yS(Tn - O) < s
Define

Cu(s,Q) = E/OOO exp —até(ys(t))dt.

We compute

Trn+1

Cu(s,Q) = Z E/ exp —atp(S — D(t) + D(T,,))dt,
n=0 T

n

Cu(s,Q) = Z Eexp *OéTn/O ! exp —atp(S — D(T, +t) + D(T,))dt,
n=0

and by independence considerations

Ca(5,Q) =Y E(exp—ar)"E /0 ’ exp —atd(S — D(t))dt.

n=0
Finally we obtain
E [ exp—atp(S — D(t))dt
1— E(exp —ar)

(14.11.6) Cals,Q) =

Consider now the evolution of the stock starting at =, any value. We define first

7, = inf{t > 0|D(t) > = — s}.
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We define next successively T;, , as follows:

TO,x = Tz, Tn+1,ac - Tn,x + Tn,x
Tne =nf{t > 0|D(T, . +t) — D(T ) > Q}

We define y,(t) by the relations
Yo (t) =z — D(t),t < 72
yw(t) = S - D(t) + +D(Tn x)7 Tn,x S t < Tn+1,z

s

yz(Tn,x) = S; xm(Tn,x - O) <s
We consider

() = E/OOO exp —ato(y. (t))dt.

In the above notation, we do not write explicitly s,S. On the other hand we note
explicitly «, since we will let o tend to 0. Note also that

U (S) = Ca(s,Q) = Cy.

In the same way we have obtained the formula for C,,, we can check the following
formula

() = E/ ’ exp —atp(x — D(t))dt + Co E exp —aT,
0
From the preceding formula we notice that
< 8= 7, =0= ug(x) =Ch,.

A key point now is to obtain the probability distribution of 7. To simplify a little
we will assume x, s integers. We have

o (At)?
P(r, <t)=P(D(t) >x —s) =exp—At E ( ) .
) 4!
j=x—s
This probability distribution has a density given by
d ()\t)zfsfl
—P(1; <t) = A AN .
gD St =Aexp—Ar =y

This has sense whenever x — s > 1 If x = s then
d
&P(Tm <t) = dexp—At,

and the density is 0 for x < s.
It is then possible to compute the function E exp —a7,. We leave as an exercise

to show that
)\ r—s
E — = —— .
exp —QTy <a n A)

Next we can write

E/TI exp —atp(x — D(t))dt = E /00 exp —atlly, spyé(x — D(t))dt
0 0

E/ exp —até(x — D(t))dt = E/ exp —aptlypy<o—sy@(x — D(1))dt.
0 0
Introducing the notation

és(x) = ¢(x)lx>sa
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we have
E /Tw exp —atp(x — D(t))dt = E /00 exp —ptos(z — D(t))dt
0 0

Collecting results, we obtain the formula

zmm:EAﬂMFM@@—mmﬁ+%(w:O_'

In ergodic theory, one is interested in the behavior of aus(x) as a — 0, for any
fixed z. From the above formula, it is clear that

lim aug(x) = lim aCy,.
a—0 a—0

It is easy to check that

lim aCy = )\HS(S),
a—0 Q

where
H,(S) = E/O bs(S — D(t))dt

It is easy to check the relation

[(8) _ 4(5)
A A

~—

HS(S) - HS(S - 1) =

By induction, one checks the formula
Q-1 .
(S —J
H(S)=Y" %
j=0
Finally we have obtained

. o B é
Jimy oa(@) = limaCo = 3 75~
k=s+1
Recalling that, from standard ergodic theory arguments

17 5 ok
lim aua(z) = fim 7 | 9(ua(t) k_Z j
The right hand side can be interpreted as E¢(X) where X is a random variable
distributed uniformly on s +1,---,.S.
We can now proceed with the optimization of the parameters s, S. We optimize

the ergodic cost

1

lim oF
a—0

(K +cQ) Z exp —aT, + / exp atqﬁ(ym(t))dt] .
0 0
From previous results, this amounts to

Q
L(s,Q):)\—K+ZM7

recalling

g(x) = Ef(x — D(L)).
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To write necessary conditions we consider the continuous approximation which

writes

Q
Q) =T+ | o+

It is easy to recover the conditions (14.11.5).



CHAPTER 15

INVENTORY CONTROL WITH DIFFUSION
DEMAND

15.1. INTRODUCTION

We continue the study of Inventory Control in continuous time. We want to
consider a quite general demand process, combining deterministic rate and Poisson
jumps as in Chapter 14 plus a diffusion term. We follow the work of [9] and the
complement [4]. We will use the full power of Q.V.I (Quasi-Variational Inequali-
ties) to solve the Dynamic Programming problem associated to the impulse control
problem. We then check that the optimal feedback is obtained by an s, S policy.

15.2. PROBLEM FORMULATION

15.2.1. DEMAND PROCESS. The demand process is composed of three
parts: a deterministic part with constant rate v. It was called \ in

Chapter 14, but A will be used for the compound Poisson part. We consider a
probability space €2, A, P on which are defined a Poisson process n(t) with intensity
rate A, a Wiener process w(t) and a sequence of independent identically distributed
random variables &1, -+ ,&;,--- All these random variables and stochastic processes
are mutually independent. The random variables &; have a probability density u
on RT. We define the compound Poisson process by

Np =D &

i<n(t)
The demand on an interval (0,¢) is then given by
D(t) = vt + N(t) + ow(t),

where o is a positive coefficient. Let F* = o(D(s),s < t)
An impulse control is a sequence

07171}713

where 6,, is a stopping time with respect to the filtration F* and v, is a random
variable F measurable. Denoting by V an impulse control, the corresponding
inventory is described by the formula

Yy (V) =2 — D(t) + M(t; V),
with

M) =MEV)= > v

{n|0, <t}

287
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15.2.2. CONTROL PROBLEM. Let again
f(z)=ha™ +px~.

We define the cost functional

oo

(15.2.1)  J.(V)=E Z(K—i—cvn)exp_agn+/°°f(y$(t;v))exp—atdt ,
0

n=0
and the value function
u(x) = inf J(V)

To obtain the relations of Dynamic Programming we can assume sufficient smooth-
ness and write the optimality principle. If we do not order for a small amount of
time § then we can write

u(z) <6f(z) + (1 — ad)Eu(z — D(9)),

and

Eu(z — D(0)) = Eu(z — dv — N(8) — ow(9)).

_Jo wp. 1-A9
N(6) = {6 (&,€+dg), w.p. Mou(§)dE

and w(d) is Gaussian with mean 0 and variance 0. Therefore

Formally

Eu(z — D(0)) ~ (1 — M) Eu(x — vd — ow(d)) + Ad /0Oo u(z — &) p(&)d¢

Expanding up to the first order in § assuming second order smoothness of u we
obtain the inequality

Au(z) + ou(z) < f(),

in which A is the integro-differential operator

(15.2.2) Au(z) = —%UQU” () +vu/(z) — A /Ooo(u(x — &) —u(x))u(&)dE.

In case we make an order of size v, then the inventory becomes instantaneously
r 4+ v and we we write the inequality

u(z) < K+ cv+u(z+v), Yo >0

u(z) < M(u)(z),
with
(15.2.3) M(u)(z) = K+ ir;%[cv +u(z +v)]

and since one of the two decisions must be taken, we have the complementarity
slackness condition

(Au(z) + au(z) = f(x))(u(z) = M(u)(x)) = 0.
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15.2.3. QUASI-VARIATIONAL INEQUALITY. We shall assume

37 > 0, such that / exp7E pu(€)dé = oo
0

(15.2.4) /00 exp € pu(€)dé < +oo, Vr < T
0

We look for a function u(z) which is C!, a.e. twice differentiable with linear growth
such that
Au(z) + au(z) < f(x) a.e.
(15.2.5) u(x) < M(u)(z)
(Au(z) + au(z) — f(x)(u(z) — M(u)(z)) =0 a.e.

We call this system of relations a Q.V.I. (Quasi-Variational Inequality)
15.3. 5,5 POLICY
15.3.1. NOTATION. Let us set

Gz) = u(z)+cx;
g(z) = f(z)+ acz,
then the Q.V.I is slightly modified into
(15.3.1) AG(z) +aG(z) < g(x)+cv+ceAé
Glz) = K+ infGn)

(15.3.2)  (AG(x) + aG(z) — (g(x) + cv + cAE)) <G(1:) - K — iI>1f G(n)) =0,
n>x
in which € denotes the mean of a random variable with probability u

— +oo
= [ entoe
0
If s is a real number we define G4(z) by solving the following problem
(15.3.3) AGy(x) +aGs(z) = glx)+ecwv+cAé z>s
Gs(r) = K+ ir>1f Gs(n) z=<s
n>s

Since we want the solution to be C'' we must impose the condition
(15.3.4) G.(s)=0
15.3.2. FUNCTION H,(z). It is natural to look for the derivative
H,(x) = G\ ()
which is the solution of
(15.3.5) AH,(z) +aH,(z) = g¢'(z) z>s
Hi(z) = 0 z<s
Since ¢'(x) is bounded we look for bounded solutions

Proposition 15.1. We assume (15.2.4). Then, for any s there exists a unique
continuous bounded function solution (15.3.5). The solution is C? on (s, +00).
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PROOF. Let us prove uniqueness. It means that a bounded solution of
AH,(z) +aHs(x) = 0 z>s
Hy(z) = 0 z<s

is 0. This follows from Maximum principle considerations. We have
1 xr—s
AH(0)+aH () = ~ 30 B () +vHi (@) + (ra) Ha(a) <) [ Ha(a=Oul)ds
0

Suppose Hg(x) becomes strictly positive. Let us prove that it cannot have a local
maximum. If it has a local maximum z* > s then we may assume that it is the
smallest one. In such a point

Hl(z*)=0, H"(2%) <0,

and
. .y

| e oot < ) [ e < )

Therefore AH,(z*) > 0, which is a contradiction. Therefore H.(z) > 0. Since
H(x) is bounded, we must have H.(z) — 0 as  — +oc. Therefore there is a point
x* such that Hs”(z*) < 0. In such a point, necessarily AH(x*) > 0, and we have
a contradiction again. Therefore Hs(x) < 0 and a similar reasoning shows that it
cannot become strictly negative.

To prove existence, we shall construct an explicit solution. However, we need
preliminaries. Let us denote

“+o0
() = /O exp € p(€)de, <7

We consider the function

2
0~ o

x(m) = 5 v + A+ a— Ai(m),

for # < 7. We first note that
X(7) = x(—00) = —o0;

—+oo
X(x) = —o%m — v — A /0 € exp it p(€)de;

—+o0
() = —0® — A / € exp € ju(€)de < 0;
0

X' (7) = =00, X/(—00) = 400, X'(0) <0.
Therefore x'(7) is strictly decreasing from +o0 to -oo. There exists a unique 7y < 0
such that x/(m) = 0. Hence mg is the maximum of x(m). Since x(0) = a, we get
X(mo) > 0. Therefore x(m) has only two zeros 51 and By with

Bo <mo <0< P <.

Let also
2

o(m) = ~5w

and let 3y be the positive root of xo(m) = 0. Since x(7) < xo(7), we have x(8p) < 0
and thus

_vr+A+a,

B1 < Bo <.
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To proceed we introduce the following problem:

- %J2F77 (z) + vV (z) + (A + a)T(z) — A /Om Dz —&Ou(€)dé = 0, Vx>0
(15.3.6) ['0)=1, TI'(+o0)=0

We shall prove in Lemma 15.1 below that there exists one and only one solution of
(15.3.6) such that

(15.3.7) exp —fox < I'(x) < exp —f1x
We will also prove the property

2v
(15.3.8) ') = Pl Ba.
We can now exhibit the solution of (15.3.5), namely
(15.3.9) Ho) = [ - Q@de,
with
2 [T
(15.3.10) Q(z) = ;/ exp B2(n — x) g'(n)dn.

From the estimate (15.3.7) we check that H,(z) remains bounded and a direct
calculation shows that it is indeed a solution of equation (15.3.5). ]

Let us state the

Lemma 15.1. There exists one and only one solution of equation (15.3.6) such
that (15.3.7) holds.

PRrROOF. The uniqueness is proved by maximum principle considerations as for
H;(z) in Proposition 15.1. To prove the existence, we first check that

I'(z) = exp —fox T(z) = exp — B,

satisfy
(15.3.11) - %O’QT” () 4+ T (2) + A+ a)T(z) — A /:C T(x — &u(&)de > 0;
0
(15.3.12) — %UZE” (z) + vl (z) + A+ @)L (z) — )\/m D(z —&u(&)d¢ <.
0
We then consider the sequence
_%UzrnJrl” (@) + v (2) + A+ )T (z) = )\/0 L2 — u(§)ds;

Lo(z) = L(x),
with boundary conditions
r,(0)=1, T,(+00)=0.
Suppose that B
L(z) <Tp(x) <T(x),
then I'j,11(z) is easily obtained by solving a 2nd order differential equation, the
important property is to check that

Lo(2) < Thya(x) < T(w).
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Let us prove it for n = 0. This amounts to
D(z) < Ti(z) < T(x),

which is easy to check, thanks to (15.3.11), (15.3.12) and the equation of I';(x).
Assuming the property holds at n, one checks immediately that it holds at n + 1.
Therefore the sequence I',, () is a monotone increasing sequence. The limit I'(z) is
a solution of (15.3.6) and satisfies (15.3.7) par construction. Let us check (15.3.8).
We first check that I'(+o0) = 0. Indeed, we write equation (15.3.6) as

(15.3.13) - %UZF” (z) + vl (z) + (A + a)T'(z) = 0(z),
with N
ba) =2 [ Tla = ()i
0
and we can state the estimate

0 < 0(x) < A(B) exp —pi.

Now we can obtain the solution of (15.3.13) as a second-order differential equation
with right hand-side. Noting

oo
which is the negative root of xo(m) = 0, we obtain easily
2
F(fﬂ) = C’exp —ﬂox + m
xT +oo _
[ | exo—pola— o)+ [ exnii(e - x)9(£)d€] ,
and
, 2
IM(z) = —BoC exp —fBox — m
x B “+o00 _
oo [ expsnte ~ 0tac 4 5o [ exo ol - o]
0 x
But N i
0< [ exp—pao - 90()dE < 2 (exp iz — exp o)

+o0 0
0< [ ewdu(e - o€ < ) exp o

which implies I(+00) = 0. We can then test equation (15.3.6) with exp wx, with
m < 0. We set

—+o00
I'(m) = / expmz I'(z)dz,
0
which is well defined.
Using boundary conditions, we compute easily
o
2

and applying this relation with 7 = 85 we obtain the relation (15.3.8).
We must have IV(0) < 0. Let us check indeed this property.

(I'"(0) = ) — v+ L(m)x(m) = 0,
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Let us prove the property

2v
(15.3.14) ath <A

which will imply I(0) < 0. This follows from noting first x’ (f%) < 0. Therefore
o

v v
-~ >7ro>ﬁ2:>—2§—ﬂ2>52~
Next
v . . v
X (=225 = B2) = M) = N (=225 — 2) < 0.
Combining results, the inequality (15.3.14) follows immediately. |

15.3.3. OBTAINING THE s, S POLICY. We find now s, G4(x) solution
of (15.3.3), (15.3.4). We first construct for any s, G(z) solution of the first equation
(15.3.3) and of (15.3.4). For s fixed we simply define

(15.3.15) Gs(z) = Gg(s) —|—/m H (&)dE, = >s

= Gy(s), x<s

We define in this way a C* function, and (15.3.4) is clearly satisfied. Let us check
that the first equation (15.3.3) is satisfied for a convenient choice of G(s). The
function is also C? for z > s. We reinterpret the first equation (15.3.3) using the
definition of Gs(z). We obtain, after rearrangements, for z > s

o2

L)+ vHL (@) + 0G(s) + A+ ) [ HL(©)de

z—s z—§ _
YA ( / Hsm)dn) dé = g(a) + cv + eAE.
0 s
On the other hand, from (15.3.5), by integration between s and x, we get

02

2

02

2

T—s z—§
A/O (&) (/ Hs(n)dn> d€ = g(x) = g(s).

Noting that H.(s) = Q(s) and comparing the two relations we obtain the value of
Gs(s), namely

HL(w) + G HUGs) + @) + 0+ o) [ " H(6)de

(15.3.16) Guls) = FQs) +9(s) + v+ A

o
To proceed we make the standard assumption

(15.3.17) p—ac > 0.
We can give an explicit formula for Q(z), namely
2
(15.3.18) Qz) = W(P*OZC* (h+p)exp faz™),

therefore we have

o+
Q'(r) = %exp —fax Ty <o,
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hence Q(z) is an increasing function with

2 2
Q(—o0) = W(p —ac), Q)= _W(h—’— ac), Yz >0
Proposition 15.2. Assuming (15.3.17), the function Gs(x) defined by (15.3.15)
attains its infimum for x > s. Taking the smallest minimum, we define in a unique
way a function S(s) such that
(15.3.19) Gs(S(s)) = ir;f Gs(n).
n>s

PROOF. Let ¢ < 0 the unique point such that Q(xg) = 0. It is given explicitly
by
p—ac
h+p’
Then for s > 2y we have Hs(z) > 0. Therefore G4(z) is increasing for z > s, and
the minimum is attained in s. So in this case, S(s) = s. We next assume that
s < xg. For s < & < xg we have Hg(xz) < 0 and thus G4(z) decreases on (s, zg).
Considering x > 0 we can write

exp —Bax0 =

0 2 T
Ho(0) = [ T - Qe = (b +a0) [ 1€
s g ﬁQ 0
Using the estimates on I'(z) and the minimum value of Q(z) we can show easily

the inequality
2 1—exppis
Hy(z) > == (p—ac)————
@)% o (p—a0)—

Therefore also

1 —exp—pfox

, Vo > 0.
Bo

2
exp —f1x — UTBQ(}H_(M)

lim inf Hy >
2400 (=) 2 o220

which implies also G4(z) — +0o0 as © — 400. Collecting results we see that G(z)
attains its infimum for x > s. Taking the smallest infimum we define in a unique
way S(s). Necessarily S(s) > xo. O

(h + ac),

Consider s < zg, S(s) minimizes G4(x), hence

G (S(s)) = Hs(S(s)) = 0; G"5(S(s)) = H(S(s)) > 0.

Also -
S'(s)H{(S(5)) + =5 > (S(s)) = 0.
Since
ais (S(s)) = =L(S(s) — $)Q(s) > 0,
we obtain
(15.3.20) S'(s) <0, ifs <

S'(s)=1, ifs>uzg "
Let us check that

(15.3.21) S’ (w0 — 0) = —1.
Indeed, since s < zg < S(s) we can write

S(s)

/ T (S(s) - ©)QUe)de + [ st -9t ~o

0
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As s 1T xog we have S(s) | zg. In the two integrals

L(S(s) =€) ~1, Q&) ~ Q' (x0)(§ — o),
which implies
(s —20)* = (S(s) — w0)?,
and taking account of the signs we get
xo — s = S(s) — xo,

hence
S(s) =20
s — o
which implies the result.
We can turn to the problem of finding s such that the second equation (15.3.3)
is satisfied. Since we look for a single number, we need one equation. We write

Gs(s) = K + inf G4(n),
n>s

which is equivalent of

S(s)
(15.3.22) 0=K+ H,(n)dn.
It is then natural to study the function
5(s)
7(5) = Hs(n)dn7

S

we have y(s) =0 for s > z¢ and for s < z¢

S(s) S(s)
v'(s) = / 8;? (n)dn = —Q(S)/ ['(n — s)dn > 0.

Note also that (s) is C'. Remembering the estimate on I'(x) we obtain the estimate

v'(s) > —%(1 —exp —Fo(S(s) — 5)) > —%(1 —exp —fFo(zg — 8)).
Bo Bo
Let us take s < s1 < g, since Q(s) increases we get easily
7(6) 2 = L1~ exp iy — 1)) > 0.

This implies that v(s) — —oc as s — —oo. Therefore is strictly monotone increasing
from —oo to 0, as s increases from —oo to zg. It follows that there exists a unique
s < xp such that v(s) = —K. We can now state the

Theorem 15.1. We assume (15.2.4) (15.3.17). Then there exists a unique pair
s, Gs(x) such that Gg(z) € C' and (15.3.3), (15.3.4) are satisfied.

PROOF. We have proved that the number s such that v(s) = —K and the corre-
sponding function G4(x) defined by (15.3.15), (15.3.16) satisfy the (15.3.3), (15.3.4).
It is unique since its derivative must coincide with H(x) which is uniquely defined
by (15.3.5), and the value G4(s) is uniquely defined by (15.3.16). Furthermore, be-
cause of the second relation (15.3.3), the number s must satisfy y(s) = —K, which
has a unique solution. O

Setting S(s) = S for the unique value s defined in Theorem 15.1, we obtain the
s, S policy.
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15.4. SOLVING THE Q.V.I

It remains to show that the s,.S policy solves the problem. This amounts
to showing that the function G4(z) defined by (15.3.3), (15.3.4) solves the Q.V.I.
(15.3.1), (15.3.2).

Theorem 15.2. Same assumptions as in Theorem 15.1. The function G(x) de-
fined by (15.3.3), (15.3.4) solves the Q.V.I. (15.3.1), (15.3.2).

PROOF. We first note that
inf Gs(n) = inf G,5(n), Vo <s.

n>x n>s
Indeed we note that for x < n < s we have

Gs(n) = Gs(s) > }]I;E Gs(n).

Therefore the function Gg(z) satisfies the complementarity slackness condition
(15.3.2). It remains to show that it satisfies the inequalities (15.3.1). This amounts
to

(15.4.1) AG(2) + aGs(x) < g(x) + v + Az < s
(15.4.2) Gs(z) < K + ir>1f Gs(n) z>s.
n>x

We begin with (15.4.1). Since Gi(z) = Gs(s) for z < s, the inequality (15.4.1)
amounts to

aGy(s) < g(x) +ev+cXé < s,
and from the definition of G4(s) we get

2
o
ZQUs) +g(s) S glw) v <.
which is true since Q(s) < 0 and g(s) < g(zx) z <s<0.
We turn now to (15.4.2). Define
B(z) = Gs(z) — inf G4(n).

>z
We want to show that
(15.4.3) Bs(z) < K, Vz > s.
We begin with s < 2 < xg. The function G4(z) decreases on (s, xg), therefore
Gs(r) < Gsls) =K + inf Gy(n)
< K+ inf G(n),

and (15.4.3) is satisfied. We can then assume = > x(. Suppose there exists a point
x’ > xy such that Bs(z') > K. We can assume it is the first point such that this
occurs. Necessarily

By(z') =K, Bs(z)<K,Vr,s<z<ua
Consider G4(n), n > 2. Its infimum is attained, since G4(z) — +00, as z — +oo.

Taking the smallest minimum we define a unique point x3 such that

(15.4.4) Gs(z3) = inf Gs(n).
n>x’
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We can claim that x3 # 2’ since
B,(2') = G,(2') — Gs(x3) = K,

therefore x3 is a local minimum, which implies

(15.4.5) Gl(z3) =0, G(x3)>0
Define next 5 to be the smallest maximum of G4(n), n < z3
(15.4.6) Gs(x2) = sup Gs(n)

n<z3

The maximum is attained since
sup Gs(n) = sup  Gs(n),
n<z3 s<n<z3
and the function G(x) is continuous. Let us check that x5 > 2’. Indeed suppose
that x5 < 2/. Then
inf G,(n) < inf Gs(n),

n2w2 n2az’
and
Gs(x2) — inf G4(n) > Gs(2') — inf G4(n) = K
n>w2 n>z’
which contradicts the definition of z’. Moreover x5 # 3 since
GS(IQ) — Gs(l‘g) > Gs(l‘/) — Gs(l‘g) =K.

Therefore x5 is also a local maximum and we have

(15.4.7) Gl(z2) =0 G74(z2) <O0.
So we have o’ < zo9 < x3. Let us prove the property
(15.4.8) Gs(x) — Gs(y) < Gs(xa) — Gs(w3), Vo <y < xs.

Indeed, if < 2’ then
Gs(z) — Gs(y) < Gs(x) — iI>1f Gs(n) < K < Gy(2) — Gs(as),
n=x

and if x > 2’ then 2’ <z <y < x3 and
GS(I) - Gs(y) < Gs(xZ) - GS(IS)y

from the definition of x5 and x3.
Finally, let us define z; such that

(15.4.9) Gs(zq1) = igf Gs(n).
n<z’

For the same reasons as in the definition of x5 the point z; is well defined as the
smallest minimum. Moreover 7 # 2’. Indeed

Gs(a) = K + Jnf, Gs(n),
and recalling that 2’ > z¢ > s and Gs(z) decreases on (s, o)
Gs(z) 2 K + inf Ga(n) = Gs(s) > Gs(wo) 2 inf Ga(n) = Ga(w1),
consequently x; is a local minimum and thus
(15.4.10) Gl (z1) =0, G"s(x1)>0.
Note the sequence

(15.4.11) s<zg<m < <x9 < 3.
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We can now proceed with a contradiction argument, to show that a point like z’
cannot exist. We recall that for > s the function G(z) satisfies

(15.4.12) _%UQG;’(x)JrVG’( )+ (o + NGy () — / Gz — E)p()de = I(z),

with
I(z) = g(x) + cv + L.
Recalling that x¢ < 0, we examine two possibilities:
- If z9 < 0 then we write (15.4.12) at points z1 and z2. We have

_%UQGS”(:Q) +vGo(x1) + (a0 + XN)Gs(mq) — )\/OOG (1 —Eu(&)de = l(z1);

2

and we use

—10‘2G5” (22) + vGl(22) + (o + NGy (12) — / Gs(zo — u(6)de = I(x2),

G\ (21) = Gi(z2) = 0;
Gs"(x1) >0, G (x2) <0
Gs(x2) — Gs(x2 =€) >0, Gs(z1) — Gs(1 — &) <0;
z1) > U(z2),

therefore necessarily Gg(x1) > Gs(x2) which is impossible.
- If 5 > 0 then we write (15.4.12) at points xs and x3. We have

1 (oo}
—§O'QGS” (z3) + VGl (x3) + (o + N)Gs(x3) — A/ Gs(xs — Hu(§)dE = l(x3)
0
We have then
Gi(xs) = Gi(r2) =0
G (1‘3) >0 G (.IQ) <0
Gs(wZ - f) - Gs(xS - 5) < Gs(xQ) - Gs(xS)
l(.’IJg) < l(l'3),
it follows that Gs(x2) — Gs(x3) < 0 which is also a contradiction. Hence a point

like 2’ cannot exist, which proves that (15.4.3) is satisfied and completes the proof
that the function G4(z) solves the Q.V.I. O

15.5. ERGODIC THEORY
15.5.1. NOTATION AND MODEL. We want now let a — 0. We will

index the functions with a. So we have the quasi-variational inequality
AGy(z) + aGo(z) < ga(x)
(15.5.1) Golz) < K + il;f Ga(n)
n>x

(AGa(z) + aCa(z) - ga()) (Gam CK 4 inf Ga <n>) 0,

n>x
with
(15.5.2) go(2) = f(x) + acx + cv + eAE.
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The function G, () is obtained from an s, S policy. We define successively 'y, ()
by

1 x
~ 0L (@) + VT (&) 4 ALafe) = A [ Talz = Ou(e)de
0

(15.5.3) +alo(x) =0, Vx>0

I',(0)=1, Ty(+o00)=0
Let for m < 7, xa(m) be the function

o2

(15.5.4) Xo(T) = —?7'(2 —vr+ A= Au(m) + o

The maximum is attained in a point 7y < 0 which does not depend on . We know
that x.(7) has two zeros 2, < mp and 0 < 1, < 7. We next define

2 [t
(15.5.5) Qalz) = ;/ exp faa(n — )ga(n)dn
and for any s and z > s
(15.5.6) Hon() = [ Talz = Qu(€)de

the function H, s(z) is extended by 0 for # < s. We then define the function
Gq s(x) as follows

(15.5.7) Gl (2) = Hos(z) Gays(s) = M
We also need

o2
(15'5'8) XOa(W) = —77T2 —vn+ At a

which has two zeros, By, > 0 and Bo, < 0.
‘We know that

exp _50041‘ S Fa(z) S exp 751041‘

Let 29, be the unique zero of Q. (). We know that there exists a unique s, < Zgq
such that

(15.5.9) 0=K+ inf /x Ho.,. (€)de.

>S4
The function
(15.5.10) Ga(r) = Ga s, (7)

is the solution of the Q.V.I (15.5.1). We also define the number S, > xo, that

Sa
(15.5.11) 0=K +/ Has, (§)d§ Hays,(Sa) =0
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15.5.2. PASSING TO THE LIMIT. We can now let o — 0. We set
2
(15.5.12) x(m) = —%71’2 —vm+ A= ANi(m) = lir%xa(ﬂ)
a—

2
(15.5.13) xo(m) = =L 7% — v + A = lim yoa(r)
2 a—0

The roots converge
Boa = Bo >0 Boa — Bo <0
Boa — B2 <0 Pra — B1 = 0.
The second property 57 = 0 instead of a strictly positive number has consequences

on the limit of ', (). The property that I'(z) tends to 0 as x — 400 cannot be
maintained, so the limit problem for I', (z) is the following

(15.5.14) — %0’21_‘” () + v (x) + AT (2) — )\/w Dz —-HHu(l)de = 0
0
exp—Bor <T'(z) <1, T(0)=1, TI'(z)bounded,
and
Fo(z) 1 T(x), asalO.
Define

o) = | Pl — eue)de,

then we can write the formula
2

02(50 - Bo)
x —+o0 _
[ /0 exp —fo(x — €)0(E)dE + / exp fo(€ — 2)0(€)de | |

I'(z) = Cexp —LFozx +

with .
2 R _
1=C+ m/{) exp fo§ 60(£)ds.
Also setting
0a(@) = —aTa(e) + A [ Tule = Oui)ic

we can also write
2

o2(Bo — fo)
x —+o0 _
. [/0 exp —fo(z — £)0,(£)dE +/ exp fo(§ — 2)04(§)dE | ,

Fy(x) = Cy exp —fox +

with

+oo
1=C,+ 2 )/0 exp Bo€ 0a(£)dE.

a2(Bo — Po
From these formulas and the monotone convergence of ', (z) to I'(z) it is easy to
check that T, (x) converges uniformly to I'(x) on any compact of R*. Also

Qo (z) — Q(x) uniformly,
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with
2 [T
Q) = — exp f2(n — ) f'(n)dn
2 _
= W(p — (h+p)expBaz™)
We call
ro = lim zg, exp—LPaxg = L.
a—0 h+p
For any s we have
H, s(r) = Hs(x),
uniformly on compact sets of R, with
(15.5.15) H) = [ - 0Qde

Consider now the function

T Sa(s)
tale) = inf [ Hon©d6 = [ Honl6)ie
We first check that
(15.5.16) 0> s> 5= limsup Sy(s) < B(5),

a—0
for some bound B(5) > 0 to be made precise below.
Without loss of generality we may assume S, (s) > 0. We have then H, 4(S.(s)) =
0. Therefore

Too Sa(s)
a8 - 0Qu@de = [ TalSals) - 9Qu(©)d
hence
Sa(s) oo
/0 T (Sa(5) — £)Qa(£)dE < — / T (Sa(5) — £)Qu(€)de.
Using
Qul€) =~ 53+ 00). €2 01Qul®) = 5 (b~ o)
we deduce
Sa(s) Toa
h F(y d >~ - Foz S()z - d
<+ac>/0 ©de < O‘C)/s (Sa(s) — £)de
< (p—ac)(won — 3)

Let M > 0 and set SM (s) = min(M, S,(s)). We have

53 (s)
(ht00) [ Tu(€)ds < (0= ac)(an, ).

Let SM(s) = limsup,_,, SM(s). By taking the limsup in the preceding inequality
we obtain

SM (s)
h [T < plao - 9).
0
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However we have the property

“+oo
(15.5.17) / I(¢)d¢ = +o0.
0
Indeed if we consider for # < 0
—+o0
B = [ ewmer(©de,
0

we deduce from the equation (15.5.14) that
o2 — [

M =55

As 7 1 0, we know that y(m) — 0, hence I'(r) 1 400, which implies (15.5.17). We
can then define a unique B(S) such that

B(5) =
| reae =M=,
0

and thus
S¥(s) < B(3),
and letting M 1 400, we get the property (15.5.16).
Let us take s < xp. We can assume also for a small s < xg,. Therefore
H, s(Sa(s)) = 0. From the estimate (15.5.16) we can assume that for o small S, (s)
remains bounded by 2B(5). By extracting a subsequence such that S, (s) — S* we
obtain easily Hs(S*) = 0 and also

1als) = 2) = int [ H(©as = [ HL(€)ag

We call again S(s) the first point such that Hs(S(s)) = 0.
We have shown above, in the proof of Theorem 15.1 that

MOE —%(1 — exp—Bon (0 — 51)) > 0,

whenever s < s1 < ZTgq. Let us fix s < xg. For « sufficiently small we can assume
81 < X and for s < s
s
1(9) 2 L (1 exp 0 — 1)) = a(s1) > 0,
280
and thus
Ya(51) = Yals) = (s1 — s)a(s1).
Since 7,(s1) < 0, in fact
—Ya(s) = (51 — s)a(s1).

Consider now s,. Either s, > s; or s, < s; in which case from the inequality above

K > (s1 —sq)a(s1).
So in all cases

K
(15.5.18) Sq > 81 — —— = 8.
a(sy)

But then from (15.5.16) we can also assert that

(15.5.19) Sa = Sa(sa) < 2B(3),
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for a sufficiently small. Therefore we can extract a subsequence such that s, —
s, Sq = S. Also v(s) = —K. However, for the same reasons as for s,, there is a
unique s which satisfies this relation. Hence the full sequence s, — s. Define

2 —

(15.5.20) P =Gy (84) = p= %Q(s) + f(s) + cv+ cAE.
We can then set

Ga(@) = Gal2) - 22,
and claim the following ergodic result
Theorem 15.3. We assume (15.2.4). The function Gy (z), (respectively its deriva-
tive) converges uniformly on compact sets to G(z), (respectively its derivative) and
the pair G(z), p is the solution of the Q.V.L

AG(z)+p <l(x)
(15.5.21) G(z) < K + inf,~q G(1)
(AG(z) + p — U(2))(G(z) — K +inf,5. G(n)) = 0,

with

l(z) = f(z) + cv+ cAE.
The function G(z) is Ct, its derivative has linear growth. It is given by an s, S
policy
(15.5.22) AG(z)+p=1l(z), z>s

G(x) =K +inf,», G(n), z <s

15.6. PROBABILISTIC INTERPRETATION

We will develop in this section the probabilistic counterpart of the Q.V.I ap-
proach of the previous sections. We extend the approach of [32] to the diffusion
and Poisson case. The idea is to optimize in the class of s, .S policies and to show
that we solve also the Q.V.I in this way.

15.6.1. STUDY OF THE PROCESS WITH AN 5,5 CONTROL. Let

s < S two given numbers. We will define the process y2*(t) subject to an s, S policy,
with initial value x. Recalling the demand

D(t) = vt + N(t) + ow(t),
in the interval 0,t we define

72 =inf{t > 0|z — D(t) < s},

and if z > s

yso(t) =z — D(t),Vt < 7%,
Next we set

yS(r) = 5
We set
S,S T
Tx,l =Ts

and suppose we have defined 757 and 3% (75:%) = S. We then define

TN =T if{t > 0[S — D(r55 +t) + D(r33) < s}

T,
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Clearly T;S 41 > 75, We next set

Yo (T3S ) = S — D(r58 + 1) + D(r35), Ve < i —

and again y5°( ;S +1) = S. We have in this way defined a process which is con-
trolled by an s, S policy. It has j Jumps at times T,

of the of the impulses at time 757 is S — y55 (755 — 0). Note that this impulse is

zn

TS n, the impulse times and the size

larger or equal to S — s. The process y3°(¢) has also jumps due to the compound
Poisson part of the demand. It is a Markov process for which we are going to
describe the infinitesimal generator.

Let us recall that the infinitesimal generator is the linear operator defined on
the set of functions ¢(x) such that the limit

i BosS(0) - (@)

e—0 €

= Asvs@(‘r)v

is defined. Since

yo¥(e) =y (e), Vo < s,
we need to have
(15.6.1) o(z) = ¢(5), Yz < s.

Performing the same approximate reasoning done in section 15.2, we obtain easily

5.8 Ap(x), ifx>s
AT elr) = {Aap(S) ifr<s’

in which A is the second order differential operator defined in equation (17.2.4). Its
domain is the set of functions which are bounded with bounded first and second
derivatives and which satisfy (15.6.1). It is sufficient to assume that the functions ¢
and Ay are bounded and that (15.6.1) is satisfied. Although we refer to the domain
of A it will be convenient to speak of the domain of A.

15.6.2. INVARIANT MEASURE. We are going to show the following

Theorem 15.4. The process y5°(t) has a unique invariant measure defined as
follows

s,S _ m® S(x)
m (.%') f+oo ~ s, S(é_)dé_
with
0, ifx<s
(15.6.2) m®S (x) = { exp Bz f; exp —[2£T'(S —€)dg, ifs<ax<S,

exp Bor [ exp —aeD(S — €)de, if S<a
in which T'(x) is the unique solution of
2 T
(15.6.3) — %F” () + v (z) + A\[(z) — )\/ D —-&uE)de = 0
0
r0)=1 0<TI(z)<1

and B is the unique negative root of

o? , N
~ T8 — v+ A = Ni(B2) = 0
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Moreover for any ¢(x) bounded

+o0
(15.6.4) O35 () = E/ exp —at p(y2(t))dt,
0
satisfies
+oo
(15.6.5) a®®(x) —>/ o(x)ym*® (z)dz.

ProOF. We note that m*°(x) in formula (15.6.2) is continuous but not C*.
The derivative is discontinuous in S. We begin to prove that m*“(z) is an invariant
measure and the unique one, which is continuous and C! except for S. We begin
by proving that m®°(z) must vanish on the interval (—oo, s). Indeed an invariant
measure must satisfy

/m dm—/m (x)Bo(ysS (€))dz, Ve

Take a test function ¢(x) which vanishes on s,4+00. We get from the preceding
relation

S Foo
/_ m*5 (z)p(x)de = Bo(ys® 6)/ m® dw+/ m®*® () B (yy® (€))dx

Letting € — 0 in the right hand side, we obtain

s 400
90(5)/_ m*® (z)dx +/ m*S (x)p(x)dr = 0,

from the choice of ¢. Let now pick ¢(z) in the domain of the infinitesimal generator.
An invariant measure must satisfy

—+o0
/ m*3 (z)Ap(z)dz = 0.

We write m(z) for m*°(z) to simplify notation. We recall the regularity properties
on m and perform integration by parts. We get

7o) (5+ 0) = /(S — 0) + (s} (s)
xot) [ wterte ot [ o) (G @) -t 2mie) )t

—S

A / ) < /0 e - §>u(5>ds) dr = 0.

Using the fact that ¢ satisfies ¢(s) = ¢(S) and rearranging we obtain

2

—(S) ["Q(m’(s +0) —m/(S — 0) +m/(s))

3 [T ([ utga) ] + [ ot (<Gt - vt

+oo
+Am(z) — )\./o m(z + f)u(f)d§> dx = 0.
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This implies

—%m”(:ﬂ)—um’(:ﬂ)—i—)\m(ﬂc )\f m(z+ &§)p(€)dé =0,z € (s,+00)
(15.6.6) m(z) =0,z <s m'discontinuous in S

and we must have m > 0 with the normalisation property f:oo m(z)dz = 1. Note
that the condition
2

(15.6.7) 02(m’(S—l—O)—m/(S—O)+m’(S))+)\/8+°° m(x) </

is not an additional condition. It follows from (15.6.6) and the normalisation prop-
erties. So (15.6.6) and the normalisation properties constitute the equation for the
invariant measure. Let us prove that (15.6.2) is a solution and the unique one. We
can check that exp fax satisfies the integro-differential equation (15.6.6). It goes to
0 as x — +o0. It cannot be the solution on (s, +00), but if we impose the value at
S equal to exp 825 then it is the unique solution on (5, 4+00). Note that imposing
the normalisation condition or the value at a point are equivalent. So we may fix
the value at S equal to exp 82S. There can then be only one solution of (15.6.6)
which is C? on (S, +00) and vanishes at oo. This follows from maximum principle
considerations.
We can then write the equation on (s,.5) as follows

—+o0

u(é)d§> de =0,

—S

0.2

S—x
=G @) =)+ (@) =X [ me + ©ul)de
+oo
—Xexpfar [ expPag p(©)d, s<u<S

m(s) =0; m(S) ;pr B2S

This equation can have only one solution, from maximum principle considerations.
If we make the change of unknown function

m(z) = v(x) exp P,
then we obtain an equation for v(x), namely
2
o N
T (@)~ (v + Bao®) () + o))

+oo

S—x
A v+ 9emmends = A [ e pat )i
0 —x
v(s)=0; v(S)=1
Considering w(z) = v'(x) we get, taking into account the value v(S) =1
2

S—x
=T (@) — (0 a0 o) 4 M) A [ o+ exp Bk (€€ =0,
0

and if we write

w(x) = exp —fax 2(S — z),
we see that z(z) = I'(x). Collecting results, we obtain that m*(x) is a solution of
(15.6.6) with all conditions satisfied, with of course a different value at S. Therefore
m®9(x) is the unique invariant measure satisfying the regularity properties, the
boundary conditions and the normalization property.
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Let us now prove (15.6.5). We have

s

%) =B | exp—at p(yy®(t))dt
0

n+1 T8
x,n+1
+ Z E/ exp —at o(yS(t))dt.
5,8
n=1 Tx,n
Then using conditioning and independence properties, for n > 1
7—::5+1 s
E exp —at (yy” (t))dt
5,5
Tx,n

— Eexp —arss Teinti"Tan _ 5,8 (5,8
= Eexp—ary, oxp —at (yy” (157, +1))dt
0

z,n

s
TS
= Fexp —aT;:S E/ exp —at gp(yg’s(t))dt
0
s

= Eexp —ar®(Eexp —ar?)"! E/ ’ exp —at p(y5° (1))dt.
0

We obtain the formula

x

855(2) = E / " exp —at o(y2S(8))dt
0

Ttg S
E [} exp—at @(ys’s(t))dt

15.6. E —art?
(15.6.8) +FEexp —art} T~ Bexp—ar?
Then
E f7 oz 1))dt
s,S OS ¥ yS,
(15.6.9) a®l® (z) — Brs .
If we define

Cs(z;90) = E/OTS o(ys® (t))dt,

then we have proven that

(S5 9)
a®®%(z) — .
(=) Gs(551)
However (s(x; ) is the solution of the problem
(15.6.10) Als(x) = ¢(z) z>s

and it has the explicit solution

2 x —+o0
15.6.11 s(ryo) = — I'(x — exp Ba(n — dn.
(15.6.11) Gz = 2 [ Te=0) [ ew it ©emin

We deduce, after some easy changes of integration

S n
Cs(S5 ) = %/ ©(n) exp Ban </ exp —[261(S — £)d§) dn

S

2

toz

“+00 S
[ emespn < / eXp—Bzéf(S—f)d§> dn
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and we recognize as expected

2 [T s
S0 = 5 [ ewmtS @
The result follows. |
We now present a useful result

Lemma 15.2. For any z € domain of A, we have the equality

(15.6.12) /+°°m( (@) Ar{a)ds = ;/;OO .
/+OO /+OO 2(x) — 2(x — €))*u(€)dzde.

PROOF. We consider the quantity on the left hand side. Since we will perform
two integration by parts, we have to be careful that m’ is discontinuous in S. On
the other hand 2’ is continuous in S.

After one integration by parts we can write

+oo 1 [T S o2
/ m(z)z(z)Az(z)dx = 5/ o’mz?dx —l—/ 22 (2m' + Vm> dx

+oo +oo
o[ [ @) ) - 2o - (s
s 0
Noting that
1
27 = 5(22)',
we can perform a second integration by parts which leads to

S 2 1 +o0o 2
/ 22 U—m/ +vm|de=—= / 22 im” +vm' | dx +
. 2 2/, 2

2

+2-22(S)(m/ (S = 0) =m0 (S + 0) = m(s)).

The next step is to consider

+oo  ptoo
/ /o m(x)z(x)(z(x) — z(z — &))pu(&)dxd
+oo +o00
- % / /0 m(x)(z(x) — z(x — £))*u(§)dxdg

+o0 +oo
+s / /O @) (@) — (@ — )l )dad
We also use

/ - | T (@)% (o — pu(e)dads = / +°° [ T e+ €22 (@)u(€)dude
2(s) / - /O " e+ () dude.

Collecting results and making use of the equation of the invariant measure, see
(15.6.6), (15.6.7) we obtain many simplifications. Eventually we obtain (15.6.14)
O
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The function ®%°(z) (we drop the notation s,S) defined in (15.6.4) is the
solution of

AD,(z) + a®y(z) = ¢(z), Yr>s
Dy(x) = P4(S), Vr<s

The solution @, () belongs to the domain of A. It will be useful to prove a density
result.

Lemma 15.3. For any bounded function ¢ we can construct a sequence . belong-
ing to the domain of A such that

llpell = suplee(z)| < ||l
xT

+oo
(15.6.13) / m(z)|pc(x) — p(z)|*de — 0, as €—0

ProoOF. We consider the solution of the problem

A‘Pe(x)-i-(peix) = (p(j), Vo > s
Pe(r) = @c(S9), Vr<s
Set
Pe(r) = pe() — ||l
then
Ag () + 20— 2,
Pe(z) = @(5), Vr<s

and thus @.(z) < 0. Similarly

pe() + el = 0,
and the first property (15.6.22) follows. From Lemma 15.2 we can assert that

400 +oo  ptoo
1 / om0 2ds + g / /0 m(@)(pe(x) — pe(x — €))2u(€)dude

2
+oo 2 +o0
+/ m&dx :/ m%dac.
s € €

S

+oo +oo
/ meidr < / mey, fdz.
S S

Consider the Hilbert space L2,(R) of functions z such that

—+o0
/ mzldr < +oo.
S

The sequence ¢, remains bounded in this Hilbert space. If we consider a weakly
convergent subsequence converging towards ¢* then

—+o0 —+o0 +oo —+o0
/ m(¢*)%dr < lim sup/ metdr < lim/ mpepdr = / mp*pdx.
S S S S

Now

+o0 +oo +o0 +oo
/ m(pe — gﬂ*)Zdac < / mpepdr + / m(cp*)Zdac - 2/ mpep”de,

It follows that
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hence
—+o00 —+oo —+oo
(15.6.14) lim sup/ m(pe — ¢*)?dx < / me*pdr — / m(p*)?dzx

Noting that /ey, remains bounded in L2 (R), it follows from the equation of o,
that

+oo
e/ Apczdr — 0, Vz smooth with compact support in (s, +00),
S

therefore we deduce immediately that ¢* = ¢ and from (15.6.14) the property
(15.6.22) is obtained, which completes the proof. O

15.6.3. ERGODICITY. The result of Theorem 15.4, although sufficient to
study ergodic control and the limit of Bellman equation, as we shall see in the next
sections, does not prove full ergodicity. To complete we need to prove the

Theorem 15.5. We have the property
+oo
(15.6.15)  Eo(y S —>/ S(&)de, ast — +o00,VYx, Yo bounded.

PRrROOF. We shall use the fact that
25 (x,t) = Bo(yy® (1)),

is the solution of the Cauchy problem

0z

P A=

En +Az=0, x>s
(15.6.16) z2(z,t) = 2(5,t), =<s,t>0

z(2,0) = ¢(x)

We proceed with estimates. We first derive an energy equality. By testing (15.6.16)
with mz and making use of Lemma 15.2 we can state

1d [+ 1 [t 92\?
15.6.1 -— 2 = 2
(15.6.17) Sar . m(z)z"(z,t)dx + 2/3 o“m <8x> dx

+o0 +oo
[ m@e e ) u(ends =0

We deduce the estimates

(15.6.18) /+00 /+OO o’m (gi)Q (z,t)dzdt < /S+00 m(x)p? (x)dx

(15.6.19)
/ - / h / - = 2(z — €))*u(€)dédadt < /jm m(w)¢? (x)da.
Also

+oo +o0
(15.6.20) / m(x)z2(x7t)dm§/ m(z)p?(z)dz, V.

This inequality implies that without loss of generality we may assume that ¢ is
in the domain of A. Indeed considering the approximation ¢. defined in Lemma
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15.3 and noting by z.(x,t) the corresponding solution of the Cauchy problem,

deduce from the estimate (15.6.20) that
+o0 +oo
| m@)et) e pde< [ m@)e - 9P

Suppose we have proven that

—+oo

Ze(z,t) — / m(z)pe(z)dr, as t— 4oo, Ve >0
then writing
+oo +oo
o= [ m@@is po= [ m@ed)ds

+oo
(2)(2(@,t) — ¢)*dw

T~

311

we

<3 {fmm )(ze(m,t)—2(z, 1)) d:c+/+oo m(@)(ze(x,t) = pe)*de+(pe—p) ]
<3 {/ m(z)(pe — ¢) ($)dﬂf+/ m(x)(ze(z,t) — pe) dz + (pe — 9) }
but then S S

imsup [ T @) el 1) — @) < 3 [ / @) (e — @) (@) + (B~ soﬂ ,

t——+o0

and letting ¢ — 0 we obtain
+o0
/ m(x)(z(x,t) — @)%dr — 0, as ¢t — +oo

We deduce also
z(x,t) > ¢ ae.x>s

So we assume that ¢ belongs to the domain of A. We can then obtain further

estimates.
We define the function

0z
u(z,t) = a(ac, t),

which is solution of

ou

TV Ay =

ot +Au=0, x>s
(15.6.21) u(z,t) =u(S,t), <st>0

u(z,0) = —Ap

As for z we can write

(15.6.22) /;OO /:OO a*m (ZDQ (z,t)dzdt < /:OO m(z)(Ap)?(z)dx

+oo +oo  ptoo
(15.6.23) A/O / /0 m(z)(u(z) — u(z — €))*p(€)dédzdt

+oo
<[ m@)apr@)s
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“+oo “+oo
(15.6.24) / m(:[:)u2(x,t)da:§/ m(x)(Ap)?(z)dx, Vt.

In particular we have shown that

/ow} /:OO " (88;;5)2 (z, t)dwdt < % /:oo m(z)(Ap)*(z)dz

Noting that

+oo 92\ 2 +00 s Lot gy 0%z
/ m(aw) @tde= [ @2 [ [ mE @) T oo

the right hand side has a limit as t — 400, thanks to the estimates above. So

fs+°° m (%)2 (x,t)dz has a limit as t — +oco. This limit must be 0 thanks to the
estimate (15.6.18). Recalling that z is bounded, we can state that for any compact
subset of [s,+00) we can find a subsequence of z(z,t) which converges uniformly.

The limit is necessarily a constant and since

[ @i = [ mwpwa,

this limit is necessarily f;roo m(x)p(z)dz. By the uniqueness of the limit, the full
sequence converges uniformly on any compact. So we have obtained the result for
¢ in the domain of A and also the general result, by the approximation above.
However we have proven the result (15.6.15) only a.e. z. We want to prove now
that it is true for any initial value z. We will need two important intermediary
results. The first one is

(15.6.25) z(x,t) is continuous in z, ¥Vt > 0 15.6.43

This property allows us to assume with no loss of generality that ¢(z) is continuous
and bounded. Indeed, clearly
lim z(z,t) = lim z2(z,t+1),
t——+o0 t—+4oo

and z(z,t + 1) satisfies the same equation as z(x,t) except for the initial condition
which is z(z, 1) instead of ¢(z). But then z(x, 1) is continuous and bounded. The
second important result is that in the case when ¢(x) is continuous and bounded, we
can improve the approximation result of Lemma 15.3 as follows: The approximation
©e(x) defined in Lemma 15.3 satisfies

(15.6.26) sup |pe(z) — p(z)] = 0, ase — 0,YM > s.
s<ax<M
We will also prove the following regularity property for z(x,t)
oo 92\? t+1
(15.6.27) / m3(z) <82> (z,t)dz < c%nm?,w > 0.
s x
Note that here ¢ is only measurable and bounded. When ¢ belongs to the domain

of A we have seen above that a better estimate holds. As a consequence we will
have, noting v, (t) the process y%°(t)

(15.6.28) sup sup ET, y>r —0,as R — +00,Vé6 > 0,5 <s9 < M.
t>8 so<z<M
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The intermediary results (15.6.43), (15.6.26), (15.6.27), (15.6.28) will be proved
later. We now assume @(z) continuous and bounded. We want to prove that

+oo
(15.6.29) z(z,t) — / p(x)dz as t — +o0, Va.

It is sufficient to assume z > s. So let us pick g > s. Using z(z,t) = Ep(y.(t)) we
can write

oy (1) / mipdz = By (1)) — Bepe(yan (1)) + Bpelyno 1 / S

+/m<,0€dmf/m<pdac.

Now for R > xy we have

|EO(Yao (1) — Epe(Yao (1)) < 2|0l ELy, (1y>r + suwp lpe(z) — p()],

hence

]Ewywo(t)) - / mipda

<2[[pl||ELy, (1)>r + sup lpe(z) — ()]

’/mapﬁd:c— /m<pdx

Since ¢, belongs to the domain of A, fixing € and R, we can let ¢t — +o00 and deduce

‘Esoe Yao (t / mepede| +

lim sup

im suj Eo(ya,(t)) — / mdx

+‘/m4p€dm—/mgad:z .

But then letting ¢ — 0, then R — 400 and making use of properties (15.6.26),
(15.6.28) the right hand side tends to 0. So the property (15.6.15) is fully proven.

< 2[[pl|sup EL,, ()>r + sup [pe(z) —(2)] +
t>6 s<z<R

PROOF OF INTERMEDIARY RESULTS:
PROOF OF REGULARITY:

We know that

2
(15.630) )] < llgll ;7™ [ mie) (5) Gotntode < ol

O o () (2(w) — 2(x — €)2p(€)dedwdt < L||p]|?
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30
We now test the equation (15.6.16) with m a—i =

t too 02\ 2
“+oo
t 35»2[302

and obtain

2m8$ Oz

3% %&z
—— m2 +vm ](:c,t)dx

t +oo 87:

—Ams m 2 [/ oo - €0) - s ()| d

o2t d [T, 0z2\?
trie 1 %/s m>(x) <8x) (x,t)dz =0
hence

1t +oo 0z o2t d [t 9z\°
5151/, m (x)<8t> (z, t)dx—i_fit—kl% m”(x) (530) (z,t)dx

g/Jm <§;>2 (Zan’+um>2(x t)da
e - m [ " e - 6.8) — 1) (€.

From the estimates already obtained (15.6.30) we deduce (15.6.27) and also
+oo —+o0
t 0z
15.6.31 — t)dzdt < C||¢|?
(15631 [ [ e (Z) i < ol

PROOF OF (15.6.27):
Let zg € [s9, M]. Take p such that

0<p§50_8.

We call

We use the estimate

and the constant does not depend on R. In particular we deduce
M+25= 920\ 2 1
R
(15632) /:34_ S0 <8$> (x7t)d$ < CSUyM (1 + t) 5
2

where we have used the fact that m(z) has a positive infimum on the interval
[#5%0, M + 20-2]. Now we have

/S+OO mzgr(z,t)de = /S+00 mig(z)dr = /+00 m(x)dz

R
zo+p
/ mzg(z,t)dx
x

ZTo—p

Y
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Now for € [zg — p,x0 + p] we have

/ (O 2(xt)dgc <p2 (Coyrr)? 1+1%
H’% 61‘ b _p S(),M t .

Let now assume ¢ > ¢ and set

=

|ZR("E:t)_ZR(‘TOvt)| <p

Coo,M,5 = (CSO,M)% (1 + 5) ,

we can write, using previous estimates

400 . To+p
/ m(x)dx > (zr(xg,t) — picsO,Mﬁ)/ mdzx,
To—p

R
and thus
N m( x)dx
ZR(I(Jat) < p2CSOJVI»5 + f T rxotp 5
fm a mdz
0o—p
thus also
fR m(x)dz

1
sup sup zr(zo,t) < p2Csy .6 + - -
x€[so,M] t>6 ’ lnfxe[so,M] fm_p (f)df

Letting R — 400, then p to 0, we obtain the property (15.6.27). This argument is
PROOF OF CONTINUITY (15.6.43):

We first prove the continuity of z(z,t) for ¢ fixed positive, inside (s, +00). It is
a direct consequence of the estimate (15.6.27). Indeed for any fixed positive ¢ and
any compact [sg, M] z(z,t) has its partial derivative in 2 bounded in L?(sq, M).
Therefore it is a continuous function of « on [sq, M].

So what remains is to prove the continuity to the right in s, namely
(15.6.33) z(s+€,t) = 2z(S,t) V¥t > 0, as e — 0.

Since on the left of s, z(x,t) = z(S5,t), the property (15.6.33) will imply continuity in
2 at any point. Recall the notation 7, ,, introduced in section 15.6.1 to characterize
the trajectory y,(t), with 7,0 =0 ,7,1 = 77 and
Tex,n+1 = Tz,n + Xac,ru n > 17
with
Xpn =inf{u >0|S — D(1pn + 1) + D(7pn)}-

The variables X, ,, are independent and have an identical probability distribution,
that of 7. If we define

Fy(t) = Elyr o,
then the probability distribution of X, , is Fg(t). Note that

0 = {z- D0 if t < 72
V=S = D) + Dron)s i T <6< Tomin

We can then obtain a formula for z(z,t), ¢ > 0. We have

“+oo
2(2,t) = Bo(w = D) ycrr + > Ep(S = D(t) + D(7an)) s, <t<r, i

n=1
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Define

U(z,t) = Ep(x — D(t))]lt<'r§"a
then, recalling ¢ = o(D(s), s < t), by conditioning with respect to F™=» and using
the independence properties one can check that

ESD(S - D(t) + D(szn))]]:'rz,ngt<7-z,n+l = E]ITz,nSt\II(S7 t— Tz,n)a n > 1.

Since
n—1

Txn = 7_: + ZXx,ja n > 27
j=1
using the independence properties, we check easily

EL, < =F,oF$" (),

where Fg’ =1 denotes the n — 1 times convolution of the probability distribution
Fs. The cumulative distribution function Fg(t) has a density fs(t) and

dFE V() = 87V (1)t

Note that for n = 1 there is no density and Féo)(t) = 1,vt > 0. In that case

féo) (t)dt must be replaced with the Dirac measure in 0. Collecting results we can
finally write the formula

(15.6.34) 2(x,t) = U(z,t)+ / Falt =) ( / w(8,)f8"V(n - £)d£> diy
n=1"0 0
So we have to consider the limit of

2(s+et) =U(s+et)+ /0 foe(t =)W (S, n)dn

[ t n
(15.6.35) +3° /0 Fore(t—n) ( /0 w(S, &) 8" - £)d£) dn
n=2
However U(z,t) is the solution of the Cauchy problem
%—\f + AV =0, z>s
(15.6.36) U(x,t) =0, x<s
U(z,0) = ¢(x)

This is a classical Cauchy problem with Dirichlet boundary conditions. Note that
the solution does not depend on the value of p(x) for z < s. It is then standard to
check that

U(s+et) =0, ase— 0, Vi>0.

Now if we take p(z) =1 in (15.6.35) then we see that

ET,_ s+e =0, ase =0, vt > 0.
This implies
I[t<7_ss+e —0a.s.ase — 0, Vt > 0.
It is then easy to check that
e

57_>0’
14 75%¢
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and also 75T¢ — 0, a.s. But then we can pass to the limit in formula (15.6.35) and
get

Zs+et) — U(S,b) +Z/ (S, 6) 51t — €)de
= 2(5,1)
the last equality is checked by comparing with (15.6.34).
PROOF OF (15.6.26):

M
We begin by proving a weaker result. Let 0 < ag < bR then we have

(15.6.37) sup  |pe(x) —@(z)] = 0, ase — 0.

stao<z<M

This result needs the continuity of ¢(x) but not necessarily ¢(s) = ¢(S). We use

+oo
o) = B[ eo—Lolu (o)

B[ o -upt(in
For T fixed set
o) = [ " exp —u lys(eu)du,

and ’
(15.6.38) |e(@) — 9 (2)] < [lpl| exp —T.
We next assert that for u < T

Eo(yz(eu)) = Eo(z — D(ew)) + E(p(yz(eu)) — o(z — D(ew))) Irr <cr,
hence for u < T
(15.6.39) (B (s (en) — Bp(a — Diew))]| < 2/l ELyz <.r.
It is readily seen that

Elyzcer < P (VET +o0 sup w(u)+ N(eT) > ao> = 0, (7).
0<u<eT

This quantity is of course equal to 1 when veT' > ag. To evaluate this quantity
when veT' < ag we shall recall the following probability distributions

P( s <u) =i e e

(see I. Karatzas, S. Shreve [27]), and

+oo
PN(T) < g)=1-0 [ ulndn +ofc)

y
But then

P (N(ET) +o0 sup w(u) > y) <Xl 4+ P (a sup w(u) > y) .
0<u<eT 0<u<eT
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Collecting results we obtain
2 +o00 52

(15.6.40) O, (T€) AT + —= [ag — veT €xp ——d&.

Vor J22 T2 2

oVeT

Next if | D(eu)| < ag we have x — D(eu) € [s, M]. Since ¢(z) is uniformly continuous
on [s, M] there exists a function y,s(4) which is monotone increasing and tends to
0 as & goes to 0 and

lo(2") = p(a™)] < yar(0) if [ — 27| < 6.

Therefore
(@ — D(ew)) — @(x)] < var(|D(ew)]) + 4ol L peu) >ao0-
Since
|D(ew)| <vel' 4+ o0 sup w(u)+ N(eT),
0<u<eT
we get

Ble(o  D(ew) ~ () < B (veT +_sup w(u) + N(eT) ) + 4]}, (70

Finally we obtain the estimate, for s + ag < x < M
lpe(@) — ()| < 2[[pl|exp =T + 6[|¢]|Oq, (Tc)

+Evym (z/eT +o sup w(u)+ N(eT)) ,
0<u<LeT

and

Evy (V€T+G sup w(u )+N(6T> \/ﬂ/ﬂw VET*FG\/Ef)eXp—édg

0<u<eT
+o0 2

+oo
FAGT exp —% </ Y (VeT + oVeTE + v)u(v)dv) d¢
0

We can collect estimates and write
lpe(z) — ()| < 2||pl[exp =T + Can(eT),
and
Cr(eT) — 0, as €T — 0.

The result (15.6.37) follows easily.
We now complete the proof of (15.6.26). We assume ¢(s) = ¢(S). We have
first, using this assumption and assuming

s+ag<S<M, s+2ay<M
(ap will be small so it is not a restriction), then applying (15.6.37)
sup [pe(z) — ()|

s<z<M
Smax| sup [pe(x) —p(x)l,  sup  pe(x) — ()|
stag<zx<M s<z<s+ag

< sup pe(z) —e(@)|+ sup fee(x) —p(s)|+ sup  o(x) — o(s)].
stap<x<M s<z<s+ag s<zx<s+ag
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The first term follows from (15.6.37), the third term will be treated by the uniform
continuity of ¢(x) on [s, M]. So we concentrate on the second term. We can write

T
pelz) — () = / exp —u (Bp(ya(eu) — o(s))du

+o00
+/ exp —u Ep(ys(eu) — ¢(s) exp —T.
T

Consider u < T, then after considering possible cases, one can convince oneself of
the relation
Eo(yz(eu)) — o(s) = —p(s)[Elrz <cul|D(ew)-D(r#) 200 + Elre>culD(cw) > a0]
+E(p(x — D(eu)) = ¢(5))Lre>cul|D(ew) <ao
+Ep(S — D(eu) + D(75)) vz <cu | D(euw)— D(r2)[> a0
+E(p(S = D(eu) + D(7)) — 0(S) Lz <eul| D(ewy—D(r2)I<a0
+Eo(yz(eu) s, <cu-

We then take account of the estimates

]I\D(fu)lzao S LeriN(eT)+o SUPg <y <e W(U) + Ler i N(eT) 4o SUPg < <er —w(U)s
and therefore
EXp(ew)|>a0 < 264, (eT).
With some additional effort we can also check that
Elre<culip(cw)—D(r2)|2a0 < 204, (€T);
El;, ;<cu < Og_y(eT).
Also
Elp(z — D(ew)) — @(8)| 1 p(ew)|<ao < Ya(2a0);
Elp(S — D(eu) + D(75)) = ()L p(ew)— D(r#)|<a0 < Yar(a0),

where vys(6) is the modulus of continuity of ¢(z) on [s, M]. Collecting results we
can assert that for u < T

[Ep(ya(eu)) — @(s)] < [[¢]|(40a, (€T) + Os—s(eT")) + va(2a0) + v (ao),
and thus

_sup [pe(z)=@(s)] < [ll|(4Oq, (€T)+O5—s(T)+2 exp —T')+yar(2a0) +7a (a0),
s<z<s-+ao

which implies
limsup sup |pe(x) — @(s)| < 2|[p||exp =T + var(2a0) + var (o).
e—=0 s<x<s+ag

Therefore also

limsup sup |pe(x) — ()| < 2||¢||exp =T + vam(2a0) + var(ao)
e—=0 s<a<M

+  sup  [p(z) —@(s)].
s<z<s+ao

Letting ag tend to 0, then T tend to +o00, we see that the right hand side is 0. This
completes the proof of intermediary results and thus also the proof of Theorem
15.5 d
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15.6.4. CHAPMAN-KOLMOGOROV EQUATION. From the formula
(15.6.34) we can see that y,(t) has a density for any ¢ > 0. This follows directly
that the fact that  — D(¢) has a density for ¢ > 0. Therefore for p(x) > 0,

U, 1) < Bole - D(t)) = / (€, 1)l €)de,

where w(€, t) is the density of @ — D(t). Therefore we can write

“(a,t) = Beuslt) = [ p(€ ()
and p(&,t) is the density of the variable y,(t). Formally we can write

p(&,0) = 6(¢ — o).

Since z(z,t) = 0if ¢ = 0 on (s, +00) (see formula (15.6.34) again) we have p(§,t) =
0 for £ < s. The Chapman-Kolmogorov equation describes the evolution of p(¢,t).
With considerations similar as those for the invariant measure we can derive this
equation and obtain

5 Toe Y ag =M o T W+, t) = (& ) pln)dn =0, &> s

(15.6.41) p(&,1) =0, ife<s
p(§,0) =0(§ — )

We have proven the weak convergence

/p<§ D(€)de - /m p(€)de, as 1 oo

dp
Note that 875 has a discontinuity in S with the relation

+o0

+0oo
2(g§<s+0t> G5 = 0.0+ g(s+0.0) +2 [ tat) [ e 0.

—S

We do not develop details on the Chapman-Kolmogorov equation, since it has no
explicit solution, and all results on ergodic theory can bypass this equation.

15.6.5. COST ASSOCIATED WITH AN 5,5 POLICY. We can now
compute the cost associated with an s,S policy as defined by (17.2.2) for a general
impulse control. The impulse times are the random times Tj:f and the impulses
(orders) are S—y5% (755 —0), n > 1. Recalling formula (15.6.8), and using similar

reasoning one convinces oneself that the associated cost is given by

x

(15.6.42)us® (z) = E/ ’ exp —at f(y>9(t))dt + Elexp —at? (K
0

TS S
E [T exp—at f(yg(t))dt
1— Fexp—ar?

E [exp—ar? (K + (S - y3 (7 — 0))

+e(S = yyS(r = 0)))] + Eexp —ar?

+Bexp—ar; 1— FEexp—arf
S
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We can also write this formula as

(15.6.43) u%® (z) = E/ ’ exp —at f(y25(t))dt + cElexp —at¥ (s
0
E @ >
s,S (. x eXp —QT; ° 5,8
S (1T — ke R —at fyS5(1))dt
5z = O+ et [ expat ()
+K +¢(S — 5) + cElexp —ar? (s — y5° (75 — 0))] )

and thus
(15.6.44) us®(S) = —(K + (S — 5))
S
1 s $,8
+c¢(S — s) + cE[exp —ozrf(s — ygS(Tf - 0))] .

So we may write

(15.6.45)  usd(z) = E/ ’ exp —at f(ySS(t))dt + cElexp —ar?® (s
0
—y55(1% = 0))] + Eexp —at® (u%(S) + K + ¢(S — 5)).

If we introduce
@25(@) = uyS(@) +ex,

then we get

Gy%(x) = E / " exp—at f(y3S(8))dt + c(x — Elexp—ar? y2S (rf — 0)))
0
+ Eexp—at? (K +G55%(9)).

We use the relation

x

x — Elexp —at? yi’S(Tf —-0)] = E/ ’ exp —at (v + A+ ay;’s(t))dt,
0

which implies

z
s

(15.6.46) G%5(z) = E/ exp —at go (y35 (1))dt + Eexp —ar® (K + G55(9)),
0

in which
go(x) = f(x) + v + X + ac;

S
E [J* exp—at ga (yg’s(t))dt + KEexp —ar?
1— Fexp—ar?

)

(15.6.47) G55(8) =

and we recover that G2 (z) is solution of the problem

(15.6.48) AGSS(x) + aG35(z) = go(z) VI >s
G35(z) = K+ G55(9) Vo <s
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15.6.6. OPTIMIZATION. Can we optimize among s, S values? We know
from the Q.V.I. approach that there exists a unique pair s,S which minimizes
G (x) for any z. We recall that it is the solution of the following algebraic system.
Set

H35(x) = (G3°) (x),

which is not continuous for x = s. The conditions are
(15.6.49) H3S(s)=0 H>%(S) =0,
and the corresponding function becomes C'. The second condition is clear from the
general formula (15.6.26). Indeed S enters only through the term G3(S) which
should be minimized. Note indeed that in the integral the part of the process yg’s(t)
before the stopping time 7¥ does not depend on S.

The second condition is less obvious. Finding a unique s which minimizes

G%°(x) for any = does not seem obvious from formula (15.6.26). In particular it
should minimizes G%%(S). We then state the

Proposition 15.3. There exists a pair s,S which minimizes G%°(S). It satisfies
conditions (15.6.29) and minimizes G%°(z) for any z.

Proor. We will proceed with direct checking, since we have explicit formulas.
We note from (15.6.27) that

S
E fOTS exp —at gq (yg’s(t))dt + K
1— Eexp—ary

G55(S) = —K +

)

so we have to minimize the expression

’TS S
B[y exp—at ga(ys’s(t))dt + K

GS,S
o (5) 1— Eexp—ar’

‘We then recall that

*

Za,s(x) = E/ ! exp —at go (Yo (t))dt,
0
where y,(t) =z — D(t) is the solution of

Azo{,s(x) + O‘Za,s(x) = ga(x), x> s

Za75('%.) = 07 X S S

and is given by the formula

2 x —+o0
o) = 2 [ Tate = ([ exwaalu - Daa(a)an) .
s 3
and
™5
E/ exp —at ga (y5° (1))dt = 244 (S).
0
After rearranging the quantity to optimize becomes
JoTa(S —€) (f;w exp Baa(n — £)ga (n)dn) e+ K%

fos_s Ly (z)dz

O4(s,9)
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The algebraic equations coming from the Q.V.I., recalling the expression of H, (),
see (15.5.5) and (15.5.6) amount to

(15.6.50) / rs-g ( /5 " exp Baal - s>g;<n>dn) dé =0,

and

(15.6.51) /SS [/ To(z—€) </;°O exp Boa (1) — g)g;(n)dn> dg] da + KU; =0.

So what we have to do boils down to checking that in equaling to 0 the derivatives
of ©,(s,S) with respect to s and S we obtain indeed (15.6.30) and (15.6.31). This
is a pure algebraic equivalence. It is first useful to check that

R /§ " exp aaln - st n)dn ) de — [Tt~ E)an €

S

oo / Tale -8 ( /5 " exp Baa - f)ga(n)dn> de.

Therefore (15.6.30) and (15.6.31) become
s s
(15.6.52) [ TalS = 90(O)dE + B [ TalS - )
+oo
: </€ exp faa(n — f)ga(n)dn> d§ =0,

and

(15.6.53) K%z — /SS </: To(z — {f)ga(g)d£> dr — Baq

-/SS [/F(w —¢) </§+meXPﬁza(n—£)ga(n)dn> ds] dr = 0.

But this last relation is equivalent to
2

400 S—s
(15.6.54) K%f/ expﬂga(n—S)ga(ﬁ)dn/O Lo (y)dy

+/SS To(S=¢) (/;OO exp Baa(n — f)gu(ﬁ)dﬁ) dé = 0.

If we now take the derivatives of ©4(s,S) with respect to s and S, we can check
easily after rearrangement and combining equations that we get indeed the relations
(15.6.52) and (15.6.54).

Since we recover the values which allow to solve the Q.V.I. we know that the
value of s is uniquely defined, and S is also uniquely defined, provided we take the
smallest minimum. Since we have solved the Q.V.I. G%(z) is minimized for any
z. This concludes the proof. O

15.6.7. ERGODIC CASE. We can now easily treat the ergodic case, as
a — 0. We can check immediately that
: s,S 1 s,S 1 s,S
(15.6.55) ilglo aul” (r) = ilglo aGYP (x) = Clylg%) aG%7(s)
5
K+E[° flys(t)dt ¢
ErS -

=cv+ A+
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Moreover G35 (z) — G%5(s) — G*%(z) uniformly on compact sets and G*(z) is
the solution of

AG*3(z) + p*° = cv + X+ f(x), x>
(15.6.56) G*5(z) =0, r<s
0=K +G*%(9)

From this equation we can verify that
(15.6.57) p*% = v+ e + / f(x)ym*S(x)dx

0.2
+E - (m*F)(S = 0) — (m*5)'(5 +0)),

which is also expression (15.6.55). Minimizing p*° with respect to s, S leads to
conditions

(G5Y(8)=0 (G5 (s) =0,

and we recover the Q.V.I. of the ergodic case, see section 15.5.



CHAPTER 16

MEAN-REVERTING INVENTORY CONTROL

16.1. INTRODUCTION

In this chapter, we consider a situation in which the control of inventories is
done partly through impulse controls as in the previous chapter, and partly through
a smoothing procedure called mean-reverting. The mean-reverting procedure is a
given continuous feedback, which continuously increases or decreases the inventory
when it is below or above a given level. This action is not optimized and its cost
being fixed is omitted. The impulse control, which remains the decision, is thus
a complement. We will check that the s,.S policy remains valid, with naturally
different values of the quantities s, S. The demand is a continuous diffusion, with-
out jumps. The case of jumps raises mathematical difficulties. The mean-reverting
inventory model has been considered in [13] and [14], with different techniques. In
fact, in these papers a two-band impulse control problem is considered. Unexpect-
edly, this situation turns out to be simpler, because one needs to solve differential
equations in a bounded domain, instead of differential equations in unbounded do-
mains as in the present case. There is also a difference in the cost function with
these papers, in which a quadratic cost is considered, whereas here our traditional
holding and shortage costs are considered. The quadratic cost is justified by the
fact that one tries to remain close to the targeted inventory and thus one minimizes
the distance to the target.

16.2. DESCRIPTION OF THE PROBLEM

16.2.1. THE MODEL. The demand process is composed of two parts: first
a deterministic part with constant rate v. We next consider a probability space
2, A, P on which is defined a Wiener process w(t).

The demand on an interval (0,¢) is then given by

D(t) = vt + ow(t),

where o is a positive coefficient. Let F* = o(D(s),s < t)
An impulse control is a sequence

9717?}717

where 6,, is a stopping time with respect to the filtration F* and v,, is a random
variable % measurable. Denoting by V an impulse control, the corresponding
inventory is described by the formula

(16.2.1) Y& V) =2+ k <’yt - /Ot Yar (85 V)ds) —D(t)+ M(t; V),

325
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with
Mt)y=MEV)= > v
{n|0n <t}

The new element in equation (17.2.1) is the term

K (vt - /0 (s V)ds) ,

which describes the mean-reverting procedure. The increase or decrease of the
inventory takes place in a continuous manner. Therefore during an interval of time
dt, we increase the inventory by an amount k(v — y(¢))dt if the inventory y(¢)
is smaller that the target v > 0, k£ > 0. It is alternatively decreased by the same
amount if the inventory is larger than . If £ = 0 the mean-reverting part disappears
and we recover the model of the previous chapter, except that there are no jumps.
Note that the term kvt can be combined with the deterministic part of the demand
—vt, and this will be apparent in the mathematical analysis. However, these terms
have a different economic interpretation, so we do not combine them. Accordingly,
we do not make any assumption on the sign of kv — v.

The cost functional will be identical to the situation without the mean-reverting
part. let

f(x) = hat +px~.
We define the cost functional by

oo

(16.2.2)  J.(V)=E Z(K+cvn)exp_a9n+/0°°f(ym(t;v))exp—atdt ,

n=0
and the value function
u(z) = inf J (V).

16.2.2. Q.V.I. We can then write the Q.V.I arising from Dynamic Program-
ming. We introduce the operator

(16.2.3) Au(z) = f%UZu” (@) + (v + k(@ — ) (2),

in which we see the term originated from the mean-reverting part. The operator A
has not constant coefficients anymore.
The Q.V.I. is given by

Au(z) + au() < £(2)
(16.2.4) u(z) < M(u)(zx)
(Au(z) + au(z) — f(2))(u(z) = M(u)(z)) = 0
with
M(u)(z) =K + E,I;%[CU + u(z + v)].

As usual we look for a function which is C! with linear growth. Standard arguments
show that the solution of the Q.V.I is the value function.
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16.2.3. TRANSFORMATION. As done in the previous chapter, it is con-
venient to consider the transformation

G(z) = u(z) + cx,

and thus the problem becomes: find a function G(x), with z € R, which is C* and
has linear growth, satisfying

AG(z) + aG(x) < g(x) + c(v — k)
(16.2.5) G(z) < K +inf,>, G(n)
(AG(z) + aG(z) = g(z) = c(v = k7))(G(2) = K —infy>, G(n)) =0

The function g is given by

(16.2.6) g(z) = f(z) + c(a+ k).

16.3. s,S POLICY

16.3.1. THRESHOLD s. Given a number s, we look for a solution of (16.2.5)
as follows:

(16.3.1) AGs(z) + aGs(z) = g(z) + c(v —kv), z>s
Gs(z) = K +inf,>, G4(n), z<s

In order to get a function which is globally C! we impose the condition
(16.3.2) G.(s) = 0.
This is a relation to define s. We proceed by considering
Hy(2) = G\ (),
which is the solution of

(16.3.3) AHs(z) + (a+ k)Hs(x) = ¢'(x), x>s
Hy(x) =0, x<s

we look for a bounded continuous solution Hy(z) of the Dirichlet problem (16.3.3),
for a given s. To define s, we use the second relation (16.3.1) which can be written
as follows

n

(16.3.4) 0=K+ ir>1f / H,(n)dn.
n>s [

Note that

(16.3.5)

o) = h+cla+k), ifxz>0
g | —ptelatk), ifx<0

We make the assumption

(16.3.6) —p+cla+k)<O.
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16.3.2. GREEN FUNCTION. Although it is possible to prove the exis-
tence of a solution of (16.3.3) by an approximation procedure, it is important to
obtain an explicit formula as we have done in the standard case. For that purpose
we need a Green function, solution of the differential equation in the whole space,
without right hand side. We introduce the following problem

(16.3.7)  —102®"(2) + (v + k(z —7))®'(2) + (a + k)®(z) =0, Vz € R
®(0)=1, P(+o0)=0
We want to prove the

Theorem 16.1. We assume (16.3.6). There exists one and only one solution of
(16.3.7) such that

(16.3.8) O(z) > 0, ¥ (z) < 0, ®(z) > 0.
As x = —00,®(x) = 400, ®'(x) - —o0. Considering the roots B, <0, B >0 of

1
—502ﬂ2+y5+a+k:07

we have the growth condition
k
2
exp — (1 —
xp —5 (@ =)
B — Br
2

k
+5; <<1>’(0) exp —0—72 Bk> exp ﬁZI:|, <0

2

(16.3.9) 0> ®'(z) > [ﬂk <ﬂz — ®'(0) exp —Z) exp Brx

PROOF. We begin by solving (16.3.7) in [0, +00). It is a Dirichlet type boundary
value problem. It has one and only one solution and
0<®(x) <1, x>0,
and we have the energy relation
2 +oo k +o0 2 1
(16.3.10) 1/ %dr+ (a+ = / 2%dz = —Z-3'(0) + ~ (v — k7).
2 /o 2/ /s 2 2
If we next test the equation (16.3.7) with ®'(x) and integrate between 0 and z > 0.

We obtain
2 2 T
TR0+ TR0 + [k ke - )0 (de +
0

2
From this formula, one can convince oneself easily that ®?(x) has a limit as z —

+00, but since ®%(z) is also an L! function, necessarily this limit is 0. Therefore,
we obtain an additional energy relation

(@(2) ~ 1) =0,

0.2 +o0 a
(16.3.11) —®"2(0) + /0 (v + k(z —7))0?(x)dr = i k.

4 2
Since ®(e) < 1 = ®(0), we see that ®'(0) < 0. In fact ®'(0) < 0. Indeed, if we set
U(z) = ®'(x), then U(z) satisfies
1
(16.3.12) - 502\1/” () + (v + k(z — )V (z) + (o + 2k)¥(z) = 0, 2 > 0,

and we know already that U(+o00) = 0. Therefore ¥(0) cannot be 0, otherwise ¥(x)
would be identically 0, hence ®(z) would be constant on [0, co) which is impossible.
Since ¥(0) < 0, in fact ¥(0) < 0. Necessarily ¥(z) < 0 and cannot be 0 at any
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point, otherwise this point would be a maximum, which is impossible. Therefore
U(zx) < 0, Yz > 0. In addition ¥’(z) cannot be negative or zero at any point.
Otherwise, ¥(x) would have a negative local minimum, which is also impossible.
Therefore ¥'(z) = ®”(z) > 0, Vz € [0, 00).

We thus have proved the properties (16.3.8) for x € [0, 00).

We next solve equation (16.3.7) in (—o0,0] as a two-dimensional system of
linear differential equations, with given initial values at 0. For convenience, we will
change the sign of z, to solve a system on [0, 00). Define

y(z) = ®(—x), 2(z) = ®'(—z), >0
then the pair y(z), z(z) is solution of
(16.3.13) Yy =—z

2= Z((kz — (v —k7))z = (a +k)y),

on [0, 00) with initial conditions y(0) = 1, 2(0) = zp = ®'(0) < 0. Consider the
matrix

0 !
Alz) = ( CZ(ath) Z(ke— (v k) >
then we associate to it a family of matrices, called X(z, zg), * > xo, the fundamental
matriz satisfying the differential equation
d
%E(L xo) = A(z)X(z,x0);
Z(Io, IQ) = I,

where [ is the identity. From the theory of linear differential equations, the matrix
Y(x,x0) is well defined, for any pair & > zy. Moreover the solution of (16.3.13) is

given by
(1) =meo (L)

so it is uniquely defined for any x > 0. Let

w(z) = exp —% [k(”“;’y)g - m} ,

and
Z(z) = z(z)w(x),

then the pair y(z), Z(x) is the solution of

(16.3.14) y = -
w
v o~ 24k
z - O_Q(a+ )wy

k 2
with initial conditions y(0) = 1, 2(0) = zpexp f%. It follows easily that y(x) >
o

0, Z(z) < 0. After easy manipulations, we get the following integral equation for
Z

()
(16.3.15) 2(z) = 2(0) — %(a + k)y(0) /O " o(e)de

+%(a + k) /Om G(z,m)Z(n)dn,
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G(m)zfxz((gd,

with

and
@ (§)

@)

For £ > n > 0, we have

2 E& mME+n+2y) —v(—n)|.

wgi; < exp %(E —n),

hence for x >n >0

1/( )1
exp —(r—n) —
p,z .

Also
2v
w(r) < exp — .
o
We use these inequalities in (16.3.15) and note that y(0) = 1 and Z(n) < 0. After
rearrangements we obtain the inequality

(16.3.16) 2(z) > 3(0) + ik y(0) = 28

U T 2u at+k [*._
rexp g (y(O) */0 Z(n) expagndn) -, /O Z(n)dn.

We then introduce the function u(z) solution of

a+k a+k
y(0) —

U v U a+k [*
exp @ (y(O) —/O u(n) exp—azndn> - /O u(n)dn.

One checks easily that u(x) satisfies

—%u” (x) + v/ (z) + (o + k)u(z) = 0,

(16.3.17) wu(z) = 2(0) +

and we also have
- 2
u(0) = 20), w/(0) = ~ (o + K)y(0).
Considering the roots of
2
—%52+Vﬁ+(a+k) —0,

denoted by i < 0, B > 0, we can express the function u(z) by the formula

Z(0 " N

" © (=B exp Brx + By exp i)
5/€ - 5k

_ 2 (e +k)y(0)
o Bi— B
Let us check that Z(z) > u(z). Indeed, if we set w(z) = Z(z) — u(x), then we have

the inequity
a+k [7 v
wlo) = [ (0 2w o) - 1) winyan,
12 0 g

(16.3.18) u(z) =

(exp By — exp BrT).
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hence

wle) 2 =258 [ (e Zoto =)~ 1) i

_ 2v a+k (¢ 2
w(x)” exp——z < / exp——nw™ (n)dn.
o v Jo o

From Gronwall’s inequity, we then assert that

2
w(zx)” exp——Zx =0,
o

which implies the result. Recalling that

. k~? k~?
5(0) = —y/(0) exp —— = @/(0) exp — -

* 2 * 2v
y(0) = (0) =1 Bifs=——5(a+k): Bi+Be="3
and rearranging we can write

k 2
B — @ (0)exp——-

B — Br

k
z(z) exp —ﬁ(w +7)* > Brexp —Brx

k 2
—Br + @'(0) exp —%
o

By — Br

Finally recalling that z(z) = ®'(—x),z > 0, we deduce easily the estimate (16.3.9).
We have ®(z) > 0, ®'(z) < 0. Let s check that

(16.3.19) ' (z) — —o0, asx — —o0.

+5} exp —fBrx

Indeed, from (16.3.14) Z(z) is strictly decreasing. So

2 2
z(x) = Z(z)exp o [k(l";ﬂ - 1/33]
2 2
< Z(0)exp — [k(a:—;’y) - yx] — —00,as8 & — +00
o

hence (16.3.19). Consider ¥(z) = ®'(z). It is a solution of (16.3.12) and ¥(z) <
0,Vx < 0. Moreover

U(z) » —o0,a8 * = —00
We also know that ¥’'(0) = ®”(0) > 0. Necessarily

V' (z) = 9" (x) > 0,Ve <0

Otherwise there will be a point xg in which ¥/(zy) = 0. We can take the largest
negative such point. It is a local minimum for ¥(z). But from equation (16.3.12)
U () cannot have a negative local minimum for 2 < 0. This completes the proof. [

We call ®(x) a Green function for the problem (16.3.3), by analogy with the
solution of linear P.D.E. Note that when k& = 0,

®(z) = exp fz,

where f is the negative root of

o2
—7ﬂ2+uﬁ+a:0.
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16.3.3. SOLUTION OF (16.3.3). Thanks to the Green function we can give
an explicit formula for the solution of (16.3.3). Let us set

(16.3.20) Iz) = w(—=x)
2 [, (z—1)°
= exp—ﬁ [k2 +rvax|.
We begin by considering the function
(16.3.21) x(z) = 9(x)®(x), = € R,
which satisfies the differential equation
2
(16.3.22) — 5 X (@) = (ke =) + )X (@) + ax(x) = 0

k
X(0) = exp——57%, x(+00) =0
Lemma 16.1. There exists one and only one solution of (16.3.22). Moreover
(16.3.23) X' () <0, x(z)— 400, asz — —oo.

PROOF. The function defined by (16.3.22) is a solution, by direct checking.
The uniqueness follows from the theory of linear differential equations, as for ®(x).
We only have to prove that x'(x) < 0. We necessarily have x'(0) < 0, otherwise x ()
would increase for z > 0 close to 0. But then, since it tends to 0 as x — +o00 x(z)
would have a positive maximum on (0, +00) which is impossible. We then have

X(2) = @) () = =5 (k=) + ).

Since ®'(z) < 0, we have x'(z) < 0 for > ~. If x/(x) vanishes at some point z*
in (0,7) then the first such point must be a local minimum. But then x(z) would
increase after x*, close to x*. But then there will be a positive local maximum,
which is not possible. Hence x'(z) < 0, for x > 0. When z < 0, again x'(z)
cannot vanish and change sign otherwise x(z) will have a positive local maximum.
It cannot have an inflection point, since the second derivative would be 0, which is
not possible from the second order equation (16.3.22). The fact that x(z) — +oo
as x — —oo follows immediately from the fact that x'(x) < 0 and x”(x) > 0 for
sufficiently negative. O

Then we state the
Theorem 16.2. The solution of (16.3.3) is unique and given by the formula

x T —+oo
(16.3.24) Hy(z) = %/ 28 </§ g'(n)ié?idn) g, x> s.

PROOF. The first thing to prove is that the function defined by (16.3.24), called
Hg(x) for simplicity is bounded. Since ¢’(z) is bounded, it is sufficient to prove
that the function

-3 [ 35 ([ g o=

is bounded. From the properties of the functions ®(z) and x(z) we can check easily
that it is sufficient to show that Zy(z) is bounded. But we are going to show that

(16.3.25) Zo(z) = 1;7?(;).
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Indeed, let us define by Zy(z) by (16.3.25). It is a bounded solution of

2
(16.3.26) —%Zo" Fwtkl@—))Z+ (a+k)Zo=1, >0
Zp(0) =0
Define next
Z, 1 1 1
Az) = 2@ _ _
d(x) a+k a+k®()
then, by direct computation we have

'(z) 2 2

B(z) ;(V +k(z—7))| = T 20()’

A (z) + A'(z) |2

hence also

(A @F(@)0(a)) = — 5 B()i().

dz
But also from the definition of A(x)
1
Al(2)®%(2)9(x) = o k@’(z)ﬁ(x).

Since on = > 0, ®'(z) is bounded, the right hand side goes to 0 as © — +oc.
Therefore, necessarily

+oo
O Y

Now, since A(0) = 0, we get

A(x)fz/omq)zg)(/:w%dn)da

and therefore, Zy(x) is also given by formula

Zo(@(i/j%(/;miggdﬁ)d& £ >0,

which proves that the right sense is also bounded. Next the function defined by
(16.3.24) is solution of (16.3.3).

Let us prove the uniqueness of a bounded solution. It is, of course, sufficient
to prove that a bounded solution of

AHs(z) + (a+ k)Hs(x) =0, z>s
H:(s)=0

is 0. Suppose that H(x) becomes strictly positive. It cannot have a positive local
maximum. Otherwise, if z* is the smallest local maximum strictly greater than s
then
Hl(z*)=0, H(z*) <0,

and we get a contradiction. Therefore H.(z) > 0. Since H(x) is bounded, we must
have H.(z) — 0, as x — +o0. Consider a point zy such that v + k(zg — ) > 0.
There exists a point z* such that H;”(z*) < 0. At this point, there is again a
contradiction. Therefore Hg(x) < 0. By a similar reasoning we see easily that H(x)
cannot become strictly negative. Hence it is 0. The proof has been completed. [
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16.3.4. FUNCTION G,(z). Define first

2 [T o x(m)
(16.3.27) Qz) = ;/m g (n)mdn.
So the function Hg(z) solution of (16.3.3) (s is a fixed parameter) can be written
as follows
O(z)

16.3.28 H.(z) = /
( ) (z) 30
From the function H,(x) we define the function Gs(z) by the formula

_JGa(s) + [ Ho(§)de, x> s
GS(x)_{Gs(S), Igsv

Q(&)de.

(16.3.29)

with the choice

ol5) + 5Q(s) + v — k)

(0%

(16.3.30) Gy(s) =

We then have the
Lemma 16.2. The function Gs(x) is C! and satisfies
AGq(2) + aGs(z) = g(x) +c(v —ky), x > s

PROOF. The fact that it is C! is a consequence of H,(s) = 0. Next the equation
of Hy(x) (16.3.3) can be written as follows

2

T H ) [+ b~ ()] + ol (@) = ¢'(2),

Integrating between s and = and rearranging we get for = > s

2 2
TG @)+ THUS) + v+ bz~ )EL () +aG(a) — aGa(s) = a(z) — gls),
and from the definition of G4(s) the result follows, noting that H.(s) = Q(s). O
Lemma 16.3. The function Gs(x) attains its infimum for x > s.

PRrROOF. From the definition of Q(z) (16.3.27) and the value of ¢’'(z) we get
that Q(z) > 0 for x > 0. For z < 0 we have the formula

0 oo
QNG = (ot elat 1) [ x(adn+ ot eta 1) [ xtnn
which is clearly an increasing function. We recall, see Lemma 16.1, that x(z) — +o0
as x — —oo. Therefore
Q(z)x(z) = —o0, as x — —00
It follows that there exists a unique point zy < 0 such that
Q(zo) =0, Qz) >0,Vz >z, Qz)<0,Vr<zm<0

For s > 2o, Hs(x) > 0, hence G4(z) increases. Therefore its minimum is at s.
Assume next s < xg < 0.
We consider z > 0. Then we can write

AHg(z) + (o + k)Hg(x) = h+ cla + k),
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therefore we can also write

h+c(a+k) h+cla+k)
H = = - > 0.
o) = LD g0y (0 - PEAE) vz
This implies
h k
Hs<$>%w,35$%+m
a+k

and thus
Gs(z) = 400, as x — +00
Since H.(s) = Q(s) < 0, Hy(x) remains strictly negative for = close to s, larger
than s. Therefore Gs(z) decreases for = close to s, larger than s.
Since it goes to 400 as © — 400, it attains its minimum for x > s, at points

# 5. |

We can define S(s) to be the smallest minimum of G(z) for £ > s. From the
proof of Lemma 16.3. we see that

(16.3.31) S(s) =s,¥s>mg, S(8)>xo,Vs < xg

16.3.5. OBTAINING s. The point s is the solution of (16.3.4) which means
also
S(s)
(16.3.32) 0=K+ H,(n)dn.

S

We have the
Proposition 16.1. There exists a unique s < xqo solution of (16.3.32).

PrOOF. We study the function
S(s)
V(s) = H(n)dn.

Clearly
v(s) =0, Vs> .
For s < xg, we have, noting that H,(s) = Hs(S(s)) =0,

, S(s) )
6= [ g

and from formula (16.3.28) we get

s S(s)
(16.3.33) v'(s) = _g((s; / & (z)dz,

and since Q(s) < 0, we see immediately that 7/(s) > 0. The important step is to
show that

(16.3.34) liminf 5/ (s) > Zw.

This will be done in the next Lemma. If (16.3.34) holds, then
(16.3.35) v(8) = —o0, ass— —oo.

Since then, (s) increases from —oo to 0, as s increases from —oo to 0. Therefore
there exists a unique s < x such that y(s) = —K. This concludes the proof. O
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The function G(z) defined by (16.3.29) and (16.3.30) satisfies (16.3.1), (16.3.2).
It remains to show the

Lemma 16.4. The property (16.3.34) is satisfied.

ProOF. We first notice that

V622 [ oman

Also

, CQes) [°  Joy @)y
(16.3.36) ' (s) > @(s)/s ®(n)dn (1 fso(b(n)dn).
Since

0
/ ®(n)dn — 400,88 s = —00
S
the second term in the parenthesis goes to 0 as s — —oo. So we focus on the function

Q) [
o [ endn a <o

Z(z) =—
We next note that

2 * x(m) 2 o x(m)
Q) = S(pteta+h) [ Xhan+ Sorcari) [ X
and since x(z) — 400, as © — —oo, the second term goes to 0 as z — —oo.
Consider next the equation (16.3.22) for x(z) for < 0. We integrate between x
and 0 and divide by x(x). We easily obtain
2

/0 s, ot @) X OO k)
e @ T 20+ k) 2) (a+kx@
and the second term goes to 0 as x — —o0.
Similarly, considering the equation for ®(x) for = < 0, see (17.2.1), we integrate

between x and 0 and obtain

2
g !/
/0 d(n) nz_f@’(x) v+ k(z—7) ?Q) (0) = 2(0)(v — kv)
: @(x) 2a0 ®(x) a ad(z) ’
and the third term goes to 0 as x — —o0.
We are going to prove the two following properties

o' (x)
(16.3.37) " ) — 400,88 T — —00
o2 ®'(z) _ 1
A - > = 7
(16.3.38) v+ k(zx—7) 3 T) = 2B(ac), Vo < T,

for some Z < 0 and

v+ k(e =) + /0 + Kz — 7)) + 2a0?
. |

B(z) =
Clearly

(16.3.39) — B(z)(v + k(z — 7)) — % as & — —oo.
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Suppose we have obtained properties (16.3.37), (16.3.38). In considering the behav-
ior of Z(z) as  — —oo, we look for the dominating term. From the considerations
above, we can write

2

2 p—clatn) [ o) 5 X OO k)
70=g [a?aw EXEN @
X OO =TT o2 w(a) )
@) 2 () +rv+k(x—7)
+%<I>/<o> ~ (0)(v — k)
O(x)

In the first bracket, from (16.3.37) it is clear that the dominating term is

sl (1)

In the second bracket the dominating term is not immediate. However

T~ (v —ky) T = (v k)

@ xw W
Recall that ,
PHx) = exp —% {k(x;v) + 1/33] ,
then
5 (0) = (v = k) _ B@) S ¥O) = =) _y(@)w + k(z — 7))
®(z) x(z) —B(2)(v + k(z — 7))

It follows from (16.3.39), the properties of x(z) and the value of ¥(x) that the

function in the brackets tends to 0 as # — —oo. From (16.3.38) it follows easily
that the dominant term is

)

2 ®(x)

+ v+ k(z —7),

therefore, collecting results we can assert that the dominant term in Z(z) is

=« _p—clatk) o(z) _0’72@’@) y .
2@) == arm @(x))< > o) UM ”)'
Define )
u(z) = —022((;)) +rv+k(x—7),
then
(16.3.40) Za) = 2P=OER) k(e — ).
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We now prove (16.3.37), (16.3.38), by studying u more precisely. First, from the

relation

0.2

+oo
?Q’(O) —(w—=ky)+ a[) O(z)dx =0,

we deduce (recalling that ®(0) = 1)

u(0) > 0.
Moreover, one easily checks that u(z) is the solution of the differential equation
202 2u
(16.3.41) u = - ﬁ(u +k(z—7)—«a, u(0)>0.

We first check that u(z) > 0 for x < 0. Indeed, we can write for x < 0

2 52 0
—%@’(O) + ?(I)/(.%) +v—ky—(v+k(z—7)0(z)+ a/m ®(n)dn = 0,

hence
2

_%qﬂ(m + (v — k)

—u(z) + a/ ®(n)dn =0,

O(z)
which implies u(x) > 0, for < 0. Next we can write (16.3.41) as
2
(16.3.42) u = ;(u(m) — B(x))(u(z) + C(x)),
with
C(z) = B(z) = (v + k(z = 7))-
Note that )
B(z)C(z) = %
Consider now (@)
u(x
v(z) = Blx) > 0,

it satisfies the differential equation

2 ao? k
16.3.43) v = S(v—1 <Bv+>v , x<0.
( ) 0.2( ) 2B \/(l/ + k(l’ _ 7))2 + 20[0’2
We deduce
1d +32 ’ +
—5%((1—71) )7 =V (1-v)" <0,

therefore the function ((1—v)")? increases on (—oo0, 0). It follows that if there exists
Z < 0 such that (1 —v)™(Z) = 0, then necessarily

(1-v)t(z)=0,Yz <z
Hence if v(Z) > 1, necessarily v(z) > 1,Vz < Z. Suppose now that v(z) < 1,Vz < 0,
then from the equation (16.3.43) it follows that v’(z) < 0. Therefore v(x) increases
as x — —oo. It necessarily converges to v* < 1. If v* < 1, we see from the equation
that v'(x) — —o0, as * — —oo. This is a contradiction. Summarizing we have the
situation: either
v(z) > 1, Ve <z
or
v(z) 11, as x| —o0
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Since u(z) = v(z)B(x) we have either
u(x) > B(z),Vr < &
or
u(z) — B(z) = (v(z) = 1)B(z) = 0, as ¢ — —o0
So in both cases we can assert the property (16.3.38). Next, either

Uzcg((;f)) > —(v+k(r=7)+Bx), Ve<z
_022’((;:)) = B(z) + u(z) — B(z) — (v + k(z — 7)) = 00,as @ — —00.

In both cases we obtain property (16.3.37). So Z(z) given by (16.3.40) is the
dominant term in the expression of Z(z). Now we can write

Z(zx) = ;WBU(BU —(Ww+k(z—7)v)
2 p—cla+tk) 5 ao?
=5 alath) <B (x)v(z)(v(z) — 1)+ ’U(:E)2> .

Now, since
liminfo(z) > 1,

T—r—00

we can assert that

lim inf Z(z) = 2= 9K
Tr—>—00 « + k
hence also
lim inf Z(z) = 2= @k
T——00 o+ k
which proves (16.3.34), and concludes the proof. |

16.4. SOLUTION OF THE Q.V.I

It remains to show that the function G4(x) defined by (16.3.1), (16.3.2) is
solution of the Q.V.I. (16.2.5). We can state the

Theorem 16.3. The function Gs(z) defined by (16.3.1), (16.3.2) is solution of the
Q.V.I. (16.2.5).

PROOF. We first check the complementarity slackness condition (third condi-
tion (16.2.5)). For z < s, we have

Gs(x) = Gs(s)
K+ G4(S(s))
K + inf G, (n).

But
inf G4(n) = inf G4(n) Vo <s.

n>s n>x
Indeed, for x < 1 < s, one has

Gs(n) = Gs(s) > inf Gs(n).

n>s
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Therefore, we can assert that
Gs(x) =K+ iI>1f Gs(n) Vz<s.
n>x

Clearly, the complementarity slackness condition is satisfied. It remains to show
that

(16.4.1) AG(z) + aGs(x) < g(z)+clv —ky), z<s
(16.4.2) Gs(z) <K+ iI>1f Gs(n) Yz >s.
n>x

But (16.4.1) means
GS(S) Sg(m)+c(yfk7)v l‘<5,
and from formula (16.3.30) we need to prove

o)+ 206 < gle), <

which is true since Q(s) < 0 and x < s <0.
The proof of (16.4.2) is identical to that of (15.3.20), Theorem 15.2, Chapter
15. This concludes the proof. O



CHAPTER 17

TWO BAND IMPULSE CONTROL PROBLEMS

17.1. INTRODUCTION

In the inventory control problems considered in the previous chapters, the im-
pulse control was a replenishment type ordering control. The inventory depleted
by the demand had to be replenished from time to time (the impulse times). There
are situations in which one may want to reduce the inventory. This will be the
case when there is an additional source of supply (the mean reverting rule is one
example). It may then not be optimal to accumulate inventory. A typical example
is the cash management problem introduced by Constantinides and Richard [17].
For another application see Cadenillas and Zapatero [15]. This chapter is based on
Bensoussan, Liu and Yuan [10].

17.2. THE PROBLEM

17.2.1. THE MODEL. We consider a probability space 2, A, P on which is
defined a Wiener process w(t). Let F* = o(w(s),s < t)
An impulse control is a sequence

9n7vn7

where 6, is a stopping time with respect to the filtration F* and v,, is a random
variable % measurable. Denoting by V an impulse control, the corresponding
inventory is described by the formula

(17.2.1) Yy (LB V) =+ put +ow(t) + M(t; V),
with
M(t)=MEV)= > v,
{nl0n <t}
In this model the drift term pt combines a mean demand and a fixed resupply
policy. The number p is any real number.
Let
f(z) = hat +px~.
We define the cost functional by

(17.2.2) J.(V)=E ZC(vn)expa0n+/ooo Flya(t; V) exp —atdt |

n=0
where
(17.2.3) Cw) =K Tyso+ K Tyco+cvt +c7v7,
in which v™ = max(v,0), v~ = —min(v,0) and KT, K, ¢, ¢~ are positive con-

stants. Note that the upper symbols 4, — have different meanings.

341
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Conversely to the previous models, the impulses can be positive or negative,
and they are subject to different fixed and variable costs.
The value function is defined by

u(z) = inf J4(V).

17.2.2. Q.V.I. We write the Q.V.I arising from Dynamic Programming. We
consider the operator

(17.2.4) Au(z) = —%O’QUH (z) — pu ().
The Q.V.L is given by
Au(z) + au(z) < f(z);
(17.2.5) u(z) < M(u)();
(Au(z) + au(z) — f(2))(u(z) — M(u)(z)) =0,
with

M(u)(z) = inf [C(v) + u(z + v)].

V0
We look for a function which is C! with linear growth. Standard arguments show
that the solution of the Q.V.I is the value function.

17.2.3. TRANSFORMATION. Define
Mt u(z) = 11)2%([('*’][1»0 +ctv+ulx +0));
M~ u(z) = gE%(KfLKO —c v+ u(z+v)),
then B
Mu(z) = min(M Tu(x), M~ u(x)),
and the Q.V.I. can be written as follows
Au(z) + au(x) < f(z);

(17.2.6) u(z) < Mtu(
u(z) < M~ u(
(Au(z) + au(z) — f(x))(u(z) = MFu(z))(u(z) — M~ u(z)) = 0.

Introduce the functions

z);
x);

(17.2.7) G (z) = u(x) + a3
(17.2.8) G (2) = ulz) — ¢ x;
(17.2.9) g+ (z) = f(x) + actx;
(17.2.10) g () = f(z) — ac™z,

then we can write the Q.V.I. in two parts
AGY +aGT < gt(z)—ctu
Gt (z) < Kt +inf,~, G (n)
(AGT +aGt — gt (2) + c¢Tp)(GT(z) — KT —inf,», GT(n)) =0
if G7(z) < K~ +inf,., G~ (n)

(17.2.11)
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AGT +aG™ <g (z)+c u
G™(z) < K~ +infyee G~ ()

(17.2.12) (AG= +aG~ —g~(z) — ¢ p) (G~ (x) — K~ —inf,ep G~ (0)) =0
if G+(.I) <Kt + inf'r]<.’1: G+(77)
(17.2.13) GH(2) =G (2)=(c"+c)x

17.3. a,A,b, B POLICY

17.3.1. FUNCTIONS G, (z) AND G,,(z). Generalizing the idea of s, S
policy, we introduce the concept of a, A,b, B policy. Let first a < b be two real
numbers we define the functions G, (z) and G, (z) by the following Q.V.I (note
they are uncoupled)

AGT, + oGl = g7 () — ¢y, Ya <z <b
(17.3.1) GH(z) = Kt +infocpep G (1), vz <a
Goy(b) = K~ + (" + )b+ infacyan(G () — (¢ +¢7)n)
AG,, + oG, =g (x)+ ¢ p, Va<x<b
(17.3.2) G (x) = K~ +infocnas G, (0), Ve >b

G(a) =Kt — (¢t + ¢ )a+inf,cper (G, (n) + (¢ 4+ ¢ )n)

The first problem is defined on the domain (—o0,b] and the second problem is
defined on the domain [a,+00). Considering the conditions on the common do-
main [a, b] we obtain two-point boundary-value problems, with non-local Dirichlet
conditions. On this domain, one has the relation

(17.3.3) Gh(2) — G(z) = (cT + ¢ ).

From the second relation (17.3.1) we get an extension of G, (z) below a and from
the second equation (17.3.2) we get an extension of G, (x) beyond b. Using (17.3.3)
we define G, (z) and G, () on the whole line, and the relation (17.3.3) holds true.
When a < b are arbitrary numbers, we can only assert that G, (z) and G, (z) are
continuous. To get C* functions on the whole line, we need to impose the conditions

(17.3.4) (GH) (@) =0, (G,,)(b) =0,
which can be considered as equations defining a and b.

17.3.2. FUNCTIONS H}, () AND H_,(z). The next step is to consider
the functions

(17.3.5) HJy(x) = (G,)'(2), Hy() = (Gg,) ().

These functions are solutions of two-point boundary value problems

(17.3.6) AHY +aH), = f'+act, a<x<b, Hf(a)=0, H,(b)=c" +c”
(17.3.7) AH,+aH,, = f'—ac™, a<xz <b, H,(a)=—(ct+c), H,(b) =0,
and of course

(17.3.8) HY(z)— H () =ct +c.

We extend H,(z) and H_,(x) beyond the interval (a, b) by constant values, so that
(17.3.8) holds on the whole line. The functions H,(z) and H,(x) are continuous
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on the whole line, for any pair a < b. The system of equations to define the pair
(a,b) becomes

(17.3.9) F(a,b) = K" 1nf / HY (€)d¢ =0
b

(17.3.10) G(a,b) = —K~ + sup / H_, (§)d¢ = 0.
a<z<bJzg

We shall in the sequel make the assumptions
(17.3.11) p—act >0, h—ac >0.

It is fairly easy to give analytic formulas for HY, (z) and H,(x). Let us consider
the 2nd order equation

1
508 — B+ a =0,
and the roots
B1=
then we have the formulas

N + o expBi(z —a) —expfa(x —a)
Hey() = 27 (a,b) exp (b — a) — exp Ba2(b — a)

o2(B — 62)/ (&) + ac)(exp Bi(z — §) — exp fa(x — §))dg,

k= /p* +2a0?

o2 > 07 ﬁZ =

BtV E 2002

= <0,

with
Z+(a7b) = C+ +c
2 b
oy L €+ o) exp a0 =€) — exp Balh — )i
- — 7 (a exp f1(z — b) — exp fa(x — b)
ab(x) =7 ( ,b) eXpﬁl(a — b) — expﬁz(a _ b)
2 b
—I—m/ (f'(&) — ac™)(exp B1(x — &) — exp Ba(x — £))dE,
with

_ B _ 2 b _
Z7(0.) =~ +e P g [ (F(©=0c)exp i (a—€)—exp Aa(a=))d.

17.3.3. FUNCTIONS A(a,b) AND B(a,b). We begin with
Lemma 17.1. We assume a < 0 < b. Under the first assumption (17.3.11) the
function Z*(a,b) is increasing in a. Moreover Z(0,b) > 0,Z%(—o00,b) = —oo0.
Similarly, under the second assumption (17.3.11), the function Z~ (a,b) is increas-
ing i b. Moreover Z~(a,0) < 0 and Z~ (a,+00) = +00.

Proor. We have
h—ac™

= L 510+ BB exp b = paexp )
—(p— act)(Brexp B2(b— a) — Brexp fi(b — a))],

Z%(a,b) =
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hence

JF
aaZa - 02</512— 5y P~ ) (e fi(b—a) —exp fo(b — a)) > 0.

Clearly Z%(0,b) > 0. Also from which we deduce Z*(—o0,b) = —oo. Similarly

— act
Z~(a,b) = P aac + a(ﬁll— 52) [—(p+ h)(B1 exp Baa — B2 exp Bra) —
(17.3.12)  +(h—ac”)(Brexp fz(a — b) — faexp fi(a — b)),
hence
86Zb = _02(,312— ) (h — ac™)(exp B1(a — b) — exp Ba(a — b)) > 0,
and Z7(a,0) < 0, Z~ (a,+00) = +o0. O

Proposition 17.1. We assume (17.3.11) and a < 0 < b. There exist unique num-
bers A(a,b), B(a,b) such that

a < A(a,b) < B(a,b) <b,
such that
HY (z) > 0,Vz > A(a,b); Hf(z) <0,Ya <z < A(a,b); H}(A) =0
H,(z) >0,¥b> x> Ba,b); H,(x) <0,Vx < B(a,b); H,,(B)=0.
The cases A(a,b) = a or B(a,b) = b are possible, in which case H} (x) > 0,
or H(z) < 0,Vx <b.

ProOOF. From Lemma 17.1 it follows that there exist uniquely defined numbers
ao(b) < 0 and bg(a) > 0 such that

(17.3.13) Z%(a,b) < 0,Ya < ag(b); Z(a,b) > 0,Vap(h) <a <0
(17.3.14) Z" (a,b) > 0,Yb > bo(a); Z~ (a,b) < 0,Y0 < b < by(a).
Next we obtain from the formula of H}, ()
Z*(a,b —
(H3Y (0) = @O )

expf1(b—a) —expfa(b—a)’
therefore (H;)'(a) and Z*(a,b) have the same sign. We deduce that
ag(b) < a = (H,)'(a) >0,

we then state that H, (z) > 0,Va € (a,b]. Indeed there exists a small interval
(a,a+ €) in which H}, (z) > 0. This is clear when a > ao(b) since (H}) (a) > 0. It
is also true when a = ag(b), since (H},)'(a) = 0 and

1
—502(H;;)” (a) = —(p—ach) <0.

There cannot exist a point Z with a < Z < b such that H},(Z) = 0. Indeed, if such
a point exists, we can consider the smallest such point, hence one has

HY (z) > 0,Vz € (a, ).
Necessarily > 0. Otherwise since there is a positive maximum in (a,Z) there will
be a local positive maximum in (a,0) which is impossible, by maximum principle
considerations. Moreover (H},)'(Z) < 0. Since HJ,(b) > 0, the function H,(z)
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has a negative minimum in (0,b), which is also impossible by maximum principle
considerations. So we have proven that H},(z) > 0,Vxz € (a,b]. Defining

A(a,b) = a,Ya > ag(b),

the result is obtained for H}, (z). We can thus assume a < ag(h). We have then
(H},)(a) < 0. This implies that for a small interval (a,a + €), H} (z) < 0. Since
H (b) > 0, the function H}, (z) must vanish in (a,b). We can define A(a,b) as the
smallest point in (a, b) such that H, (4) = 0. In fact, we are going to prove that this
point is unique and H}, (z) > 0,Vz € (A,b]. We have (H},)'(A) > 0. Therefore for
a small interval (A, A+ €] we have H}, (z) > 0. Consider the minimum of H, (z) on
[A+ ¢, b]. Suppose this minimum is < 0, and let 2* be this minimum. Then z* <0,
by maximum principle considerations. But then A < 0 and there exists a local
maximum of H;;(x) in the open interval (A,0). This is impossible, by maximum
principle considerations. Therefore, for a < ag(b) there exists a unique A(a,b) with
a < A(a,b) < b and

HY (z) > 0,Vz > A(a,b); H}(z) <0,Ya <z < A(a,b); H}(A) =0.
Similarly, we can check
b<by(a) = H_(z) <0,z € [a,b).

In this case we set B(a,b) = b. Otherwise if b > bg(a) there exists a unique B(a,b)
with a < B(a,b) < b and

H_, (z) >0,Yb> x> B(a,b); H,;(z) <0,Yz < B(a,b); H,(B)=0.
In view of (17.3.8) we have clearly
A(a,b) < B(a,b).
The proof has been completed. O

17.3.4. FUNCTIONS a(b) AND b(a). We recall the definition of functions
F(a,b),G(a,b), see (17.3.9), (17.3.10). We are going to prove the

Proposition 17.2. We assume (17.3.11) and a < 0 < b. There exists a unique
a(b) < ag(b) such that

(17.3.15) F(a(b),b) =0,
and a unique b(a) > bo(a) such that
(17.3.16) G(a,b(a)) = 0.

To prove the Proposition, we shall rely on intermediary properties, interesting in
themselves

Lemma 17.2. For a < x <b, we have the properties

(17.3.17)
OH,, () OH,,(x) OH 3y (x)
82 > 0,Va < ag(b); TZ < 0,VYa > ag(b); TZ'“:“‘)(Z’) =0
(17.3.18)
0H_,(x) 0H_,(x) O0H_,(x)
TZ > 0,Vb > by(a); TZ < 0,Vb < bo(a); 8’;) lb=bo(a) = 0.
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PRroOF. From the formula of H;Z (z) we get after easy, although tedious calcu-
lations

exp B1(x — b) — exp Ba(x — b)
(exp Bi(a — b) — exp Ba(a — b))?
-exp(f1 + B2)(a —b),

(17.3.19) —e Z*(a,b)

+ T
e (6 - )

and similarly

w eXpﬁl(x_a) _eXpﬁz(x—a) B
&b (exp Bl(b - a) — exp ﬁz(b _ a))Q (Bl ﬂ?)
-exp(B1 + B2) (b — a).

(17.3.20) = Z (a,b)

Therefore, from (17.3.13) and (17.3.14) we can assert that

(17.3.21)
OHY(®) oY) OH, (@)
TZ >0, if a < ag(b); TZ <0, ifa > ag(b); TZLIZGU(Z,)
OHL @) OHL (@) OHg (@)
(17.3.22) TZ >0, if b > by(a); TZ <0, if b < bo(a); TZ"’:*’U(‘”

PROOF OF PROPOSITION 17.2:

Consider next F(a,b) and G(a,b) defined by (17.3.9) and (17.3.10). We first
note that
(17.3.23) F(a,b) = K" ifa > ao(b); G(a,b) = —K~,if b < by(a).

Next, for a < ag(b)

F A(a,b) —+
OF(a,b) :/ OH ) (x) iz >0,
Oa a da
from (17.3.21). Similarly, for b > bg(a) one has
dG(a,b) /” OH , (x)

Hence F(a,b) is strictly increasing in a on (—o0, ag(b)) and constant on [ag(b), 0].
Similarly G(a, b) is constant on [0, bp(a)] and strictly increasing in b on (bg(a), +00).
We proceed by showing that

(17.3.24) F(—00,b) = —00, G(a,+00) = +o0.

The monotonicity properties and (17.3.23), (17.3.24) imply immediately the exis-
tence and uniqueness of a(b) and b(a) such that (17.3.15) and (17.3.16) hold. There
remains to prove (17.3.24). We shall prove only the first part. The second part is
similar. It is useful to give explicit formulas for HY, (z) and H,(x). One gets
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for x > 0,

_)eXP51(3«“ —a) —exp fa(r —a)
exp B1(b—a) — exp B2(b — a)
7h+ozc+ exp By (z —a) —exp Pa(z —a) —exp B1(b— a) + exp fa(b — a)

HY(z)=(c"+¢

e exp B1(b —a) — exp fa(b — a)
~ pth (exp(Bax + Bid) — exp(Bix + B2b))(B1 exp —Bra — B2 exp —Paa)
a(Br — fB2) exp f1(b —a) — exp fa2(b — a)
p—act exp(Bax + 1) — exp(B1x + P2b)
+ exp — (1 + B2)a exp B1(b — a) — exp f2(b — a)
and for x < 0,
H () = exp f1(x — a) — exp fa(z — a) {_h —ac”
ab -

exp f1(b — a) —exp B2(b — a)
p+h BrexpBab— P eXpﬁlb} L P act
a B1— B2 a
.expﬂl(b —a)(expfa(x —a) — 1) —exp P2(b — a)(exp f1(z — a) — 1)

exp B1(b —a) — exp f2(b — a)

(0}

+

Similarly we state:
For x > 0,

() = ERAE D e Brla Dy o
exp f1(a —b) — exp f2(a — b) «
_pth B1expﬂza—ﬂzexp61a} y h-ac
o Br — B2 o
.eXPﬁ2(a —b)(expfi(z —b) — 1) —exp fi(a — b)(exp Bz(x — b) — 1)
exp fB1(a — b) — exp fa(a — b) ’

+

Hey

and for x < 0,
o _.expfi(z —b) —expfa(z —b)  p+ac
Hab(x)——(c++c )expﬁl(a—b)—expﬁg(a—b) o
_expﬂl(:n —b) —exp fa(xz —b) — exp f1(a — b) + exp Ba2(a — b) p+h
exp f1(a — b) — exp fa(a — b) a(B1 — p2)

(exp(Box + B1a) — exp(Bix 4 [2a))(B1 exp —f1b — 2 exp —FB2b)
exp B1(a —b) — exp fa(a — b)
h —ac™ exp(fBex + B1a) — exp(Biz + Baa)
exp—(f1 + F2)b exp B1(b — a) — exp B2(b — a)

We thus deduce immediately:

For x <0,
h —ac™ — act
HI (@) = - o exp B1(z —b) — b
h+p
v P b - )
+a(51 — 62) eXp/Bl(l‘ )(51 eXp52 62 expﬁl ),
hence X
Hi—oob(‘r) - _pmac as T — —oo0,
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and H'_,(b) = ¢t + ¢~. Therefore the point A(—oc0,b) is well defined and finite.
It follows that

A(—o0,b)
[ HE,(€)dE = —o0,

hence the first part of (17.3.24) is obtained. The second part is proven in a similar
manner. The proof of the proposition has been completed. |

17.3.5. OBTAINING a AND b. We look for points a < 0 and b > 0 such
that (17.3.9), (17.3.10) hold. We begin by giving full expressions for F'(a,b), G(a,b).

We know, of course, (17.3.23). So we consider a < ap(b) and b > by(a). We
have

A
F(a,b) :K+—|—/ HY (z)dz.

From equation (17.3.6) we obtain

0_2 A A
G W)~ () @) +a [ @ = [ (@) +ac)da.
Using 3102 = —i—g we have also
/A H, (2)do = 1/A(f’( )+ act)dr — —— ((H4)(4) - (HA)'(a))
. abx l‘—a . X Qc ui 5152 ab ab a)).

Next, from the formula of H, () we can assert

(H(j},)/(x) _ Z+(a,b)51 exp Si(z —a) — Baexp Ba(z — a)

(17.3.25) AL
2 z ,
G | O+ Bem o)
—Ba exp fao(x — §))dE
hence

(B1(exp B1(A —a)—1)—Ba(exp fa(A—a)—1))
exp B1(b — a) — exp f2(b — a)

A
/ (F'(€) + act) (By exp fu(A — £) — By exp Fa(A — €))dE.

(Hg,)'(A)=(Hy,) (a) = Z"(a,b)
I

o?(B1 — B2)

On the other hand, since H; (4) = 0, we can also write

exp B1(A —a) —exp B2(A —a)
exp B1(b —a) — exp B2(b — a)

2 4
- M/a (F'(€) + ac™)(exp B1(A — €) — exp Ba(A — €))dE.

Combining, we get

Z*(a,b)

A
(HL) ()~ (L)@ = 2 [ (7o) +ach)
exp 1 (A — x)(exp fo(A —a) — 1) — exp fo(A — z)(exp B1(A —a) — 1)

exp f1(A — a) — exp B2(A — a) dr.
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Therefore
A

A
Flah) =K+ 2 [ (@ +achie+ = [ (@) +ac?)
exp B1(A —x)(exp fa(A—a) — 1) —exp fo(A — z)(exp f1(A —a) — 1)
exp f1(A — a) — exp B2(A — a)
Computing the integrals, we finally get

dx.

F(a,b) = K + é((*p +act)(A—a)+ (h+p)AT)
41 T _6)(expﬂl(A—a)—1)(exp,82(A—a)—1) 1p+h
a Bifs 7P exp B1(A — a) — exp $2(A — a) a f152
B1(exp B1(A —a) — 1)(1 — exp f2AT) — Ba(exp B2(A —a) — 1)(1 —exp B1 AT)
exp f1(A — a) — exp f2(A — a)

We can, in a similar way give the formula for G(a, b)

1p—act

G(a,b)=—-K~ + é((h —ac” )(b-B)—(h+p)B7)

f1lh—ac” (B — B )(eXpﬂl(B —b)—1L)(expBa(B-b)—1) 1p+h
a Bifs NPT exp Bi(B — b) — exp fa(B — b) a B1fa
Bulexp B1(B—b)—1)(1—exp—B2B~) —Ba(exp Ba(B—b) —1)(1—exp—51 B™)

exp B1(B — b) —exp fa2(B — b)

We can state the

Proposition 17.3. We assume (17.3.11). There exists a solution a < 0 < b of the
system (17.3.9), (17.3.10).

PROOF. The functions A(a,b), B(a,b) and F(a,b), G(a, b) are continuous. More-
over we have (17.3.24). It follows that the functions a(b) and b(a) are continuous.
Indeed, if b, — b and a,, = a(b,,) then the sequence a,, must be bounded. Otherwise
there would exist a subsequence converging to —oo, but then, for this subsequence

F(an,by) = F(—00,b) = —00,

which is impossible, since F(a,,b,) = 0. It follows easily that the unique accumu-
lation point of the sequence ay,, by, is a(b),b. Therefore a(b,) — a(b), which proves
the continuity of the map b — a(b). A similar proof holds for the map a — b(a).
Now a solution of (17.3.9), (17.3.10) satisfies

u(a) = a(b(a)) —a=0.
The function u(a) is continuous and «(0) = a(b(0)) < 0. Let us check that
(17.3.26) u(—00) = +o0.

If this is true, then the function u(a) crosses the line 0 and there exists G such
that w(a) = 0. Then a and b = b(a) is a solution of (17.3.9), (17.3.10). To prove
(17.3.26) it is sufficient to check that b(—o0) is finite. However if b(—o0) = +oo
then G(—o00,+00) = 0. This is not possible from (17.3.24). The proof has been
completed. O

Remark 17.1. We do not claim the uniqueness of the point a, b although it is very
likely.
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17.4. SOLUTION OF THE Q.V.L

From the a, A, B, b policy, we are going to construct G*(zx), G~ (z) satisfying
(17.2.11), (17.2.12), (17.2.13). We define

(17.4.1)  GH(2) =Gl (a),Vo < a; Gi(z)=G] (a)+ /x HY (§)déVr > a

b
(1742 Gpyfa) = Go0). Yo = b Giyle) = Go) — [ Hal€)ds. Vo <b,

with
+() _ gty
(17.43) Gt () = 2 (a) —c u;r 7 (Hay)'(a).
“(b)+cp+ S (H,) (b
We first check that
(17.4.5) Glh(2) — Gy(z) = (" +c ).

Since

(Gh) (2) = (G () = HYy(x) — Hy () = ¢ + ¢,
it is sufficient to check that
(17.4.6) Gl (a) — Gla) = (¢t + ¢ )a.

Using

b
Gal) = Gyt~ [ H(©de

b
= Gu) - [ YO ()0 a)

and formulas (17.4.3), (17.4.4) we must check the relation

g (@) =+ T (H) ()
2 b
=g (b)+c pu+ %(H;))’(b) - a/ H(&)dE + alet +¢)b,
0.2 b
77((H;,)’(b)f(H{fb)’(a))+a/a H} (&)de— (¢t +e7)u= f(b)—fla)+act (b—a),

which follows immediately from (17.3.6) after integrating between a and b. The
functions G, () and G, (=) satisfy (17.3.1), (17.3.2), (17.3.3). We then define

Gt(z)=Gh(z), G () =G, ().
We note that
AGH(z)+aGt(z) =g (z) —ctp, Ya<axz<b
Gt (z) = G}, (a), Ve <a
GH(z) =G, (b)+ (c"+c )z, Vz>Db
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Therefore for = < a

AG (&) +aG* (x) = g*(a) — "+ T (HJy) ().

We use next (H},)(a) < 0 and
gt(x) = fl@)+actz=(—p+ach)z
> (-p+act)a=g"(a)
to conclude that
AGT(z) + oG (z) < gF(z) —ctp, Vz<a.
For x > b, we have

AGT () + aGT (2) = —p(ct + ¢ ) +alct + ¢ )z

+gm(0) + ¢+ T (HL) (1),

2
We then use (H,)'(b) < 0 and
g (b)=f0b)—acb=(h—ac”)b< (h—ac™)b
=g (@) =g"(@) —alc" +c)z,
to conclude also that
AGT(z) +aGT (z) < g™ (z) —ctp, Yz >b.
Next we note that, from the choice of a,b we have

Glya) = K+ inf Gly(n)

For z < a,
Gt (z) =G, =K" f Gt
(0) = Giyla) = K+ + inf GH()
=K"+ inf GT(n)=K"+ inf GT(n).
z<n<b x<n

For x > a, to prove the same inequality we have to check that
n
(17.4.7) 0< Kt + ir<1f / H7 (€)dE.
r<n T

This is obvious for z > A, since the integral is positive. So we may consider the
situation a < x < A. But then

n A
K++gr<1§7/z H}, (6)d¢ = K++/ HJ (&)dg

Y

K++/ £)de = 0.

Therefore (17.4.7) is obtained. Considering (17.2.11) we see that the two first
inequalities are satisfied. In a similar way, we check that the two first inequalities of
(17.2.12) are also satisfied. Finally, considering the three intervals, (—oo, a), (a,b),
(b+ 00) we see that the third relations in (17.4.7) and in (17.2.12) are also satisfied.
Therefore we have found a solution of the Q.V.I. (17.2.11), (17.2.12), (17.2.13) and
thus also of (17.2.6) through a a, A, B, b policy.
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17.5. COMPUTATIONAL ASPECTS

In this section we focus on computational aspects related to obtaining the four
numbers a, A, B, b.

17.5.1. SIGN OF A AND B. We know that A < B and a < 0, b > 0 but
we cannot guarantee the sign of A, B. It is interesting to further study this question.
It also leads to simplifications in the computation of the four numbers. Consider
finding a(b) for fixed b. We have to solve F(a(b),b) = 0. But looking at formula
(17.5.13) we see that F'(a.b) depends on b only through A(a,b). So for b fixed the
pair a(b),A(a(b),b) is obtained via a system

(17.5.1) F(a,b) =0, H,(4) =0.

In solving this system, we have different calculations depending on the sign of the
solution A that we look for. If we postulate A < 0, then the pair a, A becomes
the solution of the following system (recall that we omit to write b which is a fixed
positive parameter in this framework)

_ +
K= ~(p—ac)d-a) + LC0 (6 - )

.(expﬁl(A —a) —1)(expB2(A —a) — 1) -0
exp $1(A — a) — exp f2(4 — a)

h—ac — (p+h) Brexp Bab — Baexp b (p— act)
B1— B2
expfi(b—a)(expBa(A —a) —1) —expfa(b—a)(exp fi(A —a) — 1)
exp B1(A —a) — exp B2(A — a) '
Moreover this system is sequential. The first equation defines A —a and is indepen-
dent of b. The second equation defines a as a function of b and the value of A — a
obtained from the first one. If we define the function

+ B1 — B2 (exp iz — 1)(exp foz — 1)
B1B2 exp 1z — exp Sax
then the first condition is equivalent to

(17.5.2) Z(x) =—x

)

—Kta
17.5.3 Z(A—a)= .
(175.3) (A-a)= —2%
We have the
Lemma 17.3. There exists a unique number w > 0 such that
—K+ta
17.5.4 Z = .
( ) (=) p———"

ProOOF. We compute

B1— Ba Baexp Box(exp fra — 1)® — By exp frx(exp fox — 1)?
B182 (exp f1z — exp fax)?
[Ba(exp Sr1z — 1) — Bi(exp oz — 1)]
B1B2(exp frz — exp fax)?
[B1exp Brz(exp fex — 1) — Ba exp fox(exp frz — 1)]
B1B2(exp 1z — exp fax)?

Z'(x) = -1+
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We check easily that for x > 0
Ba(exp frz — 1) — Bi(exp foxr — 1) <0
B1exp Brx(exp fox — 1) — Baexp fox(exp froz — 1) <0
therefore Z'(x) < 0. Moreover Z(0) = 0 and Z(400) = —oo. This implies the
result. ]

From (17.5.3) we can assert that
(17.5.5) A(a(b),b) —a(b) =w if A(a(b),b) <O0.
Going back to the second condition we can write
B1exp B2b — Baexp f1b
B — B2 B
exp f1(b — a)(exp fow — 1) — exp B3(b — a) (exp frw — 1)
exp 1w — exp faw
which defines a as a function of b. Let us introduce the number
_ Bilexp Bow — 1) — Balexp frow — 1)
exp 1@ — exp fow

(17.5.6) h—ac” —(p+h) )

(p—ac

(17.5.7) o(w)

3

then we have

(B1 — B2)(exp frow — 1) B
exp f1w — exp fow P(@) + 2 =

and (17.5.6) becomes after rearranging

(B1 — B2)(exp faww — 1)

exp 1w — exp faw

o(w) + b1 =

(17.5.8)
Lo(b _alcm+e)(Ba— B1) + (p+ h)[Ba(exp f1b— 1) — Bi(exp Bob — 1)]
w - Cl) - ¥ )
p— ac
with

(175.9) L (@) = (exp frz — 1)(p() + B2) — (exp Bz — 1)(ip(w) + Bu), @ > 0.

We can also give another formulation of equation (17.5.8). Recalling the definition
of Z*(a,b) we check easily that (17.5.8) is equivalent to

Z*(a,b) _ p(@)(p—oach)
exp f1(b—a) —exp f2(b — a) a(Bs — P1)
Now, we check easily that ¢(0) = 0. From (17.3.13) we see also that ag(b) is the
unique solution of (17.5.10) when w = 0. More generally, we state the

(17.5.10)

Lemma 17.4. For any w > 0, there exists a unique a(b) solution of (17.5.10).

PROOF. It is of course equivalent to consider the equation (17.5.8). The func-
tion L () satisfies

L(x) = Pilp(@)+ B2)exp fix — Bo(p(w) + f1) exp Box;
L) = (81)*(p(@) + B2) exp fra — (B2)*(p(w) + 1) exp fox.
We note that
(17.5.11) () > 0, @)+ 2 <0,

hence L” (z) < 0. Therefore L’_(x) is decreasing and

L (0) = (81 — f2)p(w), L (+00) = —oc.
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ot

It follows that L’_(z) vanishes at a positive point Z and
L (z)>0YV0<z<z L_(r)<0,Vz>=z

Since L (0) = 0 and Lg(+00) = —oo the function L (z) has a maximum at
and has a unique 0 at a point z* > Z. For x > x* it is strictly negative, and for
0 < & < x* it is positive. We check easily that the right hand side of (17.5.8) is
negative and smaller than L (b). Therefore there exists one and only one ag(b)
solution of (17.5.8). O

Similarly, for a given, the pair b(a) and B(a,b(a)) is solution of
(17.5.12) G(a,b) =0, H,(B)=0,

and for B > 0, we get a simplification, similar to the case A < 0 above. From the
formula of G(a,b) we can write

R L R )
(17.5.13) (expBi(B—b) — D)(expBa(B-b) 1) _

exp f1(B —b) — exp B2(B — b)
which leads to b — B = w with © > 0, the solution of
K-
h—ac’

(17.5.14) Z(r) =

Also, from the formula of H_,(B) we obtain, using the definition of the function ¢,
see (17.5.7)

(17.5.15)
L oi(a—1b) = a(ct +c7)(Ba = B1) + (p+ h)[Bz(exp fra — 1) — Bi(exp foa — 1)]
o N h —ac™ '
We note that
(17.5.16) o(—m) <0, p(—m)+F > 0.

We see that L’ _(x) is positive for + < T < 0 and negative for x > Z. We have
L_-(0) =0and L_,(—o00) = —oo. Noting that that the right hand side of (17.5.15)
is negative and less than L_(a), equation (17.5.15) defines for any = > 0 in a unique
way a positive number b, (a). Collecting results, we can state the

Proposition 17.4. We assume (17.3.11). Then, for w solution of (17.5.4) one
has

(17.5.17) (b)) + w < 0= a(b) = ax(b), A(a(b),b) = ax(b) + w,
and for w solution of (17.5.14) one has
(17.5.18) br(a) —m > 0= b(a) =bs(a), B(a,b(a)) =b(a)— .

PROOF. Under the assumptions a4 (), aw(b) + @ and b, (a),br(a) — 7 are the
unique solutions of (17.5.1) and (17.5.12) respectively. O
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17.5.2. PROPERTIES OF a,(b) AND b,(a). We shall prove the

Proposition 17.5. We assume (17.3.11). Then da._ (0) = b,.(0) = 1. There exist
unique points by, > 0 and a) < 0 such that

a (b)) = b (az) = 0.

The function as(b) increases on (0,b%) and decreases on (b, +00). The function
br(a) decreases on (—o0,ak) and increases on (ak,0). Moreover
(17.5.19) aw(b) < ag(b),Vw >0, br(a) > bo(a),vr > 0.

PROOF. We can compute al_(b) from (17.5.8). We use also (17.5.8) to combine
terms. After rearrangements we obtain
(17.5.20)
o3y PP (rm0c") exp Balba () 50) (o) By exp fabis (hac)
T pact Brexp fi(b—ax (b)) (p(@) + B2) — B2 exp B2(b — ax (b)) (w(w) + B1)
Note also that
p+h B1B2(exp B1b — exp Ba2b)
p—act Biexp fi(b—axm (b)) (p(@)+B2) — B2 exp B2 (b—ax (b)) (p(@) +51)
from which we get a.,(0) = 1 and al_(b) < 0 for b sufficiently large.

Let us check that there is a unique point b such that a_(b) = 0. We call it b to
simplify notation. From (17.5.20) we get

_ b1 p+h—(h—ac”)exp—[ab
(@) + B p—act '
But combining with (17.5.8) which is rewritten as
(p — ach) exp B2(b — ax (b)) (p(@) + B1) — (p + h)B1 exp Pob
= (p— act)exp fi(b — aw(b))(¢(w) + B2) — (p + h) B2 exp b
+(h —ac™)(B2 = 1),

l-az, (b)=

(17.5.21) exp — o ()

we have also
_ P pth—(h—ac’)exp—pb
o(w@) + P2 p—act ’

We can then eliminate a,(b) and obtain an equation for the value of b. We have

(17.5.22) exp —f1az(b)

(p+h—(h—ac)exp—PF2b)(p+h—(h—ac”)exp —Blb)_%
_ B2
(17.5.23) _ ‘P(w;j A1 <w(w;2+ ﬁz) o (v — ac+)17%

Let us check that (17.5.23) defines a unique positive value of b. First, the right hand

5
side is a number between 0 and (p — ac“‘)l_ﬁ%. This follows from the property

B2

T z\ A
0<<1+><1+) <1,V0<x < —ps.
B B2
On the other hand the left hand side of (17.5.23) decreases in the argument b on

B2
[0,00) from (p+ ac™)' A to —oc. Since

s 8
(p+ ac‘)l_ﬁ% > (p+ ac_)l_ﬁ,
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the number b is uniquely defined. We call this number b%,. We show that this point
is a positive maximum. First we know that a/_(0) = 1. Since b, is the unique
point such that a!_(b) = 0, we necessarily have al,(b) > 0,V0 < b < b%, . Necessarily
a”(by) < 0. We cannot have a”(b%) = 0. Indeed the point will be an inflection
point and we would have a’_(b) for b > b’ , close to b. Since, we would have another
stationary point different from b . This is not possible, from the uniqueness of the
stationary point. This proves the properties of a (b). The property (17.5.19) follows
from the fact that Z*(ax(b),b) <0, see (17.5.10) and the increasing monotonicity
in a of the function. All the properties of a(b) have been proven. The properties
of b (a) are proven in a similar way. This concludes the proof. a

We deduce the
Corollary 17.1. If

(17.5.24) am (b)) + @ <0,
then a(b) = a5 (b),¥b > 0. Similarly, if
(17.5.25) be(al) — 7 >0,

then b(a) = br(a),Va < 0. If (17.5.24) is not satisfied, there exist two and only two
values bL and b2, such that

(17.5.26) bL < b <bE, an(bl)+w=am(b2)+w=0,
with b2, = +00, if am(+00) + @ > 0. Then
(17.5.27) a(b) = ax(b), Vb < bl and b > b2 .

1
kg

Similarly, if (17.5.25) is not satisfied, then there exist two and only two values a
and a% such that

(17.5.28) al <af <a?, bp(al)—m=0br(a?) -7 =0
with al = —00, if by(—00) — 7 < 0. Then
(17.5.29) bla) = by(a),Va < al and a > a?.

PrOOF. Clearly ax(b) +w < 0,¥b > 0 and br(a) — 7 > 0,Va < 0. The result
follows from Proposition 17.4. We next notice that

a(0) +w <0, b:(0)—7>0.
The rest of the discussion follows easily. O

The criteria (17.5.24) and (17.5.25) are easy to check, since they involve the
value of single numbers.

17.5.3. SEARCH PROCEDURE. We first note that a,(+00) and b, (—o0)

are finite. Indeed

_ pth P .
(17.5.30) exp—Praw (+00) = e o T B
(17.5.31) exp —f2br(—00) = pih &

h—ac p(—7)+ p1
It follows that the curves ay (b) and b, (a) cross since, setting

u(a) = az(br(a)) —a,
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it varies continuously between u(0) = a5 (bx(0)) < 0 and u(—o00) = 400 and thus
crosses the value 0. R
Consider a solution a,b of the system

Q>

=a(b); b="b(a),

and
If A<0, B> 0 then
and also

If A> 0, then B > 0. Therefore

B:I;—W, b

br (@).

Since @ # ax(b), then @ + @ > 0. We must also have ax(b%,) + @ > 0, so the
interval (b1 ,b2) is well defined (possibly b2, = +o0) and

bL < b < b2,

Since b = by (@) the sign of by (a*) — 7 is not specified. However if by(a’) — 7 < 0,
then the interval (al,a2) is well defined (possibly al = —o0o) and we have

a <alora>ad2.

The first case disappears if al + @ < 0 (in particular if al = —c0).
Similarly if B < 0, then A < 0. So we have

A=a+w, a=as(b).

Since b # by (a), then b — 7 < 0. We must also have b, (a*) — 7 < 0, so the interval
2

(al,a2) is well defined (possibly al = —co) and

al <a < ad?.
Since G = ag(b) the sign of a. (b%,)+w is not specified. However if ag (b%)+w > 0,
then the interval (bL,b2) is well defined (possibly b2 = +o00) and we have

lA)<bzlvor l;>bz2ﬂ.

The second case disappears if b2 > 7, in particular if b2 = +o0.

From the preceding discussion, we can define the following procedure for the
search of the pair a,b. We consider a crossing point of the curves a (b) and b, (a),
denoted by ag, bg.

(1) f ap +w <0 and by — 7 > 0, then a = ay, b= by

(2) If agy (b)) + @ < 0 and by(a’) — 7 > 0, then @ = ag, b = by

(3) If one condition in step 1 and 2 is not satisfied, then we consider two
possible scenarios:
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—Scenariol h_i
If as (b3;)+w > 0 and by (az)—7 = 0, then b = by (a),bL, < br(a) < b%,B =b—m
and w§a<0 0< A< bg(a)—m and

— +
K* 4 (e achA+ il - ac) + 2255 (51 - 5o

(expfi(A—a)—1)(expfa(d—a)—1) 1p+h
exp B1(A — @) — exp Bo(A — ) a Bif2

Bulexp fi(A—a) —1)(1—exp fA) — Ba(exp f2(A—a) —1) (1—exp 51 )
exp f1 (A — @) — exp B2(A — @)

~ ~ +
(c* + ¢ )exp Bu(A— ) —exp ol A — ) — T2

(exp Br(A — a) — exp fa(A — @) — exp Bi(br (@) — @) + exp Ba(br (@) — &)

p+h A ) ) )
TG = ) (B2 A T+ Bibr (@) — exp(Bi A+ F2bq(a))

(Brexp —fra — Paexp —fFaa) +

+

exp —(B1 + B2)a
(exp(BaA 4 B1br(d)) — exp(B1A + Baby(d))) = 0.

—Scenario 2 R .
If ac(by;) + @ < 0 and br(ay) — 7 < 0, then 4 = ax(b), al < agy(b) < a2,
A=da+w, 0<b<mag(b)+w<B<0and

-K™ + é((h —ac )b+ (p+ac”)B)

lh—ac_(ﬂ _B)(eXpﬁl(B*l;)*l)(eXpﬁz(B b—1) 1p+h
a pip2 b exp B1(B — b) — exp Bo(B — b) a PPz

Bi(expBi(B = b) = 1)(1 — exp B2B) — Ba(exp Ba(B — b) — 1)(1 — exp 51 B)
exp B1(B — b) — exp (B — b)

p+ ac™
a

= 0;

—(c" +¢7)(exp B1(B — b) — exp fo(B — b)) +

(exp B1(B — b) — exp B2(B — b) — exp f1(aw (b) — b) + exp Ba(aw(b) — b))
p+h

+C¥(5 5 ) (exp(ﬁgB + Blaw(b)) - eXp(ﬁlB + 52a‘w(b)))

(Brexp —f1b — Bz exp —fab) — exp —(B1 + Ba)b

(exp(B2B + Bra (b)) — exp(B1B + Brax(b))) = 0.
If ap(by) + w > 0 and br(aX) — m < 0, then one may have either scenario 1 or
scenario 2. If scenario 1 takes place then we have the additional restriction on
a@:a < al or a > a2. The first case disappears if al + @ < 0 (in particular if
1= —oo) if scenario 2 takes place, then we have the additional restriction on b :
<bL o rb> b2 . The second case disappears if b2, > , in particular if b2 = +oc.

—ac

SN
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APPENDIX A

A.1. PROOF OF LEMMAS
A.1.1. PROOF OF LEMMA 4.1.

PROOF. Let us denote by d(z,y) the distance on X. We can assume that f
# 400, otherwise f,,(z) = n has the required properties. We then define

(A.1.1) gn(x) = yig;[f(y) + nd(z,y)],

then g, () is uniformly continuous. Indeed

lgn(2) = gn ()] < nd(z, 2").
Let next
fn(x) = min(nv gn(m))v
then f, = min(n, g,) belongs to C(X). Moreover, it is an increasing sequence. We
have f,(x) < f(x). Suppose f(z) < oo, then since g,(z) < f(z), we can assert
that f,(z) = gn(x) for n sufficiently large. Moreover since f is l.s.c. and bounded
below, there exists y, = y,(x) such that

gn(7) = f(yn) +nd(z, yn).

Since this expression is bounded above and f is bounded below, one obtains easily
that y, — x, as n T oo. Since f is l.s.c we have

f(z) <liminf f(y,) < liminf g,(x).

But also limsup g,(z) < f(z). Therefore g,(x) 1 f(z). Hence also f,(z) 1 f(z).
Suppose now f(z) = +oo. Necessarily g,(z) T +o0o. Otherwise g,(z) remains
bounded above by a constant A,, which is impossible. Indeed, considering y,
as above, we have y,, — z, and by lower semi continuity of f, it follows f(z) < A,
which contradicts the assumption. Finally if g, (x) 1 400 we have also f, () 1 +o0,
which completes the proof. O

A.1.2. PROOF OF LEMMA 4.2.

Proor. Without loss of generality, we may assume [,(z) = [(x,v) > 0. There
exists a sequence [ (x) = I"(x,v) T l(x,v) and " (x,v) is uniformly continuous and
bounded. From assumption (4.3.1) the sequence ®¥I7(z) is uniformly continuous
and bounded. Now we can write

2(0) = [ Plavsd (&) = [ [ P9 08,600,
therefore we can apply the convergence monotone theorem to claim that
O () T DY, (),
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which completes the proof. O
A.1.3. PROOF OF LEMMA 4.3.

PRrROOF. Firstly, for any fixed z, there exists 0(x) € U such that

G(x) = F(z,0(x)).
Indeed, let us consider a sequence v, such that F(x,v,) — G(x). Since v, is in U,
which is compact, we can extract a converging subsequence v,, — v*. Since F is
l.s.c. we can write

F(z,v*) < G(x).
Since the reverse is also true, we have equality, So the infimum is attained. Let
us now consider a sequence z, — x and set v, = 0(x,). We can extract from the
sequence T, v,a converging subsequence x,, — x,v,, — v*, Since F'is Ls.c. with
respect to the two arguments x, v, we can assert that

F(z,v*) <liminf F(z,,,vs,) = liminf G(z,,).
Therefore
G(z) < F(z,v") < liminf G(x,,).
We can always assume that x,, is itself extracted from a preliminary subsequence,
such that G(z,,) — liminf G(z,,). Therefore, G is Ls.c. O

A.2. PROOF OF MEASURABLE SELECTION

We prove now Theorem 4.1. Note that the dependence in x of ¥(z) defined in
the proof of Lemma 4.3 is not defined. The fact that we can choose a measurable
selection is essential in obtaining an optimal feedback to solve optimal stochastic
control problems. The result requires multi-valued function theory. We need some
concepts and preliminary results. First we have

Lemma A.1. If f is L.s.c. then {z|f(x) < ¢} is closed, for any real c.

PROOF. Indeed consider a sequence x,, such that =, — x, and f(x,) < c¢. Since
f(x) < liminf f(z,),

we have f(x) < ¢ and the closedness property is proven. Note that the converse is
also true. Indeed, assume xz,, — z. Let L be an accumulation point of the sequence
f(zy). There exists a subsequence z,,, such that f(x,,) — L. Let ¢ > 0 and define

L+e ifL>-00
L(E):{ 1

)

Then for k sufficiently large k& > k(e) we have f(x,,) < L(e), therefore from the
closedness property f(z) < L(e), hence also f(z) < L. Since L is an arbitrary
accumulation point, necessarily f(z) < liminf f(z,). O

Define F(U) to be the set of closed subsets of U (including the empty set).
These subsets are compact. We equip F(U) with a metric, the Hausdorff metric as
follows (distance between sets). First, if A # @ € F(U), and u € U, we define the
distance of u to A by

d(u, A) = mind(u, a).

acA
Note that
|d(u, A) — d(v, A)| < d(u,v).
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If A =, one defines
d(u,?) = max d(v,w) = diam (U).

v,wel

We next define for A, B € F(U)

o(A,B) = max{meaz(d(a,B),rbneaé(d(b,B)} ,if AL B#£Q
0(4,0) = o(D,A)=diam (U), if A # O
0(0,0) = 0(0,0) = 0.

This defines a metric on F(U) and F(U) becomes a compact metric space.
Consider a sequence 4,, of elements of F(U). One defines

liminf A, = {u € U] limsup d(u, A,) =0}
limsup A, = {u € U] liminf d(u, A,) =0}

Obviously liminf A, C limsup A,. Moreover, they are closed sets belonging to
F(U). One can check the useful property

liminf A, =limsup 4, = A < p(4,,A4) — 0.

In that case, one uses the definition A = lim A,,.

If X is a metric space, a map ¥ : X — F(U) is called a multi valued map.
Since X and F(U) are metric spaces, we have naturally the concepts of continuous,
l.s.c, u.s.c and Borel functions. However, two additional concepts can be defined.
These additional concepts have been introduced by K. Kuratowski, see [30]. This
is why they are called (K) u.s.c or (K) l.s.c. We say that ¥ is (K) u.s.c if

T, — x = limsup ¥(z,) C ¥(z).
Similarly, one says that ¥ is (K) l.s.c. when
Tp = x = liminf ¥(z,) D ¥(z).

One can prove that if ¥ is both (K) w.s.c and (K) Ls.c. then it is continuous. In
fact, the most useful concept is that of (K) upper semi continuity. The reason
comes these two essential properties:

(A.2.1) ¥ (K) us.c = Wis Borel

Next
(A.2.2)
If Uis (K) u.s.c, and G is an open subset of U, then {z € X|¥(z) C G} is open.

The second property shows that the concept of (K) u.s.c. reduces to continuity for
ordinary functions.

Lemma A.2. Let U be metric compact and g : U —] — 00, 400| be l.s.c. Define
g F(U) =] — 00, 4+00] by

w4y Jmingea g(a), if A# 0
(A.2.3) g*(A) = {—l—oo, iAo

then g* is l.s.c.
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PRrROOF. The set @ is an isolated point of F(U). Hence it is sufficient to show
that ¢g* is l.s.c on F(U) — @. For A € F(U) — O, there exists a € A such that
g(a) = g*(A). Consider now a sequence A,, € F(U)—0, and A4,, — A. Let a,, € 4,,
such that g(a,) = ¢*(A,). Let us consider a subsequence a,, such that

g(an,) — liminf g(a,) = liminf ¢g*(A,).

We can assume that a,, — a (otherwise we take a converging subsequence). By
l.s.c we have
g(a) <liminf g(a,) = liminf ¢g*(A,).
Since d(a,an, ) > d(a, Ay, ), it follows that d(a, A,,) — 0. Hence a € liminf A,,.
But A,, — A, hence liminf A,,, = A. Therefore a € A. It follows that
9" (A) < g(a) < liminf g*(A,),
and thus the property has been proven. d

Lemma A.3. Let U be metric compact and g : U —] — 00, +o0], l.s.c. One defines
for A e F(U) and c €] — 00, +0o0] the function
G(A,c) ={u € Alg(u) <c},
then G is (K) u.s.c from F(U)x] — oo, +o0] into F(U).
PRrROOF. Let A,, — A and ¢,, — ¢, we must prove that
(A.2.4) limsup G(A,,¢,) C G(A,c).

n—oo
Let y € limsup,,_,., G(A,, ¢,,). By definition,
liminf d(y, G(An, ¢,)) = 0.

n—-+oo

It follows that there exists y,, € G(A,,,cn,) such that y,, — y. Note that y,, €
Ay, Therefore y € liminf A4,, = A. Also g(yn,) < ¢n, and since g is l.s.c. we get
g(y) < c. Hence y € G(A, ¢). This proves (A.2.4) and the desired result. O

Lemma A.4. Let U be metric compact and g : U —] — 00, +00] Ls.c. Let g* be
defined by (A.2.3). We define

G*(A) = G(A,g"(4)),
then G* is a Borel map from F(U) to F(U).

PROOF. According to Lemma A.3, G is a Borel map and from Lemma A.2 g*
is also a Borel map. By composition G* is also a Borel map, which proves the
result. O

Lemma A.5. Let U be metric compact. There exists a map o : F(U) — 0 — U,
which is Borel and satisfies
o(A)e A, VAe F({U)- 0.
PROOF. Let us consider a sequence g, of functions which are uniformly con-
tinuous on U and bounded and separates the points of U. This means that if u # v

then there exists g, such that g, (u) # gn(v). There exists such a sequence. Indeed,
pick a sequence uy, dense in U. Define

1
Fy,, = {’UE U| d(uk,v) < n}
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Consider two sets Fy, and Fy,,. We define a function g from U to [0, 1],
which is continuous (hence uniformly continuous, since U is compact) and satisfies:

if Fep N Firpy # @ then Gknsk'nt = 1

if Fkn N Fk’n’ - @ then gkn;k’n’(Fkn) - Oygkn;k’n’ (Fk’n’) =1
The set of functions gni.n/k is a separating sequence. Indeed if u # v there exists
Fypn, and Fyr, such that u € Fy,,v € Firp.

To the function g,, we associate g as in Lemma A.2 and G}, as in Lemma A.4.
Next define the sequence H,, : F(U) — @ — F(U) — @ by the formula

H,(A) =G [Hp—1(A); Ho(A)=A
Since A # (), one has
A= Hy(A) D Hi(A)--- D Hy(A).
Since

Ho(4) = {u€ B (W] ga) = _min (0) |

the sets H,,(A) are not empty and compacts. We can assert that
m?zo:OHn(A) 75 Q.
Indeed, there exists a sequence a,, € H,(A). We can extract a subsequence an, — a.

Necessarily a € N2, Hy,, (A) = N3 Hp(A).
If u, v’ € NS>y H,,(A), then by construction

gn(u) = gn(u') = g5, (Hn-1(4)),

and since the functions g, separate the points of U, we have u = u’. Therefore
NS ,H,(A) contains a single point, which is denoted by o(A). Let us check that

(A.2.5) H,(A) = {o(4)}.

Indeed, the sequence H, (A) being decreasing, we can assert that
u € NYLoH,(A) = d(u, H,(A)) =0,Yn

therefore

(A.2.6) NX g Hp(A) C liminf H,(A) C limsup H,(A).

On the other hand, if we consider an element u € limsup,, H,(A), there exists a
sequence u,, € Hy,, (A) such that d(u,u,,) — 0. We have n; < ng41, hence for
fixed k, un; € Hp,. This implies u € H,,, therefore u € N7_ M, (A), which with
(A.2.6) implies the result (A.2.5).

Now the functions G}, being Borel, the functions H,, are also Borel, ¥n. There-
fore the function v : F(U) — @ — F(U) — @ defined by v(A) = {o(A4)} is Borel.
To conclude that o is Borel, we note that o = 77! o v, where 7: U — F(U) — O is
defined simply by 7(u) = {u}. The map 7 is point to point and continuous. Since U
is compact, 7(U) is also compact, hence closed in F(U) — @. The inverse is Borel,
and therefore o is Borel, which concludes the proof. O

We now prove Theorem 4.1:
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PRrOOF. Counsider the map F* : X x] — 0o, +00] — F(U) defined by
F*(z,¢) ={ueU|F(z,u) <c},
then F* is (K) w.s.c. Indeed if z,, — x, ¢, — ¢, we must show that
lim sup F*(zy, ¢n) C F*(z,¢).
Let u € limsup F*(z,, ¢,), by definition liminf d(u, F*(x,,c,)) = 0. There exists
a subsequence un, € F*(zy,,cn, ), such that u,, — w. This implies
F(zn,,cn,) < Cny-
Since F is Ls.c., we obtain F(z,u) < ¢, hence v € F*(z, ¢). Define next
F*(x) =F" (x,&relfUF(x,u)> : X — F(U).

Since F*(z,c) is Borel and © — inf,cy F'(z,u) is Ls.c., the map F*(z) is Borel.
Note that

F*(z) = {u eU|F(x,u) = ingF(:r,v)}.
ve
Moreover F*(x) # @,Vx, hence F'* : X — F(U) — @. The map 9(z) = o(F*(x)) is
Borel from X to U and satisfies 9(z) € F*(z). Therefore we have
F(z,0(x)) = 125 F(x,v),Vx,

which completes the proof. O

A.3. EXTENSION TO U NON COMPACT
We now prove Theorem 4.2

PROOF. For each fixed x, we can restrict the set of controls to UN{|v| < v(x)},
which is compact, hence the minimum is attained. To prove that G(z) is l.s.c. take
a sequence x,, — = and let v, be the corresponding minimum. We have

[vn] < v(2n),

which remains bounded, by the assumption. So the sequence v, remains in a
compact set. We can extract a subsequence x,, , v,, which converges towards x, v*
Since F' is L.s.c. in both arguments we have

F(z,v*) < liminf F(2,,,vs,) = liminf G(z,, ).
It is possible beforehand to assume that
G(zp,) — liminf G(z,,),
hence
G(z) < liminf G(z,),
which proves that G(z) is 1.s.c. Next, consider the subset Xy = {z € X|d(xo,z) <

N} where d is the distance in X. For € X we can restrict the set of controls to

Un =UN{lo] < sup ()},
rzeXN
which is compact.
Therefore, according to Theorem 4.1 there exists a Borel map on(z) : Xy —
Upn such that
G(z) = F(z,on(x)), Vo € Xy.
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We next define
01 (z), ifzeX,
() =
on(z), ifeeXy—Xnyoa
The map o(x) is Borel and satisfies G(z) = F(z,0(x)),Vx. The proof has been
completed. 0

A.4. COMPACTNESS PROPERTIES

Let us consider a sequence of functions u,(z), where € R™. We assume (for
a—1)
lua(2)] < Cupr, |Dug ()] < Car, Y such that |z < M,
then there exists a subsequence, still denoted wu,(z) which converges uniformly on
the ball of radius M, to a function u(x) such that

|u(z)| < Crr, |Du(z)| < Cuyr, Vo such that |z| < M

and

sup |uq(z) —u(z)| = 0, asa — 1.
el <M

The convergence of a to 1 can be replaced by a convergence to any fixed number.
When n = 1, this is the Ascoli-Arzela theorem. In general this result expresses a
compactness property of a set of functions.
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